IV — Rotas para o Caos

E- Crises



1- Introducao

e Mudanca abrupta no atrator em um
parametro critico.

* Crises em mapas bidimensionais

 Crises em sistemas tridimensionais de
equacoes diferenciais



2- Variedades

AlteracOes nas variedades causam crises.

Definicao: variedade estavel (instavel): conjunto
de pontos iniciais que convergem
para o ponto de selaparat - oo (t - - ).



*Poincaré: cruzamento de variedades causam dinamica
complexa.

*\Vamos examinar crises causadas pelo cruzamento entre
as variedades estavel e instavel de um ponto de sela.

*(Nao ha cruzamentos de uma mesma variedade!)

*Em geral, variedades ndao sao determinadas
analiticamente.

eDeterminacao das variedades requer mapas inversiveis.



Teorema da Variedade Estavel

As variedades de um ponto de sela no plano sao
curvas unidimensionais.



Exemplo de Variedades e
Cruzamentos de um Ponto de Sela

X=-TM- X=TI

Figure 10.1 Stable and unstable manifolds for a fixed point saddle the forced,
damped pendulum.
A cross marks a saddle fixed point of the time-27 map of the forced, damped
pendulum with equation of motion x + .2% + sinx = 2.5 cost. The stable manifold
emanates from the saddle in the direction of an eigenvector V; == (1, 0.88), and
the unstable manifold emanates from the saddle in the direction of an eigenvector
Vi, = (1, —0.59). A finite segment of each of these manifolds was computed. Larger
segments would show more complex patterns.

Chaos

Alligood et al.



Exemplo
Mapat (x,y) = (0.5x+9(x,y), 3y+h(x,y))
g, h potenciaiscom ordem maior ou igual a 2

Ponto fixo em(0,0)

0.5 0 0.5-A O
Df(0,0) = =

O 3 0 3-A
auto—valor A =0.5= auto-vetor U=¢,

A=3 = U:éy

= 0

Variedadeestavelna direcdode €,
Variedadeinstavelna direcdode €,



Variedades de um Ponto de Sela no Plano

Local Global

(a) (b)

Figure 10.2 Stable and unstable manifolds for a saddle in the plane.
(a) The local stable and unstable manifolds emanate from 0. (b) Globally, the stable

and unstable manifolds are one-dimensional manifolds. ch
aos

Alligood et al.



Teorem::
f : difeomorfsmo em R? , com um ponto de sela P

Matriz JacobianaD f (P) — auto-valoress (|§<1) eu (Ju[<1)

—

V. eV, auto-vetoresdessesauto- valores

As variedads estélvelS,einstélveI,U,del5 sdounidimensbnaisecontemP

—

Em P, V, eV, sdotangentsa S e U, respectivenente.



llustracdo do Teorema da Variedade Estavel

Figure 10.3 lllustration of the Stable Manifold Theorem.

The eigenvector V¥ is tangent to the stable manifold S at p, and the eigenvector
V* is tangent to the unstable manifold ‘U. The manifolds are curves that can wind
through a region infinitely many times. Here we show a finite segment of these
manifolds. Chaos

Alligood et al.



Exemplo de Variedades

\ ’ \ ’
1 ) T 4
— et o o ]
('150) (150)
;f '}\ !4' \\

I’ LY }‘J'

f(x, y)=(

Pontosfixos atratores (-10), (1,0)

4arctgx y)

Ponto de sela: (0,0)

Figure 10.4 Action of the orbits for the map f(x, y) = ((4/) arctanx, y/2).
The points (—1,0) and (1, 0) are fixed-point sinks, while the origin is a saddle.
The stable manifold of (0, 0) is the y-axis. The unstable manifold is the set {(x,0) :  chaos

-1 < x<

- 1.

Alligood et al.



Exemplo de Variedades

f(x,y)=(r?, 6-send)
y Pontofixo atrator: (0,0)
Ponto fixo de repulsaa (-1,0)

Ponto de sela: (1,0) =
Auto-vetoress =g, eli=¢,

Figure 10.5 Action of orbits for the map f(r, ) = (r2, 0 — sin ).

Here (r, #1) are polar coordinates in the plane. In rectangular (x, y) coordinates, the
fixed point (0,0) is a sink; (—1,0) is a source; and (1, Q) is a saddle. The stable
manifold of (1,0) is the unit circle minus the fixed point (—1, 0). The unstable

_ Chaos
manifold of (1, Q) is the positive x-axis.

Alligood et al.



Variedades da Equacao de Duffing
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Figure 10.6 Phase plane of the undamped Duffing equation.

The phase plane of the two-well Duffing equation ¥ — x + x> = 0 is shown. The
equilibrium O (marked with a cross) is a fixed point saddle of the time-T map. The
origin, together with the connecting arcs, form both the stable and the unstable
manifolds of 0 under the time-T map.

Chaos
Alligood et al.



Variedades do Mapa de Hénon

Ponto de sela: (0.94,0.94)
A,=-018=V =& - 5718,
A,=-171=V, =& - 0588,

Figure 10.7 S5table and unstable manifolds for a fixed point saddle of the
Hénon map f(x, y) = (2.12 — x* — .3y, x).

The fixed point is marked with a cross. The unstable manifold is S-shaped; the stable Chaos

manifold is primarily vertical. Alligood et al.



3 - Pontos Homoclinicos e Heteroclinicos

eEmaranhado homoclinico

*Sela caotica: conjunto cadtico nao atrativo



Definicao:
f . mapainversivelde R"

P: ponto de sela com variedads estave(S) e instavel (U)
TS, tdU = 71 épontohomoclinio

imf“(fr) - f(P)  limf*(r) - f(P)

k - o k - o

Orbita homoclini@: 6rbita de um ponto homoclinio

Se S e U forem variedads depontosde selasdiferentest € um
pontoheteroclinco

Orbita heterocliica: 6rbita de um ponto heterocliico
Pontoshomoclinios sdo mapeadospor f e f ™,
em pontoshomoclinios.



Cruzamento de Variedades

P: ponto de sela
S: variedade estavel
U: variedade instavel

Ponto no cruzamento
vai para P, quandot - o
val para P, quandot — - o

Figure 10.9 Crossing stable and unstable manifolds.

The stable manifold S and unstable manifold U of a saddle fixed point or periodic

point p cross at a homoclinic point x. If q is a point on S, then f(q) is also on S; if

r is a point on ‘U, then f(r) is also on U. The “homoclinic” point x is on both § Chaos

and U. Alligood et al.



Emaranhado Homoclinico

Figure 10.10 Tangle of stable and unstable manifolds implied by homeoclinic

points.

If the stable and unstable manifolds of a fixed-point saddle or periodic point p cross

in one homoclinic point, then they cross infinitely many times: each forward and Chaos
backward iterate of a homoclinic point is a homoclinic point. Alligood et al.



S. Smale mapada ferradura, 1967

Pontoshomoclinios = mapada ferradurahiperbdlia
Conjunto de Cantor. formado pelos pontosque permanecenmmesse
mapapara t>0 e t<O0.



Construcao de um Mapa da Ferradura

AreaR emtornodo pontode selaP
Iterarf “ (R) atéencontrarum ponto homoclinio ¥
lterarf ' (R) atéencontraresseponto homoclinio ¥

Mapaf "' (F) =T
Dominio: f ™

“R) )
Imagem¢f

4

—> < Determinar R suficientemente pequena,
{ (R) k , I ndo grande demais.

Procurar esticamento e contracao
uniformes.

Figure 10.11 Construction of a horseshoe near a homoclinic point.
The stable and unstable manifolds of a saddle p intersect in a homoclinic point x.
A rectangle R is centered at p. Then for some positive integers k and [, k forward

. - . - ., L+1 -
iterates of R and [ backward iterates of R intersect at x, so that f* forms a horseshoe. Ch.aos
Alligood et al.



DefinicOes

Variedadesestavele instavel se cruzam transvesalmentese
elas seinterceptan com um angulo positivo entre elas.

(Se elasapenasse tangen@am no ponto homoclinio,

elas nao se cruzam)

Teorema
f :difeomorfismo no plano

P:ponto fixo de sela
Variedadegstavele instavelse cruzam transvesalmente=

Ha um mapada ferradurahiperboli® paraiteracbesde f.



Cruzamentos transverso e nao transverso

Figure 10.12 Transversal and nontransversal crossings of stable and unstable
manifolds.
The crossing at x is a transversal crossing, while the crossing at x; is not, since the

stable and unstable manifolds have the same tangent line at x;. Chaos

Alligood et al.



Figure 10.13 Stable and unstable manifolds for the time-27 map of the
damped and periodically forced Duffing equation.

(a) Motion is governed by the autonomous equation % + 0.1x — x + x = 0. Stable
and unstable manifolds of the fixed point O (marked with a cross) under the time-27
map are shown. Each branch of the unstable manifold converges to one of two fixed
point sinks. The stable manifold of O forms the boundary between the basins of
attraction of these sinks. In (b) stable and unstable manifolds cross, as an external
force is added to the system, now governed by the equation ¥ + 0.1x — x + x* =
0.3 sin t. The fixed point saddle (marked with a cross) has moved from the origin.

Chaos
Alligood et al.



The forced damped double-well Duffing equation

5&+Cﬁc—x+3(1’=psint

X =y

vy = —C}r+x—f’+psint

(b)

Figure 2.11 Time-27 map of the forced damped double-well Duffing equation.
{a) Thevariables (x, £) of (9.1 0)with ¢ = 0.02, p = 3 are plotted each 2 7 time units.
Cre million points are showrn, (B) Same as (a), bue ¢ = 0.1, Compare with Figure

5.24, which was measured from experiment with a qualitatively similar system.



4 - Crises

eParametros criticos

*Pequena alteracao do parametro proxima ao valor critico
— mudanca abrupta no atrator

*Discussao das alteracoes dinamicas envolvidas



Trés Tipos de Crise com Atratores Caoticos

Destruicéo do atrator caotico que colide com orbita
periodica na fronteira da sua bacia. Crise de fronteira.

Tamanho do atrator cadtico aumenta por colidir com
Orbita periodica no interior da sua bacia. Crise interior.

*Dois ou mais atratores se fundem ao colidirem
simultaneamente com orbita na fronteira das suas bacias.
Crise de fusao de atratores.



Evolucéo Pos Crise
Tempo Caracteristico Para Cada Tipo de Crise

Crise de fronteira
Duracéo do transiente caodtico apos a destruicao
do atrator caotico.

*Crise Interior
Tempo de visita intermitente (bursts) a regiao que o atrator
ocupava antes do seu crescimento.

*Crise de fusao de atratores
Tempo de permanéncia intermitente na regiao dos
atratores originais.



Atrator Caodtico do Mapa de |keda

R +C,(xcost -ysent)
FY) =96
,(Xsent + ycosTt)
T=C+ -SB 2
1+ x°+y

C,.C,,C,,R parametrogeais

Figure 5.3 The lkeda attractor of Example 5.7.

Chaos
Alliggod et al.



Crise do Atrator de Ikeda

(a) (b)

Figure 10.14 Chaotic attractor of the lkeda map.

The shape of the attractor observed for a range of parameters up to and including
the crisis value a = a, is shown in (a). For all a strictly greater than and near a., the
attractor is significantly larger, as shown in (b). Notice that the attractor in (b) has

a dark central part that is similar to the attractor in (a). ]
Chaos

Alligood et al.



Teorema(lemalambdg

f .difeomorfismo no plano

P:pontodesela
\ \ Curva L cruza varieda@ estaveltransvesalmente =
‘ cadaponto da varieda@ instavelde P é um ponto

limite de DfnigL).

-

L Demonstracao em
\ Lf“_) Palis, de Melo, Springer, 1982
(L)
(L)

Figure 10.15 [lllustration of the Lambda Lemma.

A curve L crosses the stable manifold of p transversally. Forward iterates of L limit
on the entire unstable manifold of p. Specifically, the Lambda Lemma says that for
each point q on the unstable manifold of p and for each e-neighborhood Nc(q),
there are points of {"(L) in Nc(q), if n is sufficiently large. Chaos

Alligood et al.



Crise Interior:

colisdo do atrator cadtico
com a variedade estavel
da drbita periodica (p=5)

Variedade estavel da
Orbita periddica

entra na bacia do atrator
Cadtico.

Figure 10.16 Crisis of the lkeda attractor.

The numerically observed chaotic attractor of the Ikeda map is plotted for parameter

values (a) a=T7.1(b)a=7.2(c)a= 7.25(d) a = 7.3. One million points are

plotted in each part. The crisis parameter value occurs between (b) and (c). The

five crosses in each picture show the location of a period-five saddle with which the Chaos

ttract llides at the crisis. Anoth f (c) appears in Color Plate 1. .
attractor collides a e Crisis Nomner version o (L}’IDPEEII'Q 1 O LOr are A”|g00d et aI.



Antes da crise:

S 5 cada ramo da variedade
; N instavel vai para um ramo
+ T do atrator.

Depois da crise:
as duas partes preenchem
o atrator.

Figure 10.17 Crisis of a two-piece Hénon attractor.
Numerically observed chaotic attractors of the Hénon map are shown for parameter

valuesa = 2.00, 2.01, 2.02, 2.03. Each figure is created by plotting a single trajectory.
Chaos

A fixed point saddle is also plotted. The two pieces of the attractor join when the _
Alligood et al.

pieces simultaneously collide with the saddle.



Alteracao Dinamica

Crise interior do mapa
de Hénon

Figure 10.18 A crisis in which a two-piece Hénon attractor hits the stable

manifold of a saddle.
The stable manifold of a saddle is shown together with the chaotic attractor for the

same parameters as in Figure 10.17. Chaos
Alligood et al.



Transiente Caodtico
Crise de Fronteira

7.5 . , N
Variedade estavel nao

esta na bacia do atrator cadtico.

Figure 10.19 Transient chaos.

One orbit of the Ikeda map f(z) = r + 0,926@4_ g is plotted. The parameter
value is r = 1.003, immediately following a crisis at which the chaotic attractor
disappears. The orbit spends many iterates on the “ghost” of what was the chaotic
attractor before escaping and converging to a fixed-point attractor. The closer the
parameter to the crisis value, the longer the orbit appears to be chaotic. Chaos

Alligood et al.



(a) ik

(c) id)

Figure 19.20 Incerior crisis and bowndary crisis in the Chua drouit.

Fixed pammerers are c; = 156,z = |, me = =8/7, m; = =577, The atrracting
set changes as parameter ¢y chanpges. (a) ¢; = 31, vao coexisting chactic arrractors
with separate basins. (B ¢; = 31.5, the acractors move toward one anocher, but
do not wver touch (aldhough cheir projections to the plane overlap). (¢) o = 31,
the aoractors have merged inco a single atmacon, (d) o = 30, a boundary crisis
has caused a pericdic arbit to atcmer the basin of the previous chactic double-scroll
attractor As o is decreased further, the double-scroll attractor eappears.

Crise de Fusao
de Atratores

Circuito de Chua

Atrator penetra na bacia
de atracao do ponto fixo

Chaos
Alligood et al.



5 — Bacias de Wada



Figure 10.29 Basin cells for Hénon maps.

Parameters are set at a = 0.71 and b = 0.9. In (a) initial segments of unstable
manifolds emanating from a period-three accessible orbit are shown. The orbit is
accessible from the dark gray basin. The unstable manifolds intersect each of two
other basins, shown in light gray and white. Therefore, the gray basin is a Wada
basin. In (b) a similar confguration is shown for the basin indicated in white. The
boundary of the white basin is also the boundary of the dark gray and the light gray
basins.

Chaos
Alligood et al.



Figure 10.30 Three basin cells for the time-2+ map of the forced, damped

pendulum.
The white basin has one accessible periodic orbit of period two; the basin cell shown

has four sides. Similarly, the light gray basin has a four-sided basin cell. The dark
oray basin has one accessible periodic orbit of period three, producing a six-sided

cell.

Chaos
Alligood et al.



6 - Evidéncias experimentais de Crises

Laboratorio de Fendomenos Nao Lineares

Principais autores dos trabalhos iniciais:

e J.C. Sartorelli

R. D. Pinto

W. M. Gongalves
M. S. Baptista

* Pesquisas posteriores, desses e varios outros pesquisadores.



PHYSICAL REVIEW E VOLUME 49, NUMBER 5 MAY 1994

Crisis and intermittence in a leaky-faucet experiment

J. C. Sartorelli, W. M. Gongalves and R. D. Pinto
Instituto de Fisica, Universidade de Sdo Paulo, Caira Postal 20516, 01452-990 Sao Paulo, Brazil



Esquema do Equipamento

- s W e o Em T

~40 cm v
photodiods
-
I % 10 mn it T COMITE
Rl
Chaos
Figure 10.31 Diagram of the leaky faucet apparatus. Alligood et al.

A carburetor valve is used to keep the main reservoir filled to a constant level,
which holds the pressure at the needle valve constant. Drops are recorded when

they break the laser beam which falls on the photodiode.



Rota para o Caos

Mapa de Retorno
S do intervalo de tempo
_ * entre duas gotas
3 .
(a) 93 Ta 85 101 100 (b)
- k! h‘hu
K
* £ _
f‘ e X
S
(c) 128 136 80 90 (d)

Figure 10.32 Scatter plots of successive interdrip intervals.

Pairs of form (T, T.+1 ) ate plotted. (a) Period-one. (b) Period-two. (c) Period-four. Chaos
(d) Chaos. Alligood et al.



Diagrama de Bifurcacao

(Intervalos de tempo entre duas gotas)

100000 ' 200000
drop number

Figure 10.33 A bifurcation diagram for the leaky faucet.

Each vertical slice is 1024 dots corresponding to interdrip intervals. A period-three

window (13), an interior crisis (1), and a boundary crisis (B) are identified. Chaos
Alligood et al.



Mudanca de Atrator

(Crise interior indicada por | no diagrama de bifurcacéo)
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Chaos

Figure 10.34 Scatter plots of successive time-interval pairs near the interior
crisis.

(a) Complicated dynamics before the crisis parameter value | is followed by simpler

Alligood et al. dynamics in (b) and {(c) as the flow rate is slowly increased.




Crise de Fronteira

(indicada por B no diagrama de bifurcacao)

Atrator caotico Atrator com periodo 5

48 | 45 45
Z : g ¥ _E: . g
i % 2 . 2|
16 e : - 15 . - 15 : <
15 I, (ms) 45 15 t (ms) 45 15 1, (ms) 45
(a) (b) (c)

Figure 10.35 Scatter plots near a boundary crisis.
(a) Complicated dyvnamics betore the transition vields to periodic behavior as the

basin boundary of the original attractor is destroyed in (b) and a periodic attractor
results in {c).

Chaos
Alligood et al.



Transicao
caos - periodico

chaotic l nonchaotic

time (1/30s)

Figure 10.36 Transition from chaotic to periedic pattern.
A motion picture recorded at 30 frames per second shows the change from chaotic

Chaos
Alligood et al.

(furst five frames) to period-five (last five frames) behavior.



PHYSICAL REVIEW E VOLUME 61, NUMBER 1 JANUARY 2000

Homoclinic tangency and chaotic attractor disappearance in a dripping faucet experiment

Reynaldo D. Pinto* and José C. Sartorelli’
Instituto de Fisica, Universidade de Sao Paulo, Caixa Postal 66318, 03313-970 Sao Paulo, SP, Brazil



Diagrama de Bifurcactes

Ponto fixo -
ciclo limite -
caos

T(ms)

Mudancas no
atrator caotico

20 —
0 20000

I T |
40000 60000 80000 100000

drop number

FIG. 1. Bifurcation diagram obtained by letting the water level
of a 501 reservoirs decrease naturally with the dripping. The time
series {7,} 1s 100000 drops long, but we plotted just one point
every four to let the figure clear.



T, .ms)

T (ms)

FIG. 2. (a) First retum map of the transient subseries B44. (b)
Enlarged view of the square region above. The saddle point 51 at
(—29 ms. —29 ms) 1s represented by a star. The gray (black) lines
are pictonial representations of the local unstable (stable) manifolds.
The saddle point and 1ts mamifolds were inferred following the or-
bits represented by the smaller black arrows.

Transiente Caotico

Ponto de Sela

Variedades



b B

b

c B0
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- 28+
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,_E, f B Chaolic?
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TI1 [ms) - Chaatict ,
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FIG. 7. (Color). Evolution to a blue sky catastrophe by following the first refiun maps as a function of the faucet closing. All graphs are
m the same seale, except the last one. The red star represents the saddle point 51, the blue (green) lines are pictonal representations of the
unstable (stable) manifolds snggested by the orbits and the dynamical evolutton. (a) a stable focus. (b) a torus in the Hopf region and the
begimming of the representation of the folds due to the torus enlargement that pushes the unstable manifold toward the stable one. (c) 2
5-Hénon-like atiractor generated by the tangency of the torus with the unstable manifold. (d) the first attractor in the chaotic 1 rezion and in
ie), the last chaofic | atractor where the manifolds are close to the tangency. In (f), with the off-tangency of the manifolds the orbits migrate
to the new chaotic 2 region, characterizing a chaotic blue sky catasmophe,

Ponto vermelho: sela
Linha azul: variedade instavel
Linha verde: variedade estavel

Transicao
Fig. e - Fig. f

atrator cruza variedade
estavel e sofre expansao



PHYSICAL REVIEW E VOLUME 58, NUMBER 3 SEPTEMBER 1998

Interior crises in a dripping faucet experiment

R. D. Pinto,* W. M. Gongalves, J. C. Sartorelli.” and I. L. Caldas
Instituto de Fisica da Universidade de Sao Paulo, Caixa Postal 66318, 05313-970, Sao Paulo, SP, Brazil

M. S. Baptista
Institute for Physical Science and Technology, University of Marvland at College Park, College Park, Maryland 20742



Duas Crises Interiores

a) antes da primeira crise
b) c) entre primeira e segunda crise
d) apds segunda crise

-

e B R e

- E23(24.99)

+ E24(26.18)

(a) 1

(d) |

30 35

40

T (ms)

FIG. 1. First return maps T, . vs T, representing three identi-
fied groups of attractors. (a) belongs to the group before the first
mterior crisis, (b) and (¢) belong to the group between the first and
the second interior crises, and (d) belongs to the group after the
second crisis. The numbers in parenthesis are the dripping rates.

45 50



Sucessao de Regimes
Crises Interiores
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FIG. 2. Dripping rate as a function of file number (faucet open-
ing). The sudden changes m the dripping rate (Cy and C;) corre-
spond to the first and second interior crises.



7 - Evidéncias de Crises



Transiente Caotico

VOLUME 57, NUMBER 11 PHYSICAL REVIEW LETTERS 15 SEPTEMBER 1986

Critical Exponent of Chaotic Transients in Nonlinear Dynamical Systems

Celso Grebogi,® Edward Ott,®-(® and James A. Yorke'®
University of Maryland, College Park, Maryland 20742



Transiente Caotico do Mapa de |keda

= T, -
e\

86442

FIG. 1. The Ikeda map is zy+1=p+ Bzzexplix
—ia/(1+|z,1%)}, where zis complex (z=x+iy), pis re-
lated to the laser input amplitude, B is the coefficient of re-
flectivity of the partially reflecting mirrors of the cavity, « is
the laser empty cavity detuning, and « measures the detun-
ing due to the presence of a nonlinear medium in the cavity.
The parameters are p=1.0027, B=0.9, k=0.4, and a=6.0.

Ponto inicial na bacia
do atrator cadtico.

A partir da iteracao
84435, a orbita deixa
o atrator cadtico.

P> D
p:parametrode controle
p. :parametrccritico



Esqguema da Tangéncia Heteroclinica

__ ATTRACTOR

FIG. 2. (a) Schematic illustration of heteroclinic tangen-
cies of the stable manifold of the unstable periodic orbit B
and the unstable manifold of the unstable periodic orbit A.
(For simplicity we take the periods of 4 and B to be 1.)
Crosshatching denotes the basin of another attractor. (b)
Schematic illustration of homoclinic tangencies of the stable
and unstable manifolds of the unstable periodic orbit B.

Crise de fronteira

Atrator atinge a fronteira
da bacia.

p=p. VariedadeinstaveddeA
tangenciavariedaéestavetieB

p<p, Na&ohacruzamento
dessayvariedads

p>p, Hacruzamento
dessavariedads



.
Variacao do Transiente
X 6
Parametro Critico .-
3 )
P_

Distribuicao de 1

(duracaalotransieng paraumpontoinicial)

Vi
e
P(1) O—
(1) =

T :duracdomedia
para um conjuntode pontosiniciais

| L L 1 i _

-0 -8 -6 -4 —IE? G

Duracdomédia do transiete log (p-pe)
~ -y
T= (p - pc) FIG. 3. log;y T vs logp( p — p.). Each dot was obtained by
) e an averaging of 300 randomly chosen initial conditions
y.expoentecrltlco in the former basin of attraction. (a) J=-0.3, p,

=1.426921114. . .; straight line corresponds to y given by
Eq. (1). (b) J=+0.3, p.=2.124672450. . ., and v given
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Mapa Quadratico
_ _ X,,=C-x2; -1/4<C«<?2
Crise de Fronteira
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Esquema da Crise de Fronteira

Xne1 A

(a)

y*e r i *a th
3 i » S
x3 4 bx2 3

!:J,__ Q o a_i
Xg X3 X Xn

FIG. 3. (a) Schematic illustration of the quadratic
map, Eq. (1), for a value of C slightly less than C. ;.
The three chaotic bands are indicated on the x, axis
with boundary points x,°, %, x4’ x,%, %, and x "
Also shown as crosses are the components of the un-
stable period-three orbit, x,, x,, and x,. (b) Schematic
illustration of the x, axis for C slightly larger than C..

Bandas caodticas
separadas do ponto fixo
instavel de periodo 3.

Bandas caoticas
superpostas ao ponto fixo
instavel de periodo 3.
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Crise de Fronteira Mapa Quadratico

X,,=C-x2; -1/4<C«<?2
Coll§ao entre orbita - (Mapalogistico  x.,=rx_ (1-x.)
Instavel e atrator caotico 1<r<a4)
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FIG. 2. Blowup of the bifurcation diagram of Fig. 1
in the region of the period-three tangent bifurcation.
The dashed curves denote the unstable period-three
orbit created at the tangent bifurcation.

FIG. 1. Bifurcation diagram for the map Eq. (1),
The dashed curve is the unstable fixed point, This
figure is generated by first preiterating the orbit from
an initial condition and then plotting the subsequent
orbit in x for a given C, for many different values of C.
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Tangéncia Heteroclinica / Homoclinica

ATTRACTOR
(a) (b)
ay
B B

FIG. 2. (a) Schematic illustration of heteroclinic tangencies
of the stable manifold of the unstable periodic orbit B and the
unstable manifold of the unstable periodic orbit 4. (For sim-
plicity we take the periods of 4 and B to be 1.) (b) Schematic
lustration of homoclinic tangencies of the stable and unstable
manifolds of the unstable penodic orbit B.



FIG. 3. Schematic of the orbit as a burst is initiated. The x
denotes the “estimated™ location of B.



The Ikeda map is given by
z, y1=A +Bz,explik—ip /(14 |z, | *)] (6)

where z=x+4iy 1s a complex number; x =Re(z),y
=Im(z). This map models the behavior of a laser sys-
tem (cf. Fig. 4 and figure caption). For our purposes, we
regard (6) as a real two-dimensional map in the variables
(x,,y,). We investigate (6) for 4 =0.85, B=0.9,
k=0.4, and vary p in a range about the crisis value,
p.=7.26884894. .. . Figure 5 shows y, versus n for



INPUT QUTPUT
NONLINE AR Y
DIELECTRIC
il
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4 M

FI1G. 4. The Ilkeda map can be viewed as arising from a
string of light pulses of amplitude 4 entering at the partially
transmitting mirror M,. The time interval between the pulses
is adjusted to the round-trip travel time in the system. Let
|z, | be the amplitude and angle (z,) be the phase of the nth
pulse just to the right of mirror M,. Then the terms in (6)
have the following meaning: (1— B) is the fraction of energy in
a pulse transmitted or absorbed in the four reflections from
M, M, M, and M,; x is the round-trip phase shift that
would be experienced by the pulse in the absence of the non-
linear medium; —p /(14 |z, |*) is the phase shift due to the
presence of the nonlinear medium.



Crise de fronteira

Esquema da Tangéncia Heteroclinica (a)

__ ATTRACTOR

FIG. 2. (a) Schematic illustration of heteroclinic tangen-
cies of the stable manifold of the unstable periodic orbit B
and the unstable manifold of the unstable periodic orbit A.
(For simplicity we take the periods of 4 and B to be 1.)
Crosshatching denotes the basin of another attractor. (b)
Schematic illustration of homoclinic tangencies of the stable
and unstable manifolds of the unstable periodic orbit B.

Atrator atinge a fronteira
da bacia.

p=p. VariedadeinstaveddeA
tangenciavariedaéestavetieB

p<p, Na&ohacruzamento
dessayvariedads

p>p, Hacruzamento
dessavariedads



Transiente Caotico do Mapa de |keda

= T, -
e\

86442

FIG. 1. The Ikeda map is zy+1=p+ Bzzexplix
—ia/(1+|z,1%)}, where zis complex (z=x+iy), pis re-
lated to the laser input amplitude, B is the coefficient of re-
flectivity of the partially reflecting mirrors of the cavity, « is
the laser empty cavity detuning, and « measures the detun-
ing due to the presence of a nonlinear medium in the cavity.
The parameters are p=1.0027, B=0.9, k=0.4, and a=6.0.

Ponto inicial na bacia
do atrator cadtico (antes
da crise).

A partir da iteracao
84435, a orbita deixa
o atrator cadtico.

P> D
p:parametrode controle
p. :parametrccritico



The Ikeda map is given by
z, .=A+Bzexplik—ip/(1+ |z, | 1], (6)

where z=x+4iy 1s a complex number; x =Re(z),y
=Im(z). This map models the behavior of a laser sys-
tem (cf. Fig. 4 and figure caption). For our purposes, we
regard (6) as a real two-dimensional map in the variables
(x,,y,). We investigate (6) for 4 =0.85, B=0.9,
k=0.4, and vary p in a range about the crisis value,
p.=7.26884894. .. . Figure 5 shows y, versus n for

A=085 B=-09 k=04
p variando em torno de p-critico = 7.26884894...
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Variacao do intervalo de tempo entre bursts sucessivos
X
Parametro Critico

Distribuicac de 1
(duracaalointervaloparaumpontoinicial)
N
T
T1.duracaomedia
paraum conjuntode pontosiniciais

P(t) U

Duracaomedia do intervalo de tempo

t=(p-p.)"’
Y :expoentecritico



Duracédo Media dos Intervalos entre Bursts

Crise heteroclinica

I.-A]IQT

FIG. 7. Log,,v vs log,lp —p.). The eigenvalues are
] =1.7972 and a}”*=0.4507. The theoretical exponent from
Eq. (2) is ¥=1.236. The solid line is r=12.14(p —p )~ 3%,



8 — Evidéncia Experimental de Crise

Conveccao de Rayleigh-Bénard
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g -

Xa

N |

Esquema do dispositivo para estudo da convecgao de
Rayleigh-Bénard. 1 — Cavidade do fluido, 2 — pecas de
“vlexiglass” que definem a cavidade, 3 - tubo para -
troducdo do fluido, 4 — placas de cobre, 5 - tubos para
agua (banho termostatico).
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Equacao de Navier-Stokes” dt =F p+ v
dT 2 Equacédo de Conducao do Calor
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EquacoOes de Lorenz

LAl -o(X —Y)
dt

dY
— =rX-Y-XZ
at

dZ
— = XY-DbZ
at



X é proporcional a intensidade da conveccéo. X=0Oioague
nao ha movimento convectivo, ou seja, o calor é panado
apenas por conducao. X>0 implica circulacdo hoea0
circulacao anti-horéaria.

Y é proporcional a diferenca de temperatura entemasntes
de fluido ascendente e descendente.

Z e proporcional a distor¢cao do perfil de temperauardical,
relativamente a um perfil linear. Para Z=0, a terapga
decresce linearmente.
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Intermiténcia no Sistema de Lorenz
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Intermiténcia no Sistema de Lorenz
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Intermiténcia no Sistema de Lorenz
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Preturbulence: A Regime
Observed in a Fluid Flow Model of Lorenz*

James L. Kaplan' and James A. Yorke?

! Department of Mathematics, Boston University, Boston, Massachusetts 02215, USA
* Institute for Physical Science and Technology and Department of Mathematics,
University of Maryland, College Park, Maryland 20742, USA



Variacao de Parametro de Controle

s\VJarias rotas para o caos.
Uma rota: caos precedido de oOrbita homoclinica.

eQutra rota: atrator caotico precedido de intermiténcia.

Intermiténcia = pré-turbuléncia

Estudo da origem da turbuléncia



Sistem: de Loren:

X=-0X+0y

y = -Xy +rX-y

.z:xy-bz

Variaveis x,y,z — espacode fase tridimersional
Parametrodecontrole: o, r, b



Atratores do Sistema de Lorenz

¥ Attractor

[—2c, 1.00] (0,0,0) is an attracting equilibrium
[1.00,13.93] C4 and C_ are attracting equilibria; the origin is unstable
[13.93,24.06] Transient chaos: There are chaotic orbits
but no chaotic attractors
[24.06, 24.74] A chaotic attractor coexists
with attracting equilibria C+ and C_
[24.74, 1] Chaos: Chaotic attractor exists but C4 and C_

are no lmnger attracting

Table 9.1 Attractors for the Lorenz system (9.1).
For ¢ = 10, b = 8/3, a wide range of phenomena occur as r is varied.

Chaos
Alligood et al.




Pontodixos:
Oo=(xx,vy,z)=(0,0,0

C=(4/b(r-1), {b(r-1), r-1)
C =(-4/b(r-1), -yb(r-1), r-1)

b=8/3 0=10 r>0

Estabilidale doponto O é determinad pelosauto- valoresA da matriz jacobiana
-0—-A o 0
r -1-A 0 =0
0 0 -b-A

PontoO estavelno intervalo 0<r<1, pois A, <0

A >0 — variedadeinstavel unidimensional

r>1= PontoO instavel . , . .
{)\2,3< 0 = variedadeestavelbidimensional

,>r>1= PontosC e C' estaveisA , , ;reais



r,>r>1
C e C atratores

Baciasatracdoseparadagela varieda@ bidimensimal estaveldo ponto O

[, >r>r,
A, ,complexos ReA, ,<0
C e C' atratores

r =r, =13.93 = Orbitas homoclinias

r >r, =1393= caostransientee caos -

(r < 2406 = transientecadtico

r > 2406 = atratorcadtico
(coexistecomatratoresC e C

r > 2474 = Ce C pontosdesela

| (atratorcaoticopersistg
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