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1-Expoentes de Lyapunov



Expoente de Lyapunov para Orbitas Periddicas

Mapa unidimensional x_, = f(x, ) Orbita de periodo k
f*(x)) =fx)Hf(x,_)..f(x,) Note que (f*(x.))'=(f"(x D)

Em média, para cada iteracdo <‘(fk(xj))' >= ING

Distancia entre dois pontos iniciais X, € X,

z . ~ I _ l/k !
ApéGs uma iteragdo |x,— x,|=A""|x, - X|
/7 . ~ ! /
Apés k iteragdes |x,, — Xi,|=A |x,- x|
k . 7
Se A = a’,a seria onumero de Lyapunov

A < 1— aproximagdo entre as Orbitas

A > 1— afastamento entre as Orbitas



Expoente de Lyapunov para Orbitas Cadticas

Definigdo: Seja f um mapa unid imensional suave em R

Orbita {x,, X,,..X,}
&

Nimero de Lyapunov L (x,)= lim | |f(x,)|[f(x,)../f(x,)

Expoente de Lyapunov h = InL
h(x,) = lim ln‘ fl(Xl) ""hl‘ f’(Xz) ‘+ . ln‘ f'(xn)

n—=o n




Se 0 mapa x_,, =1 (x,)tiver nimero de Lyapunov L,

k r r k
omapa x_,, =1 (X, )terd namero L

Para ponto fixo x,, h = ln‘f'(Xl)‘

In|f{x,)] + ... + In

f(Xk»

Para orbita de periodo k, h(x,) = ”



2- Orbitas Cadticas



Definicoes

Orbita {x,,...X_,...} € assintoticamente periodica

se ela converge para uma Orbita peridodica paran — oo

Para uma Orbita exatamente periddica,

usa-seo termo periodica eventualmente.



Orbitas Caodticas

Defini¢do : Para mapa f suave em R
orbita ndo limitada {x,,x,,...X_,...} € cadtica se
1-ndo for peridodica assintoticamente

2-oexpoente de Lyapunov for positivo, h > 0



Exemplos de Mapas com Orbitas Cadticas

1/2 1 X 1/2 1 X
(a) (b)

Figure 3.1 Two simple maps with chaotic orbits.

(a) 2x (mod 1) map. (b) The tent map. Alligood

Chaos



Exemplo do Calculo de h

X:,; = 2 X, (modl)

Mapa descontinuo em x = 1/2

Para orbitascom x; = 1/2,

iln‘f’(xi)‘ ian

1=1

h = lim = lim = = In2

n—o n n—o n
Esse resultado vale para qualquer orbita nao periddica
1/2

que nao passe por X



Mapa da Tenda

2x para 0= x =< 1/2

Mapa T(x) =
pa T(x) {Z(I-X)paral/2<xsl

Im x =0— x, C S(0) (variedade estavel)

Para x,=1/4 1"~ . .,
Imx =0— x, C U(0) (variedade instavel)

n—-ow

X, =3/16 = 3/8 = 3/4 —- 1/2 = 0— 0 ponto fixo
X, =6/13 = 12/13 — 2/13 — 4/13 — 8/13—=10/13 — 6/13 orbita periddica

X, =7/10 = 3/5 — 4/5 = 2/5 — 4/5—2/5 — 4/5 Orbita periodica



3- Conjugacao de Mapas



[tinerarios do Mapa Logistico

Orbitasdo mapa logistico G, com a=4 X 1= 4 X (1- X )

Cada intervalo assinalado contém ospontos cuja Orbita passa

pelasequénciadoseunome.

Regras

(intervalo com final L )
LL — LLL,LLR (numero par de R)
RL — RLR,RLL (numero impar de R)

(intervalo com finalR)
RR — RRL, RRR (numero par de R)
LR — LRR,LRL (numero impar de R)

Intervalo S1 52 ..... Sk X S1 =L ou R



Itinerarios do
Mapa Logistico

LL LR RR RL

LLLLLR LRR LRL RRL RRR RLRRLL
H— t i —H

Figure 1.12 Schematic itineraries for G(x) = 4x(l — x).
The rules: (1) an interval ending in L splits into two subintervals ending in LL and
LR if there is an even number of R’s; the order is switched if there are an odd number ,
\ , o o , o Alligood et al.
of R’s, (2) an interval ending in R splits into two subintervals ending in RL and RR Chaos
if there are an even number of R’s; the order is switched if there are an odd number

of R’s



Transicoes do Mapa Logistico

R
CO GO

— Alligood et al.
Chaos

Figure 1.13 Transition graph for the logistic map G(x) = 4x(1 — x).
The leftmost arrow tells us that f maps the interval L over itself, i.e., that f(L)
contains L. The top arrow says that f(L) contains R, and so forth.



Itinerarios do Mapa da Tenda

Simetria — todos intervalos 1guais.

A largura do intervalo

r Ak
NI S, €2

L R

i i i
LL LR . RR _ RL

— | : : | |

C @ @ D LLL LLR RRL RRR
———
* v LRR LRL RLR RLL

(a) (b)

Figure 3.2 Tent map symbolic dynamics.

(a) Transition graph and (b) schematic iteneraries for the tent map T.  Alligood
Chaos



Conjugacao dos Mapas da Tenda e Logistico

Figure 3.3 Similarities in tent map and logistic map.
Both (a) the tent map and (b) the logistic map have a fixed point (small circle) to
the right of the critical point x = 0.5. For each, the midpoint maps to 1 and then
to 0. Each has a single period-two orbit (small squares). Alligood

Chaos



Pontos Fixos Conjugados

Mapa da Tenda
Ponto fixo instavel
x=2/3
f'(2/3)=|-2| > 1

Mapa Logistico
Ponto fixo instavel
x =3/4
£'(3/4) =|-2| > 1




Orbitas Periodicas Conjugadas

Mapa da Tenda

Orbita instavel com periodo 2
{0.4, 0.8}

£'(0.4)| |£'(0.8)|=|2||-2[=4>1

Mapa Logistico
Orbita instavel com periodo 2
{0.346, 0.905}

£1(0.346)] [£'(0.905)|=|-1-/5| |- 1445 = 4 > 1




Para cada orbita {x} no mapa da tenda ha uma oOrbita correspondente

{C(x)} no mapa logistico com a mesma estabilidade.

Definicao :Os mapas T ¢ G sdo conjugados se eles sdo relacionados
por uma transforma¢do de coordenadas biunivocas,isto €,

C T=GC para o mapa continuo C.



Conjugacao entre os Mapas da Tenda e Logistico

‘-

Alligood
Chaos

Figure 3.4 The conjugacy map.
The graph of C(x) = (1 — cos mx)/2 is continuous and one-to-one. Since CT(x) =
GC(x) for all 0 = x = 1, it is a conjugacy between the tent map and logistic map.



Mapa logistico x_,, = G(x,)=4x_(1-x, )

2x O0=x_=1/2
Mapadatenda x_ , =T(x, )=

2(1-1x,) 12 <x, =1

No 1ntervalo 0 = x <1/2 (0 mesmo pode ser feito no outro intervalo)

G(C(x))=4C(x,)(1-C(x,)) =4 1-002SJTX 1+cc;s:rx _

= 1-cos’ X =sen’rx

I-cosmT(x) 1-cosm2x
2 2

C(T(x))= = sen’ TX

Portanto GC(x) = CT (x)



Trajetorias Conjugadas

[0,1] ———» [0,1]

C C
[oa] —= [Ol,ﬂ
(a) (b)

Figure 3.5 Two illustrations of the fact that the maps T and G are conjugate.
(a) Both ways of composing maps from upper left to lower right are equal. galh)igl od
yp = C(x,) implies y,,; = C(x,+,), then C is a conjugacy between the x-maghid
the y-map.



Note que GC(x) = CT(x) — G(x) =CT((x)C"
Assim, G" = CTC" CTC"....CTC' = CT"C"

x pontofixode T, T(x) = x—
C (x) ponto fixo de G, G C(x) = C(x)
pois GC(x) = CT(x) = C(x)

x ponto fixo de T*, T" (x) = x —
C (x) ponto fixo de G*, G* C(x) = C(x)
pois G*C(x) = CT“C'C(x) =CT“(x) = C(x)



Estabilidade dos Pontos Fixos e Orbitas Periddicas

De C(T(x)) = G(C(x)) obtemos

C(Tx)T(x) =G (C(x) C'(x)

Para T (x)=x,obtemos

C(x)T'(x) =G(Cx) Cx — T =G (Cx)
Portanto, ha uma correspondéncia na estabilidade

dos pontos fixosde Te G

Para T (x)=x,obtemos (T*) (x) =(G") (C(x))

Portanto, essa correspondéncia ocorre para Orbitas periddicas



Todos os pontos fixose oOrbitas periddicas

do mapa logistico G (b=4) sdoinstaveis

Para T*(x) =x, (TYx)=2">1 —
(GYC(x)=2">1 para G“C(x) =C(x)



Calculo do Expoente de Lyapunov do Mapa Logistico
(b=4)

{Xi} orbita caotica conjugada do mapa T

{C (Xi)} Orbita caotica conjugada do mapa G

1 C C,(T(Xi)) T,(Xi) - G,(C(Xi))C,(Xi)
obtemos T'(x,)..T'(x,) T'(x,) =

Como T(x)=Xx,,

_ G (C(x,))C(x,) G (C(x,))C(x,) G'(C(x))C(x,) _
ey oS o)
G (C(X,)) e G'(C(x,)) C'(x,)

C’ (Xk+1)



—>

=In | C'(x))|- In | C'(x, )

k
+ Eln\ G’ (x,)
1=1

iln‘ T'(x,)

iln‘ G'(x,)

lim - = lim -

. I m " = h(mapa T) = h(mapa G)

Portanto, o mapa logistico G (b = 4) tem Orbitas caoticas



Itinerarios do Mapa da Tenda

Simetria — todos intervalos 1guais.

A largura do intervalo

r Ak
NI S, €2

L R

i i i
LL LR . RR _ RL

— | : : | |

C @ @ D LLL LLR RRL RRR
———
* v LRR LRL RLR RLL

(a) (b)

Figure 3.2 Tent map symbolic dynamics.

(a) Transition graph and (b) schematic iteneraries for the tent map T.  Alligood
Chaos
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Figure 1.12 Schematic itineraries for G(x) = 4x(l — x).

Itinerarios do
Mapa Logistico

Larguras dos intervalos sao desiguais

The rules: (1) an interval ending in L splits into two subintervals ending in LL and
LR if there is an even number of R’s; the order is switched if there are an odd number
of R’s, (2) an interval ending in R splits into two subintervals ending in RL and RR

if there are an even number of R’s; the order is switched if there are an odd number ~ Alligood et al.

of R’s

Chaos



Mapa T, largura de um intervalo [x,, X, ]=

Mapa G, largura de um intervalo conjugado

[C(x,), C(x,)]= fC (X) dX—}z'd—C dx =

dx

X1

7 (X,

2—k

f—sen(fzx) dx= = 7 fdx - 'Xl)
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Figure 3.6 The logistic map.

One hundred iterates are plotted on the x-axis; their images are plotted on the
Alligood
Chaos

vertical axis.



4- Bacias de Atracao



Existéncia de Orbitas Periddicas

Figure 3.8 The content of Theorem 3.17:

Teorema do ponto fixo:
f mapa continuo na linha dosreais
intervalo I = [a, b] tal que f(I) 21

= f possue um ponto fixo em I

If a function f maps the interval [a, b] across itself, as in the picture, then f must

have a fixed point in that interval.

Alligood
Chaos



Existéncia de Bacia de Atracdo de Pontos Fixos Atratores

Teorema:

c . : f mapa continuo emR'
' ' )se f(b)=bex <f(x)<b, V x em [a, b)
o — f*(a) — b

bhacaeee L _ 2)sef(b)=beb<f(x) <x,Vxem (b, c]
g = f*(c) = b
:
|
|

a ||

a b Cc

Alligood

Figure 3.11 lllustration of Theorem 3.23.
Chaos

The sink shown at x = b attracts all initial values in the interval [a, c].



Bacia de Atracao

—

Definicdo:f mapa em R", p ponto fixo atrativo.

A Dbacia de atracao de p ¢ oconjunto de pontos

£ (&) -f*@)| = 0

X tal que lim

k — o

Exemplo: Mapa em R, f(x,,,) =ax, ‘a‘ <1

n+1

x = 0 ponto fixo

Bacia desse ponto fixo: conjunto dos numeros reais



Bacias de Atracao

Pontos fixos
x =0 repulsor
x=1, x=-1 atratores

Bacia do ponto fixox =1, x>0
Bacia do ponto fixo x = -1, x<0

Alligood

Figure 3.12 The map y = f(x) = (4/7) arctanx. Chaos

The basin of the sink —1 is shown in black, and the basin of 1 is in gray.



Bacia de Atracao

f(r,8) = (r",0 -senf)

r =0 0<f=<2n
(0, 0) atrator
Pontos fixos:{(1, 0)
(1, 7)
Atrator r —

Alligood
Figure 3.13 The map of Example 3.26. Chaos

The gray region is the basin of the origin. The white region is the basin of infinity.



Mapa Logistico

O<a<1l —=x = 0 ¢é atrator; bacia: [0, 1]
(x = 0 é repulsor
l <a<3 —: q - 1 .
X = € atrator; bacia: [0, 1]
a
(x = 0 repulsor
3<a —> A a - 1
X = repulsor
a




Figure 1.6 Bifurcation diagram of g,(x) = ax(l — x).

The fixed point that exists for small values of a gives way to a period-two orbit at the
“bifurcation point” a = 3, which in tum leads to more and more complicated orbits
for larger values of a. Notice that the fixed point is only plotted while it is a sink.
When the period-two orbit appears, the fixed point is no longer plotted because it
does not attract orbits. See Lab Visit 12 for laboratory versions.

Diagrama
de Bifurcacao

Alligood et al.
Chaos









Mudanca de Variaveis para o Mapa logistico

my

x = sin® (-2-) = %[1 — cos(my)].



0,1 —1— [0,1]

S — S LRRRLR...— RRRLR...
(a) (b)

Figure 3.7 Tent map conjugacy.
The map T is conjugate to the shift map on the two symbols L and R. (a) The Alligood
conjugacy betwen T and the shift 5. (b) Schematic view of the action of the Chaos

conjugacy map C.
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Figure 3.9 Example 3.19.

(a) The subintervals I, J, and K form a partition for the map shown. (b) Transition

graph.

Alligood
Chaos
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Figure 3.10 A map with a four-piece partition. Alligood

(a) The subintervals |, ], K, L form a covering partition for the map shown. (b) Tran- Chaos
sition graph for 1, J, K, L.



BINARY NUMBERS

The binary expansion of a real number x has form
X = .b1b2b3 « sy
where each b; represents the 2 7'-contribution to x. For example,

%=o.z—1+1~2‘2+0-2‘3+0-2‘4+~~=.015

and

%=O'2'1+O'2"2+1°2'3+1'2'4+"'=-0011

where the overbar means infinite repetition.

To compute the binary expansion of a number between O and 1,
multiply the number by 2 (using the decimal system if that’s easiest
for you) and take the integer part (if any) as the first binary digit (bit).
Repeat the process, multiply the remainder by 2, and take the integer
part as the second bit, and so on. Actually, we are applying the 2x
(mod 1) map, recording a 1 bit when the mod truncation is necessary,
and a O bit if not.




