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a b s t r a c t
Mushroom billiards are formed, generically, by a semicircular hat attached to a rectangular
stem. The dynamics of mushroom billiards shows a continuous transition from integrability
to chaos. However, between those limits the phase space is sharply divided in two components corresponding to regular and chaotic orbits, in contrast to most mixed phase space
billiards. In this paper we show that tilting the hat of a mushroom billiard produces a
highly non-trivial (i.e. non-KAM) mixed phase space. Moreover, for small tilting, this phase
space shows a web-like hierarchical structure.
© 2020 Elsevier B.V. All rights reserved.

1. Introduction
Mushroom billiards, also known as Bunimovich mushroom billiards, were introduced by L. A. Bunimovich in the early
20 0 0’s [1,2]; since then they have been extensively studied [3–30]. In their most generic version, mushroom billiards are
formed by a semicircular hat attached to a rectangular stem. Thus, in one limit they reproduce a half-circle billiard (when
the stem has zero hight or zero width) while in the other limit they become a half-stadium billiard (where the width of the
stem equals the diameter of the hat). Between those limits their phase space is divided in two well-separated components
corresponding to regular and chaotic orbits. Therefore in the transition from integrability to full chaos the relative volume
of integrable-to-chaotic phase space can be computed with high accuracy [23].
Mushroom billiards have become paradigmatic models in classical chaos studies, see e.g. [1–4,27], though they do not
show the standard Kolmogorov-Arnold-Moser (KAM) scenario. From the classical dynamics point of view, one of the most
relevant characteristics of mushroom billiards is the presence of marginally unstable periodic orbits (MUPOs) [3,27] which
are the mechanism for the stickiness of chaotic trajectories near the border with the regular phase space component. Even
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if MUPOs present zero measure, they govern the classical dynamics of mushroom billiards leading to distributions with
power-law decaying tails of (i) recurrence times, where the decay exponent is two [3,4,8], and (ii) the survival probability in
open mushrooms, where the decay exponent is one [25]. Also, quantum or wave versions of mushroom billiards have been
implemented (see e.g. [9,11,13,14,17,21,23,24]) where the corresponding eigenvalues and eigenstates have been computed
and discussed in terms of quantum chaos concepts. Indeed, the absence of the KAM scenario makes mushroom billiards
an ideal model to study integrable-to-chaos wave tunneling [13,14,23]. Beyond that, the study of optical microcavities with
the shape of mushroom billiards was carried out in [20,26]. In addition, there are semiclassical [13,20,30] and relativistic
quantum chaos [29] studies on mushroom billiards available in the literature. Moreover, the experimentation of mushroom
billiards as microwave cavities is reported in Refs. [10,14,17,19,21] where several predictions from quantum chaos studies
have been already veriﬁed.
Along the years, several deformations have been suggested and applied to the standard (i.e., semicircular hat+rectangular
stem) mushroom billiards. Among them, we can mention: triangular stems (see e.g. [1–3,10,15]), elliptical hats [1,6,7],
parabolic hats [8], tilted hats [5,18], rounded corners [18], etc. More complex constructions are three-dimensional versions
of mushroom billiards [1,25], mushroom “omelets” [1,16], and mushrooms with oscillating boundaries [28]. In this work, we
consider mushroom billiards with tilted hats. In particular, we show that tilting the hat of a mushroom billiard destroys
the sharp division of the phase space (characteristic of the standard mushroom billiard), producing two seas of chaotic motion separated by a mixed phase space region. Remarkably, the mixed phase space region presents a highly non-trivial, i.e.
non-KAM, web-like hierarchical structure whose size and structure depends on the hat tilting. We also show that the weblike structure is supported by hierarchical stability islands produced by particle trajectories located in the mushroom hat,
i.e. which do not visit the mushroom stem. Moreover, we provide evidence that the mixed phase space works as a sticky
barrier for trajectories moving between the chaotic components of the phase space.
It is fair to add that the deformation we consider here has been already applied to mushroom billiards in Refs. [5,18].
However, the corresponding phase space was not explored in full detail as we do it below.
2. Tilted-hat mushroom billiards
We consider the tilted-hat mushroom billiard of Fig. 1. We set the radius of the outer boundary of the hat of the mushroom billiard to 1, in arbitrary units. So the geometrical parameters characterizing this billiard are: The width of the stem
0 < B < 2, the height of the stem 0 ≤ H < ∞, and the left and right hat-tilting angles −π /2 ≤ γl,r ≤ π /2. Notice that γ l
and γ r are measured clockwise and counterclockwise, respectively, with respect to the horizontal axis. When γl = γr = 0
the standard mushroom billiard is recovered, see e.g. Fig. 2(a–c); while for B = 2 and any H > 0 the Bunimovich stadium is
obtained [31]. In the later case the hat-tilting angles γ l,r can not be speciﬁed.
In the next Section, we explore the dynamics of a classical point particle of unit mass bouncing inside tilted-hat mushroom billiards. We choose the initial angle θ 0 , see Fig. 1, so that the initial position (X0 , Y0 ) of the particle is

X0 = cos (θ0 ) and Y0 = sin (θ0 ).

(1)

Fig. 1. (Color online) Sketch of the tilted-hat mushroom billiard. The geometrical parameters characterizing the billiards are: B, H, γ l , and γ r . Here we use
B = 0.8, H = 0.5, γl = π /2 − 1, and γr = 1. The radius of the mushroom hat is set to one. We also show a piece of a particle trajectory starting and ending
at the outer part of the hat; we choose θ0 = 1 and α0 = π /2 − 0.5.
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Fig. 2. (Color online) Phase space portraits and selected trajectories for (a–c) the standard mushroom billiard (γl = γr = 0) and (d–l) symmetric tilted-hat
mushroom billiards (γl = γr = 0). We used (d–f) γl = γr = −0.02, (g-i) γl = γr = −0.06, and (j-l) γl = γr = −0.1. H = 1 and B = 0.75 in all cases. Only half
of the phase portraits are shown since the other half, i.e. 0 ≤ α ≤ π /2, is mirror symmetric. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

The range of θ 0 depends on the billiard parameters, for example: If γl = γr = 0 then 0 ≤ θ 0 ≤ π , but if γl = γr = −π /2 and
B = 0 then 0 ≤ θ 0 ≤ 2π . φ 0 in Fig. 1 measures the angle between the tangent line to the external hat boundary at (X0 , Y0 )
and the horizontal axis, and given by

φ0 = arctan

X 
0
−Y0

.

(2)

Finally, α 0 is the angle between the tangent line to the external hat boundary at (X0 , Y0 ) and the outward particle trajectory
(see Fig. 1 for details); 0 ≤ α 0 ≤ π .
Below we construct phase space portraits by recording the angles (θ , α ) along the particle trajectory each time it hits
the outer hat boundary.

3. Phase space exploration
Fig. 2 shows phase space portraits and selected trajectories for tilted-hat symmetric mushroom billiards, i.e. when γl =
γr ; here we set H = 1 and B = 0.75 in all cases. We decide to plot only half of the phase portraits since the other half,
i.e. 0 ≤ α ≤ π /2, is mirror symmetric.
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Fig. 3. (Color Online) Phase space portraits for symmetric tilted-hat mushroom billiards with (a) B = 0.75, (b) B = 0.5, (c) B = 0.25, and (d) B = 0.05. H = 1
and γl = γr = −π /2 + 0.05 in all cases. In (A,B,C,D) the corresponding billiards are shown.

First, as a reference, in Fig. 2(a–c) we present the standard mushroom billiard, γl = γr = 0. There, it is clear that the
phase space is divided in two well-separated components corresponding to regular and chaotic orbits, see Fig. 2(b). We also
show examples of regular and chaotic orbits in Fig. 2(a,c), respectively.
Then, Fig. 2(d–l) correspond to symmetric (i.e., γl = γr ) tilted-hat mushroom billiards. We want to note that once γl =
γr = 0 the boundary between the chaotic sea (centered at α = π /2) and the integrable region of the standard mushroom
billiard disappears, giving rise to two additional chaotic regions located close to α = 0, π . Moreover, the phase space region
between the chaotic layers becomes mixed and develops sets of periodic and quasi-periodic orbits. In Fig. 2(e,h,k) we show
phase space portraits for increasing tilting angles; also, we present examples of typical quasi-periodic orbits [4]. We want
to stress that for small tilting angles the periodic and quasi-periodic orbits in between chaotic regions are arranged in a
hierarchical-like pattern, see for example the phase space portrait of Fig. 2(e) where γl = γr = −0.02 is used. Notice that to
construct the phase space portrait of Fig. 2(e,h,k) a single trajectory, with initial conditions in the chaotic sea centered at
α = π /2, is used.
In Fig. 2(d–l) we have used relatively small tilting angles compared to Fig. 2(a–c), however by increasing further the
tilting we observe the shrinking of the mixed phase space region between chaotic seas. Indeed when γl = γr → −π /2 the
phase space is mostly ergodic; see for example the phase space portrait of Fig. 3(a) where we used γl = γr = −π /2 + 0.05
keeping the values of H and B of Fig. 2.
Now in Fig. 3 we explore another scenario. There we ﬁx the hight of the stem and the tilting angles to H = 1 and γl =
γr = −π /2 + 0.05, respectively, and decrease the width of the stem B. From Fig. 3 we observe that decreasing B produces
stability (KAM) island supporting periodic and quasi-periodic orbits, so that the almost ergodic phase space of Fig. 3(a)
becomes clearly mixed, see Fig. 3(b,c). Thus, for B → 0, the phase space gets again a hierarchical web-like structure, see
Fig. 3(d). The main difference we ﬁnd between the web-like structure of the phase portraits of Figs. 2(e) and 3(d) is that in
the former supports a chaotic sea around α = π /2 while in the later a region of mixed dynamics is present. As well as in
Fig. 2, the phase space portraits of Fig. 3 are constructed by following a single trajectory. The vertical blank region around
θ = 3π /2, in the phase space portraits of Fig. 3, correspond to particle collisions with the stem boundary that we do not
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Fig. 4. (Color online) Phase space portraits and selected trajectories for asymmetric tilted-hat mushroom billiards (γl = −γr = 0). We used (a–c) γl = −γr =
−0.03, (d–f) γl = −γr = −0.06, (g–i) γl = −γr = −0.1, and (j–l) γl = −γr = −0.2. H = 1 and B = 0.75 in all cases. Only half of the phase portraits are shown
since the other half, i.e. 0 ≤ α ≤ π /2, is mirror symmetric.

record; so this region is narrower the smaller the value of B is. We ﬁnally note that the case H = 1, B = 0, and γl = γr = −π
corresponds to a circular barrier billiard (see examples of rectangular barrier billiards in Ref. [32,33]).
In Fig. 4 we consider the asymmetric version of the tilted-hat mushroom billiard. In particular, we choose the case
γl = −γr . We observe a similar panorama as that reported in Fig. 2: Once γl = −γr = 0 the boundary between the chaotic sea
and the integrable region of the standard mushroom billiard breaks, giving rise to chaotic regions located close to α = 0, π ;
the three chaotic regions are connected through a hierarchical-like mixed phase space region. Also, as expected, in the
asymmetric version of the billiard the phase space portraits are non-symmetric. Here, in the prescription γl = −γr , note
that the limit case H = 1, B = 0, and γl = −γr = −π corresponds to an integrable half-circular billiard.
Given that the phase space portraits in Figs. 2(e,h,k), 3(a-d), and 4(b,e,h,k) are constructed from the iteration of a single
trajectory, it is expected that for a particle moving from the chaotic region around α = π /2 to the chaotic regions close to
α = 0, π (and vice-versa) the mixed phase space region in between can serve as a sticky region [3] that should slow down
particle diffusion.
To verify this in a graphical way we choose the phase portrait of Fig. 5(a) having parameters H = 0.005, B = 0.2, and
γl = γr = −π /2 + 0.001 (note that we are using a very short and narrow stem, while the mushroom hat is almost a complete circle; as the mushrooms of Fig. 3). Indeed to construct this phase space portrait we used a single trajectory, with
an initial condition in the upper chaotic region (θ0 = 2π − 0.1 and α0 = 3), hitting 1.1 × 106 times the outer boundary of
the mushroom billiard hat. We emphasize that such long trajectories are needed in order to allow the particle to explore
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Fig. 5. (Color online) (a) Phase space portrait for the symmetric tilted-hat mushroom billiard with H = 0.005, B = 0.2, and γl = γr = −π /2 + 0.001. The
green dashed lines at α = π /2 ± 0.5 indicate escaping thresholds. (b) Stickiness colormap for a grid of 10 0 0 × 10 0 0 initial conditions (θ 0 , α 0 ) in the phase
space interval π /2 − 0.5 < α < π /2 + 0.5. Colors label the number (in log scale) of particle collisions with the outer boundary of the mushroom billiard
hat until the particle approaches the escaping thresholds. (c) and (d) are enlargements of the green rectangles in panels (b) and (c), respectively. In (d,e)
stickiness colormaps in the same phase space region of panels (c,d) are shown but for a mushroom billiard with H = 1. (For interpretation of the references
to color in this ﬁgure legend, the reader is referred to the web version of this article.)

the mixed phase space region. So, we place a grid of 10 0 0 × 10 0 0 initial conditions (θ 0 , α 0 ) in the phase space interval
π /2 − 0.5 < α < π /2 + 0.5, delimited by the green dashed horizontal lines in Fig. 5(a). Then, we count the number of particle collisions with the outer boundary of the mushroom billiard hat until the particle escapes this phase space region; i.e.
until the particle acquires a value of α smaller than π /2 − 0.5 or larger than π /2 + 0.5. The result is shown in Fig. 5(b)
where the colors indicate the magnitude of the natural logarithm of the number of iterations until the particle escapes.
The logarithm function is used to suppress phase space regions with huge counts. From Fig. 5(b) we can clearly see two
well deﬁned main phase space regions: One in purple and the other in yellow. These regions are characterized by small and
huge stickiness, respectively; that is, a trajectory with initial conditions in the yellow phase space region (near α = π /2) will
take a huge time to leave this region and eventually escape. Black areas in this ﬁgure represent periodic or quasi-periodic
conditions; i.e. particles with initial conditions there cannot escape. In Fig. 5(c) and (d) we show enlargements of the green
rectangles in Fig. 5(b) and (c), respectively, so we can see further details of the escape colormap as well as of the stability
island structure of the mixed phase space.
As additional information in Fig. 5(e) and (f) we present colormaps in the interval of phase space than Fig. 5(c) and (d),
respectively, where we have increased the hight of the stem to H = 1. Notice here that yellow phase space regions are turned
into the orange so that the stickiness has been considerably reduced as well as the presence of stability islands. Thus, the
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Fig. 6. (Color online) Density plots of  as deﬁned in Eq. (3) for the symmetric tilted-hat mushroom billiard with H = 0.005, B = 0.2 and γl = γr =
−π /2 + 0.001. (b) and (c) are the enlargements of the regions of panel (a) labeled as B and C, respectively. (d) is the enlargement of the green dashed
rectangle in panel (c). (e) Shows the counting of successive particle reﬂections with the hat of the billiard. (For interpretation of the references to color in
this ﬁgure legend, the reader is referred to the web version of this article.)

height of the stem has an important role in the phase space ﬁne structure a stickiness that will be properly characterized
in a future study.
In an attempt to discover structures not exposed in the phase space portraits reported above, we construct density
plots for the mapping S1 = MS0 , where S0,1 is the arc length (measured counterclockwise relative to the left corner of the
mushroom hat) of a given n-th hit of the particle trajectory with the outer boundary of the mushroom hat. See for example
Fig. 6.
Speciﬁcally, in order to construct Fig. 6 we follow a single particle (with initial angles θ0 = 0.5 and α0 = 2.5) until hitting
109 times the outer boundary of the mushroom hat. Each time the particle hits one of the straight-line segments of the
mushroom hat we record the previous arc length position Sn that we call S0 , we then call S1 the corresponding Sn of the
next hit of the particle with a straight line segment and so on. We count the number of times  the trajectory visits
the boxes in a grid of 10 0 0 × 10 0 0 equally spaced intervals in the S1 S0 plane along the orbit. In particular we deﬁne the
quantity  as the natural logarithm of  :

 = ln ().

(3)

Here, the logarithm function is used to suppress regions with huge counts. Then, in Fig. 6(a) we present the density plot of
 for the symmetric tilted-hat mushroom billiard with H = 0.005, B = 0.2 and γl = γr = −π /2 + 0.001; i.e., the same mushroom parameters used in Fig. 5. Clearly, Fig. 6(a) shows highly nontrivial structures enlarged in panels (b–d). In particular,
black islands correspond to the phase space periodic and quasi-periodic islands.
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Moreover, in Fig. 6 we detect self-similar structures at opposite corners of the main diagonal of the S0 S1 plane; see the
dashed green rectangle in Fig. 6(c) which is magniﬁed in Fig. 6(d). Similar structures were recently reported in Ref. [34] for
a two-dimensional map describing the dynamics of classical particles in a time-dependent potential well. There, the selfsimilar structures were produced by continuous particle reﬂections within the time-dependent well. However, self-similar
structures can also be produced by whispering gallery orbits in billiards with concave walls as shown in Mendez-Bermudez
et al. [35], Felix and Pagneux [36], which is the origin of the structures we observe here. Indeed, to verify this, we have
recorded the number of times M the particle hits the outer boundary of the mushroom hat in between consecutive hits
with the straight-line segments of the mushroom hat. In Fig. 6(e) we report M in the same part of the S0 S1 plane than
Fig. 6(d). In fact, Fig. 6(e) shows that the outer swallow-like layer forming the self-similar structure in Fig. 6(d), with edge
at S0 ≈ 0.15, is produced by trajectories characterized by M = 5. The next swallow-like layer with edge at S0 ≈ 0.125 is
formed by trajectories with M = 7, third next corresponds to trajectories having M = 8, and so on. Thus, in Fig. 6(d) the
accumulation point at S0 → 0, and max (S1 ), corresponds to M → ∞ and is approached when orbits approach the corner of
the mushroom hat; i.e., a billiard boundary point with undeﬁned derivative, known in the literature as a cusp [37].
4. Conclusions
In this paper we study tilted-hat mushroom billiards and present detailed portraits of the corresponding phase space.
We emphasize the dynamical richness of this billiard model since by the proper parameter setting it reproduces well known
billiards: the ergodic Bunimovich stadium, the integrable semicircular billiard, the standard mushroom billiard (semicircular
hat+rectangular stem) which presents a sharply divided phase space, a quasi-integrable circular barrier-billiard, and, consequently, many other billiards in between.
In particular, we show that small hat tilting induces a highly non-trivial (i.e. non-KAM) hierarchical mixed phase space,
presenting a web-like hierarchical structure, which separates two regions of chaotic motion; thus, destroying the sharply
divided phase space proper of the standard mushroom billiard. As clearly shown in Fig. 2, the mixed phase space is supported by a hierarchical set of stable islands produced by particle trajectories located in the mushroom hat. Moreover, in
the large-period limit, those trajectories become whispering gallery orbits that in turn produce fractal-like patters in orbitdensity plots, as presented in Fig. 6. We want to stress that the web-like mixed phase space we report here works as a sticky
barrier for trajectories moving between the chaotic components of the phase space. This may strongly affect the dynamical
properties (i.e. diffusion and escape) of trajectories in tilted-hat mushroom billiards.
In future works, we plan to develop a theoretical approach to our results.
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