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4-1 Representacao de ondas



Ondas / OscilacOes Espaciais e Temporais

n =1 exp [t(k *r—at)] Variagédo da densidade de particulas

k:vetor de onda
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E=E-‘.'uﬁ{h{—mr+3} Or E:Ef’“h e
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4-2 Velocidade de Grupo



Superposicao de Ondas

E,=E,cos[(k + Ak)x — (w + Aw)t]
E; = Egcos [(k — Ak)x — (w — Aw )]

Ei+ E;=2E;cos[(Ak)x — (Aw)t] cos (kx — wt)

Spatial variation of the electric field of two waves with a frequency

difference,

Velocidade de Grupo v = dw/dk




4.3- OscilacOes do Plasma



Representacao das OscilacOes de Plasma
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Mechanism of plasma oscillations.



Equacbes B asicas

Plasma frio (KTi = KTe = 0) e infinito. lons distribuidos uniformemente.
Movimento dos elétrons na direcao x.

V=xad/ox E=Fx VXE=1( E=-—Vo¢
av. B _
mn,| =+ (v v, | = —en.E Equacdo de movimento
f.'H,. - -
—+V+(nv)=0 Equacao da conservacao das cargas

«oV - E = exdE/ox=e(n; — n,) Equagéo de Poisson



Equilibrio e Perturbacoes
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Linearizacao das Equacbes B asicas
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Relacao de Dispersao
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Estimativa da Freguéncia de Plasma
2 _ 2
@ = Npé metl

w,/2m = f, = Wn n=10"m™

fo =9(10"%""?* =9 x 10" sec”' = 9 GHz

fee = 28 GHz/Tesla

Thusif B =0.32 Tandn = 10" m™", the cyclotron frequen
mately equal to the plasma frequency for electrons.



llustracao Mecanica da Onda de Plasma
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FIGURE 4-3 Synthesis of a wave from an assembly of independent oscillators.
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4-4 Ondas de Elétrons em Plasma



Ondas de Elétrons com Movimento Térmico
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Diagrama da Relacao de Dispersao
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Dispersion relation for electron plasma waves (Bohm-Gross waves),



Verificacao Experimental

PHYSICAL REVIEW VOLUME 93, NUMBER 3 MARCH 1, 1954

The Excitation of Plasma Oscillations*

Duxcan H. Loowev,} a¥p SanBorN C. BROwN
Research Laboratery of Electronics and Department of Physics, Massachusetls Institute of Technology, Cambridge, Massachusetts

(Received November 24, 1953)



Equipamento

Plasma de mercurio
P=3x10"°Torr

Fia, 1. Sketch of the experimental tube.



Esquema do Equipamento

Onda estacionaria de plasma gerada pelo

feixe de elétrons emitido em direcéo ao anodo

Sonda elétrica conectada a um
eceptor de radio

Schematic of the Looney-Brown experiment on plasma oscillations.



Dependéncia da Freguéncia com a Densidade

FREQUENCY SQUARED x107* mc2

OBSERVED GUN DISCHARGE CURRENT (MA)
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F1e. 2. Oscillation frequency as a function of the gun

discharge current and electron density.

Relacao de dispersao
(previsao teorica)

w" = nge” /meg



Plasma Physics, Vol, 10, pp. 911 to 918, Pergamon Press 1968, Printed in Northern Ireland

DISPERSION OF ELECTRON PLASMA WAVES

P. J. BARReTT and H. G. Jones*
U.K.A.E.A. Rescarch Group, Culham Laboratory, Abingdon, Berks.

R. N. FRANKLIN
Department of Engineering Science, Oxford University, Oxford

(Received 26 February 1968)

The term electron plasma wave refers to the longitudinal electrostatic wave in the
electrons of the plasma. Such waves are described by the well known BoHM and GRoss
(1949) dispersion relation

w? = w,® + 3k%,*
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FIG. 4.—Waveform recordings at different electron densities. (Note: as n, decreases,
the percentage density fluctuation usually increases and the waveforms become more
heavily damped.)



Dispersion of electron plasma waves 913
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Fig. 1.—Dispersion diagram. Curves computed for n(r) parabolic at different vaiues

of w,afv, (from 74 to ©). Sets of points A, B, C, D from present experiment, and E

from Malmberg and Wharton. Inset: radial profiles A, B, C of ion current to probe
and radial profile E of electron density from Malmberg and Wharton.
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Comparison of the measured and calculated dispersion curves for electron FIGURE 4-10
plasma waves in a cylinder of radius a. [From Barrett, Jones, and Franklin,
loc. cit.)
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4-5 Ondas Sonoras

e (Gas neutro



Equacdes basicas
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4-6 Ondas de lons

e Plasma



Equacao de movimento dos ions
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Equacéo de continuidade dos ions
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Em laboratérios, T<< T

T =0 = vu=(KT/M"



4-7 Aproximacao de Plasma

Validade da condicao de neutralidade do plasma:

n.=n,



Equacéo de Poisson Flutuacdo da densidade de elétrons
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Equacdo de movimento dos ions
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Equacao de movimento linearizada
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Relac&o de dispersao
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Comparacoes entre Ondas de Elétrons e de
lons



| Frequéncia de plasma dos ions

Ondas de ions
velocidade de fase € constante para k pequenos
frequéncia constante para k altos

Ondas de elétrons
velocidade de fase e constante para k altos
frequéncia constante para k baixos



Relacbes de Dispercéao para Elétrons e lons

ELECTRON ION

K kK

Comparison of the dispersion curves for electron plasma waves and ion
acoustic waves,

Ondas de ions
velocidade de fase é constante para k pequenos
frequéncia constante para k altos

Ondas de elétrons
velocidade de fase é constante para k altos
frequéncia constante para k baixos



Comprovacao das Ondas de lons
Arranjo Experimental
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FIGURE 4-14 Q-machine experiment to detect ion waves, [From N, Rynn and N, D'Angelo, Rev.
Scr, Instrum. 31, 1326 (1960). ]



Propagacao das Ondas de lons
Evidéncia Experimental
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Oscillograms of signals from the driver and
receiver grids, separated by a distance d, show-
ing the delay indicative of a traveling wave.
[From A.Y. Wong, R, W. Motley, and N, LYAngelo,
Fhys, Rev. 133, A436 (1964), ]



Diferencas de Fase para Varias Frequéncias
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Experimental measurements of delay vs. probe separation at various
frequencies of the wave exciter. The slope of the lines gives the phase
velocity. [From Wong, Motley, and D'Angelo, loc. cit.]
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Velocidades de Fase Independem da Frequéncia
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Measured phase velocity of ion waves in potassium and cesium plas-
mas as a function of frequency. The different sets of points correspond
to different plasma densities. [From Wong, Motley, and D'Angelo,
loc. cil.]



OscilacOes Eletrostaticas de Elétrons
(Perpendiculares ao Campo Magnético)

 Plasma em um campo magneético uniforme.

* Ondas se propagando na direcao perpendicular a do
campo magneético.



Terminologia

B,=0= Ondaeletrostatica
B.#0= Ondaeletromagnética (pois, E

kOB, = ondaperpendicular

k//B, =ondaparalela

, k.E,=0= ondatransversal

k//E, , kxE,=0= onda longitudinal



Equacao de Maxwell

Y x EI p— ._BI

KX E;, = wB,

k//E, = kxE,=0= ondaeletrostéatica /longitudin

0 B,=0 = onda eletrostatica



Equilibrio
lons fixos= fundodedensidade uniforme cargaspova

KT.=0 E,=0 Vv,=0
dn _

— =0 B #0
dXx

0



on,

Equades Linearizadas

¢lEr T va % Bo) Equado de movimento
Equacao da continuidade

Equacao de Poisson



Esquema da Propagfo da Onda
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Geometry of a longitudinal plane
wave propagating at right angles to B,.



Linearizagdo das equgdes
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Equacao de Poisson

Equac&o da continuidade



Equacéo linearizada com a variavel E

J;k-frlf'.- —_— g F_L ] - rj:'u)
w LT 3]

(1 “"_.) E==LE
% Lt el

EZ0 =

|m ‘=w, +w. =w; Relacad de Dispersao

w, : frequéncia hibrida inf erior
k O B, = ondaeletrostdta com w = w,

k /I B, = ondaeletrostata com w = w,



Onda com variacao da densidade dos eléetrons
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PLANES OF CONSTANT DENSITY

Motion of electrons in an upper hybrid oscillation.



v '\. v 1 [ 1 | I
C yA : 9 ‘\ POINTS OF MINIMUM
Evidéncia experimental . S LR
da onda hibrida superior T o -
A =
B = - nl
w?
z 2 SN = ot
&iw]_{f_ﬂ,.]_ ne i .
g — g 5
W @’ €uMw 4 - —
3 _
2 - L] -
Corrente proporcional a densidade’ - ~
D ] | | | | f! |

O 20 40 60 80 100 120 140
DISCHARGE CURRENT (mA)

Results of an experiment to detect the existence of the upper hybrid
frequency by mapping the conditions for maximum absorption
{minimum transmission) of microwave energy sent across a magnetic
field. The field at which this occurs (expressed as ' /") is plotted
against discharge current (proportional to plasma density). [From K.
5. Harp, Proceedings of the Seventh International Conference on Phenomena
int Tonized Gases, Belgrade, 1965, IT, 294 (1066).]



Ondas Eletromagnéticas
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Onda Eletromagnética hocA¢uo

V xE, =—-B,

. , Equacoes de Maxwell no vacuo
Y X B, = EI. q Q

@B, =—ckXx(kXB;)=—c"[kik-B,) - kB, ]
k B, =—iV:B, =0

s | 6! |

exp [i(kx — wt)] - w =k’c"  Relacdo de dispersdo
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Em um plasmacom B, = O,

VXE, =-B, L, VX(VXE;)=WV-E;)~-VE, =-VxB,
¥ l] ' o " 1 91 -
{'FHH1=]—+E1 . 4’-"73"{31*"_‘#‘*5:1

€n €y o

Das equacoes acima obtemos

“k“‘ x El]‘ +EHE| - flliﬂ".‘ﬂjl +m:}E|
Enl ¢

k'El ={ = {mu"fL.*E}EL - '“Irl'..ll'jl,l'lfn
Ondas transversais
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d

W =w, +ck°

Dispersion relation for electromag-
netic waves in a plasma with no dc
magnetic field.
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Velocidade de fase
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Cutoff

Onda criada com frequénaia val ter k dado pela relacao de dispersao

: 2, 22 noe ")
w =w, +c'k wy = | b
E it /

Quanto maior n, menor sera k

k=0 para w = w, ne = megw /e

Se n for muito grande, a onda néo atravessa o galasm



Medida da Densidade &ima do Plasma

FLASMA

KLYSTRON [ - . -------:-;_ DETECTOR

Microwave measurement of plasma density by the cutoff of the transmitted
signal.

Ondas com frequéncia variavel é enviada até naoeasav o plasma.
ISSo ocorre para a densidadaxima

n, = Meyw /e



Medida da Densidade do Plasma
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FIGURE 4-28 A microwave interferometer for plasma density measurement.
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The observed signal from an interferometer (right) as plasma density is

increased, and the corresponding wave patterns in the plasma (left).



Ondas Eletromagnéticas Perpendiculares
ao Campo Magnetico
(k O B,)

Vamos analisar ondascom

k 0 E, = ondastransversia

Duas possibilicades E, // B, ou E, OB

0



Ondas Eletromagnéticas

E, 1B,

E, 1B y

X

Geometry for electromagnetic waves propa-
gating at right angles to B,



Ondas ordinarias podem ser
e, geradas por injecao de

>< microondas no plasma
k

Guia de onda >

Plasma

Bo

An ordinary wave launched from a waveguide antenna toward
a magnetized plasma column.



Onda Ordinaria E: // B,
B,=B,& E, =E& k=kg

(" —c hRHE; = ~iwj/€q = ingewv, /€, Equacdo da onda

m ov,. /ol = —eE,

LN | B B £a

-

W =wy, +ck Relago de dispersdo




Onda Extraordinaria Perpendicular

” E, O B,
ao Campo Magnetico

B, = B, &, k = ke

X

—_

Se onda entrar no plasmacom E, = E €,

—_

Ao longodo tempo - E, = E, € + E €
Portanto, onda polarizadaplana se torna
nolarizadaelipticamente




Onda Polarizada Elipticamente

F
I B, Relacao de dispersao
2,2 2 2 2 -
ck® ¢ wy ° ~w)
gl s Gmtw i 3
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The E-vector of an extraordinary wave is = . 2
elliptically polarized. The components £, and w; + W, = Wy
E, oscillate 90° out of phase, so that the total
electric field vector E, has a tip that moves in i 178

an ellipse once in each wave period. - (rl"f ')
oy =|——



Cortes (Cutoffs)

C ~ _CK
Corte paraindicederefracaecn— -

W
Portanto, ks O (OW\ - )ocorrepare

Wgr = ﬁ|1’.-r.-| Flw: +4w;) "]
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ot § o . O Relacéo de disperséo




Ressonancias

ck

Ressonancia paraindicederefragdohn — o

W

Portanto, k> o (oU\ - 0)ocorrepara
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Wy W — W,
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Relacao de dispersao
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The dispersion of the extraordinary wave, as seen from the behavior of the

phase velocity with frequency. The wave does not propagate in the shaded
regions.
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Em um plasmacom B, = O,

VXE, =-B, L, VX(VXE;)=WV-E;)~-VE, =-VxB,
¥ l] ' o " 1 91 -
{'FHH1=]—+E1 . 4’-"73"{31*"_‘#‘*5:1

€n €y o

Das equacoes acima obtemos

“k“‘ x El]‘ +EHE| - flliﬂ".‘ﬂjl +m:}E|
Enl ¢

k'El ={ = {mu"fL.*E}EL - '“Irl'..ll'jl,l'lfn
Ondas transversais



Cutoff

Onda criada com frequénaia val ter k dado pela relacao de dispersao

: 2, 22 noe ")
w =w, +c'k wy = | b
E it /

Quanto maior n, menor sera k

k=0 para w = w, ne = megw /e

Se n for muito grande, a onda néo atravessa o galasm
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‘
w s

A similar dispersion diagram for the ordinary wave.






/ BB

Geometry of right- and left-handed circularly
polarized waves propagating along B,



Ondas Eletromagnéticak // B,

]{=|'i'i E, =E1i+E1,i;

I & <F o
.2 CK Wy @
n=—zg=1- o/ (R wave)
w | = (@./w)
Relacao de dispersao
s K wp/e’ f
. | + (w./w) (L wave)




Ondas Eletromagneéticas Paralelas ao
Campo Magnetico
(k /I B,)

Vamos analisa onda: con

k=k& E=E@8 +E, &,

X =X



Ondas Polarizadas Circularmente

b +k btk
y
@@E
L
Ep

X

Geometry of right- and left-handed circularly
polarized waves propagating along B,



Rotacao da Polarizacao

B-@

A plane-polarized wave as the sum of left- and right-
handed circularly polarized waves.

DECHR

After traversing the plasma, the [. wave is advanced in phase
relative to the R wave, and the plane of polarization is rotated.



Ondas Hidromagnéticas

 Ondas de Alfvén: ondas de ions
na direcao do campo magnético

 Ondas Magnetosonicas: ondas de ions
perpendiculares ao campo magnético

A~~~
A

1B,)



Ondas de Alfvén

Equacéao da onda

J'ﬂ.?

VXVXE, =k E,)+k" E,:-"-E]+

L € nl

3 §

B =B

0

Da equacédo da ondaconcluimos qugs j,” j

\.{w —ck* ]I:l = —jwNgl (Vi — Um)



Esquema da
Onda de Alfvén 5

. i B,
E1 [ ,' 1

X

Geometry of an Alfvén wave propagating
along B,.



T.=0

a i ~ . .
M_;__' = gV + e X By Equacgao de movimento dos ions
Le ﬂ'f "
—iwMv;, = —eikd, + evi, By : e .'-i";;(l ‘P‘) -
0 0z\ "~
—twMuy, = = eviBo i —— __(1 A )
’ Y Mo o W =



Analogamente, obtemos para as velocidades dosmgdtios

The corresponding solution to the electron equation of motion is found
- . s 2
by letting M = m, ¢ = —¢, (), + —w,, and then taking the limit @, » @":

'-'I

¢ @
Vg = —— g 1=}
ma @,
E
¢ W, W E
Uy = =y =g ) e
m w o, Hu

Movimento de deriva dos elétrons



Substituindo as componentes das velocidades ngadive

o 9 if ﬂ? =
eolw” — c*RHE, = —imn{f—(l — ;) E
ﬂfw w
g ; z 2 -
g ﬂf — w ¢ c

K1+ (p/€oB ) T 1+ (puo/ Bo)e™

Desprezando o nimero 1,

By
(Lop)

_L'¢_

o
Yy 2
k 1/

These hydromagnetic waves travel along By at a constant velocity v,,
called the Alfvén velocity:

va=B/(uop)'"” [4-126]




Interpretacao da Onda de Alfvén

OxE, =-B, = EX:% B,

Movimento dos ions e elétrons na direcao y
Ex

Vy:B

Linhadocampo magnéticosedesloca com velacid

wB, E,

kB, B

0

0



v, =E, x B,/B2

Relation among the oscillating quantities in an Alfvén wave and the (exagger- FIGURE 4-46
ated) distortion of the lines of force.



Geometry of a torsional (or shear)
Alfvén wave in a cylindrical column.
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11

Schematic of an experiment to detect Alfvén waves. [From |. M. Wilcox,
F. L. Boley, and A. W, DeSilva, Phys. Fluids 3, 15 (1960).]
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L B =
s 2 -
= ,/

i b _

-~
0 r L | L | | | 1 | |
0 4 8 12 16 20
B, (kG)

Measured phase velocity of Alfvén waves vs. magnetic field. [From Wilcox,
Boley, and DeSilva, loc. cit.]



Ondas Magnetosonicas

=
[]
o]l

| Geometry of a magnetosonic wave
propagating at right angles to B,



Equacédo de movimento dos ions

dv .
f'".f”u "a:l' . l!*”|:.|:_E| t Vi % Bn} e '}",h I,Vn‘r;

i
Vi = E [f + U “H“}

B B DTN
e = u.;u[ VixBo) w M no



Equacao de continuidade dos ions LI

Das equacoes anteriores obtemos

| 0w k* v.KT
:'n(l i b ) - : [ - ——.?'ﬁ'j:
i A Mw w M

Equacao da onda

(w” —c k IV, = rmj 1 [€n j €nlew cRNE, = —tamepe (v

Falta obter a velocidade dos elétrons



To obtain v,,, we need only to make the appropriate changes in Eq.
[4-135] and take the limit of small electron mass, so that w € w: and

2 2 vy 2
""—(1 _k '!".KT.-)E: L _ k" v.KT, E. (4137

2z
&!Hu ' 4



Das equacoOes anteriores obtemos

. o ¢ 1—-A
enlw™ =c¢cR)E, = —imnuf[—— E( —3 )
' ) Mo \1-A4 - (QYa))
i k"M v.KT, ]
wBs eM
g 2
(Ll < Ill- ¥ » 2 -
% y U - 5 Ua
: = = (5]
Z i £ L k‘? c - lri
o/ Qe =" [ A

Relacao de dispersao da
onda magnetosonica



Relacoes de Dispersao Obtidas

Ondas de elétrons eletrostaticas
Ondas de ions eletrostaticas

Ondas de elétrons eletromagnéeticas
Ondas de ions eletromagnéticas



Electron waves (electrostatic)

B,=0ork " By: W = mi - %ﬁ 0 ?h (Plasma oscillations)
2 P 2 2 (Upper hybnd
k L By W =wp tw, = wi oscillations)

Ton waves (electrostatic)

Bo=0ork|Bs @ =k%"

_ 42 Y KT + KT,

(Acoustic waves)

M
klB, w® =02+ k%2 (Electrostatic ion
cyclotron waves)
or
mﬂ - m? = 0o, (Lower hybrid

oscillations)



Electron waves (electromagnetic)

2 2 2.2
Bﬂ='u: w =mr+kf

2.2 2
ck @
kLBy,E |By: —5=1-——7%
w w

9,92 - 2
c“k w: - w
k.-LB.E lBin:'T=1 = 4
e @ @ @ - W)
2.2 2
c“k w,/w
k : — = ] - ¢
IBo w | = (w/w)
cﬂkiﬂ B wy/w
® | + (w/w)



lon waves (electromagnetic)

B“ = () None
k| Bo: w’ = kEui (Alfvén wave)
2 2 2
v, TV :
k LB, m_ﬁ = t'2 ﬁ-" (Magnetosonic wave)
I3 ¢+ v,









