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Abstract: The authors numerically investigate basins of attraction of coexisting periodic and chaotic attrac-
tors in a gear-rattling impact model. These attractors are strongly dependent on small changes of the initial
conditions. Gradually varying a control parameter, the size of these basins of attraction is modified by global
bifurcations of their boundaries. Moreover, the topology of these basins is also modified by appearance or
disappearance of coexisting attractors. Furthermore, for the considered control parameter range, the frac-
tal basin boundaries are so interleaved that trajectories are practically unpredictable in some regions of phase
space. The authors also examine an example of a crisis on which a chaotic attractor is converted into a chaotic
transient that goes to a periodic attractor. For this crisis, the authors show the evolution of transient lifetime
dependence of the initial conditions as the control parameter is varied.
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1. INTRODUCTION

Mechanical systems exhibiting impacts have been the subject of growing interest in the
engineering literature (Moon, 1998). These systems arise whenever their components collide
with each other or with rigid obstacles, and they are called impact oscillators (or vibro-impact
systems). Since these oscillators do not satisfy the usual smoothness assumptions, classical
mathematical methods are applicable only to a limited extent and require extensions both for
analytical and numerical methods (Moon, 1998; Thompson, 1996).

The gearbox with rattling vibrations is one important type of impact oscillator, rattling
being a consequence of backlashes and an unwanted comfort problem in automobiles
(Pfeiffer, 1988; Pfeiffer and Kunert, 1990). General models have been developed to
analyze these rattling phenomena and find a way of reducing rattling by parameter variation
(Karagiannis and Pfeiffer, 1991). Thus, several complex dynamical phenomena induced by
the presence of discontinuities in these systems have been reported (Hinrichs, Oestreich, and
Popp, 1997; Okolewska and Peterka, 1998; Win et al., 1995; Kaharaman and Singh, 1990;
Li, Rand, and Moon, 1990; Nordmark, 1991; Peterka and Vacik, 1992; Casas et al., 1996).
However, additional studies are necessary to understand the dynamics of these oscillators, as
their rich bifurcations or their significant dependence on control parameters.
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Here, we consider two coupled gears described by a gear-rattling deterministic model
with impacts (Karagiannis and Pfeiffer, 1991). The motion of one gear is given by a
harmonic function while the motion of the other is governed by the dynamics, namely, it

is composed by a solution of a differential equation, between two impacts, interrupted by
a sequence of impacts. In addition, this nonsmooth dynamical system has one degree of
freedom with harmonic external excitation. In engineering, it is common to look for linear
stable steady-state oscillations, often by approximate analytical averaging or perturbation
methods. However, a nonlinear basin analysis is also necessary to ensure that there is a
good sizeable robust basin around the attractor of interest (Thompson, 1996; Grebogi, Ott,
and Yorke, 1987). This is especially important for systems with evidences of fractal basin
boundaries, like the one we are considering here. For this system, it is also important to study
the basin of attraction of transient motions and their dependence on the control parameters
(Thompson, 1996; Grebogi, Ott, and Yorke, 1983).

In this work, we investigate numerically the coexistence of multiple (periodic and
chaotic) attractors, for fixed sets of values of control parameters, in the described gear-rattling
model. We also determine their basins of attraction (Grebogi, Ott, and Yorke, 1983; Nusse and
Yorke, 2000), that is, the set of all initial conditions for which the trajectories asymptotically
approach a particular attractor. We find regions of phase space with interleaved fractal basin
boundaries. Knowledge of these basins and its boundaries supplies important information
allowing a prediction of the long-term behavior of the system. Moreover, we show how
variations of a control parameter modify the attractors and their basins.

We also investigate chaotic transients of observed attractors. As a control parameter (the
amplitude excitation) is gradually increased, we find that chaotic attractors are destroyed and
replaced by periodic attractors with long chaotic transients as in crises observed for two-
dimensional maps (Grebogi, Ott, and Yorke, 1983). Fixing the control parameter value, we
also calculate the chaotic transient lifetime for sets of initial conditions in a grid of points in a
section of the three-dimensional phase space. This analysis reveals that the transient lifetime
is not uniform for the considered initial conditions. In fact, there are continuous regions of
initial conditions where this transient is very short and others with interleaved small regions
of very short or very long transients. Near the critical parameter value of the crisis, as the
control parameter increases, the interleaved long transient regions decrease, decreasing also
the average lifetime.

In Section 2, we describe the gear-rattling system investigated in this work and present the
mathematical description of the considered system and its dynamical analysis. In Section 3,
we present numerical results of basins of attraction. In Section 4, we discuss the dynamics of
the system, present numerical results concerning the observed chaotic transients, and analyze
the transient lifetime dependence on the initial conditions and on the control parameter.
Finally, in Section 5 we summarize and discuss our main conclusions.

2. MATHEMATICAL DESCRIPTION AND DYNAMICAL ANALYSIS

Figure 1 shows a schematic diagram of the impact mechanical system (Karagiannis and
Pfeiffer, 1991). The system is composed of two gears with a backlash v between the teeth.
The motion of one gear is given by a harmonic function, while the motion of the other gear is
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Figure 1. Model of gearbox system.

a combination of a smooth motion governed by a linear differential equation interrupted by
a series of nonsmooth impacts.

The smooth motion in the absolute coordinate system is described by the equation

where m, d, and T are the moment of inertia, damping, and torque, respectively.
The relative displacement S in backlash is given by

where Re and R are the radius of the gears.
Substituting equation (2) into equation ( 1 ) and introducing the variable s = S/v , the

equation of motion in relative coordinates is

ARe /v are damping, moment, and excitation amplitude, respectively
Integrating equation (3) and invoking initial condition (s(TO) = so, §(To) = so), the

displacement s and velocity ~ between impacts are
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An impact occurs wherever s = -1 or 0 (backlash boundaries). After each impact, we
apply the Newton law of impact into equations (4) and (5). The new set of initial conditions is

where r is a constant coefficient of restitution.

Therefore, the dynamics of the gear-rattling system is governed by equations (4), (5),
and (6). From these equations, in our numerical simulations we observe both periodic and
chaotic attractors.

To analyze the attractors found in numerical simulations, we use an impact mapping, that
is, for each impact n (at s = -1 or 0), the variables s&dquo; , 9 ~ and T&dquo; (mod 2~r ) are computed.
These variables correspond to the dynamical variables s, s, and T just before the impact.

We characterize the attractors by their Lyapunov exponents. To calculate these exponents
for the gear-rattling nonsmooth system, we use a transcendental map as the following.
The variables ~+1, s&dquo;+1, and T&dquo;+1 are obtained from equations (4) and (5) for the initial
conditions

Thus, we introduce the transcendental map (obtained from equations (4), (5), and (7)):
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Using the transcendental map (8), we develop an algorithm for the determination of the
Lyapunov exponents. To use this algorithm, we first evaluate the Jacobian (for sn - -1
or 0)

with the eigenvalues Ai (n) of

Then, the Lyapunov exponents can be expressed by

3. BASINS OF ATTRACTION

In this section we study attractors of the gear-rattling model, described in the previous section,
and how they change as a parameter control is varied. Thus, we numerically calculate
trajectories, attractors, bifurcation diagrams, and basins of attraction of these attractors.
We choose the excitation amplitude, a, as the control parameter. The results presented
are obtained by varying a gradually in the range [0.47, 0.60] and fixing the other system
parameters in the usual following values 8 = 0.10, y = 0.10, and r = 0.90. We discard
several thousand iterates to ensure that the transient has died away

Figure 2 shows a bifurcation diagram of the system, namely, the relative velocity just
before each impact, §n , as a function of the excitation amplitude, a. The bifurcation diagram
is obtained choosing different initial conditions at each a. For each initial condition, we
first neglect a sufficiently large number of iterations to get rid of the transient, then plot
the subsequent few hundred iterates. As indicated in this figure, we identify three different
coexisting attractors. One attractor, A, for the whole bifurcation parameter range, another
attractor, B, is present for almost the whole parameter range, and a third attractor, C, is
observed only for a shorter variation of this parameter.

In the bifurcation diagram, we recognize mostly periodic motion but also sequences of
period doubling bifurcations to chaos and crisis leading to sudden expansions of the chaotic
attractor B for large a. The dominant attractors are A and B. Attractor A is periodic in the
whole parameter range. Increasing the parameter a, attractor B (initially periodic) undergoes
a sequence of period-doubling bifurcations to chaos. After that, there is a transformation
from a four-piece to a two-piece attractor, as the parameter passes through a critical value.
At another critical parameter, there is a sudden attractor increase as the two-piece attractor
merges into a single piece. Finally, attractor B disappears at the end of the considered
parameter variation. The third attractor C is suddenly created and destroyed, suffering period-
doubling bifurcations to chaos.
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As a consequence of attractors’ coexistence, what is seen in the bifurcation diagram as
a bifurcation parameter is gradually changed for different initial conditions. Thus, the final
state that is eventually reached depends on the initial state of the system. Next, we show that
predictions of final states depend sensitively on the initial conditions.

For a = 0.48, Figure 3 shows the time evolution of the relative displacement of the
trajectories corresponding to the periodic attractors A and B of Figure 2. The corresponding
basins of attraction of these attractors are shown in Figure 4. This figure is constructed using
a grid of an equally spaced 400 x 400 set of initial condition points in the cross section
~o x To of the three-dimensional phase space. For trajectories starting at a point in this
set, the limiting attractor is determined. The gray and black colors mark the basins of the
attractors A and B. Some regions of these basins have highly interleaved fractal boundaries.
To show this characteristic, we present in Figure 5 two successive magnifications of Figure 4.
Figure 5 shows the coexistence of the two attractors and fine structures at any phase space
scale. Consequently, there are regions for which the system’s behavior is strongly dependent
on small changes of initial conditions. However, there are other regions (Figure 4), or basin
cells (Nusse and Yorke, 2000), for which the trajectory goes to only one attractor.

Figures 4 and 7 show the changes in the basins of attractors A and B as the bifurcation
parameter increases from a = 0.48 to a = 0.57. In addition to that, Figures 3 and 6 show,
for the same a values, the variation in time of the relative displacements of these attractors.
For a = 0.48, attractor B is periodic, but for a = 0.57, it is chaotic due to a sequence
of period-doubling bifurcations in this a interval. Comparing Figures 4 and 7, we see that
the basin of attractor B (in black) decreases in size for increasing a. This happens until the
chaotic attractor disappears for a specific a value, as we can see in the bifurcation diagram
of Figure 2.

4. TRANSIENT CHAOS

In this section, we study chaotic transients and their dependence on the control parameter
and initial conditions. We illustrate our conclusions with a case wherein, at a critical control

parameter value, a~ x5 1.2347058, a chaotic attractor is converted into a chaotic transient
that goes to a periodic attractor. The excitation amplitude, a, is the chosen control parameter.
The results presented are obtained by varying a in the range [1.00, 1.75] and fixing the other
system parameters in the usual following values: p ~ 0.10,~ = 0.10, and r = 0.90
(Karagiannis and Pfeiffer, 1991 ).

Figure 8a shows a bifurcation diagram of the system, namely, the relative velocity just
before each impact, sn , as a function of the excitation amplitude a. In this figure, we identify
only one dominant attractor that is periodic or chaotic, depending on a values, as indicated
by the corresponding Lyapunov exponent values (calculated by using equation 11) shown in
Figure 8b.

All the following figures of this work are calculated to investigate a crisis at which a
chaotic attractor collapses and a periodic attractor appears for a critical parameter, a~ .:%
1.2347058, as indicated in Figure 8a. Thus, Figure 9 shows the attractors before and after
this crisis at a = ac. The chaotic attractor for an a value smaller than the critical value is in

Figure 9a. Gradually increasing the control parameter up to the critical value, its shape varies
only slightly from that shown in this figure. The periodic attractor and its chaotic transient,
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Figure 12. Lifetime calculated for a grid of 400 x 400 points corresponding to initial conditions in phase
space. The grade scale indicates the number of impacts (transient) before the trajectory goes to the

periodic attractor Excitation amplitude a = 1.245 > a~.

for a given initial condition and a parameter greater than the critical value, are in Figure
9b. As shown in these figures, the shape of the transient (in (b)) is similar to the previous
collapsed attractor (in (a)). In addition, the lifetime of the transient shown in Figure 9b can
be identified in Figure 10, which shows the evolution of relative velocity just before each
impact as a function of the iterates.

For a fixed control parameter value, we present in Figure 11 the chaotic transient lifetime
obtained for a set of initial conditions in a grid of points in a section of the three-dimensional
phase space. The order of the transient lifetime depends strongly on the initial condition.
In fact, there are continuous regions of initial conditions where this transient is very short
(typically less than 100 iterates) and others with interleaved small regions of very short and
very long transients (up to 100,000 iterates). Each calculated lifetime is marked with respect
to a linear grade gray scale indicated in Figure 11. The white color indicates a very short
lifetime, and the black color indicates a transient equal to 5,000 iterates or longer. Thus, most
of the long transients are longer than 5,000 iterates and are represented by black marks in this
figure.

Gradually increasing the control parameter, the area of the interleaved long transient
regions decreases, consequently decreasing the average lifetime. This effect can be seen

comparing Figure 11 with Figure 12. On the other hand, diminishing the control parameter,
the white regions diminish and the average lifetime increases.

5. CONCLUSION

We use a gear-rattling model (Karagiannis and Pfeiffer, 1991) to numerically investigate
basins of attraction of coexisting attractors, chaotic transients, and their dependence on the
control parameters.
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In summary, the structure of the bifurcation diagram shows that the system evolution
switches from one attractor to another as the bifurcation parameter, the excitation amplitude,
is slowly changed for different initial conditions. This shows how coexisting periodic and
chaotic attractors are strongly dependent on small changes of the initial conditions. Moreover,
the size and topology of the basins of attraction are modified by global bifurcations of their
boundaries. Furthermore, for the considered control parameter range, the basin boundaries
are fractals and so interleaved that the trajectory might deviate from one basin to another,
due to small errors on the numerical simulations or noise in the system, causing jumps from
one attractor to another (Okolewska and Kapitaniak, 1998). These trajectory deviations
cause jumps, from one attractor to another, wherever we try to compute bifurcation diagrams
following a specified attractor. These jumps should be observed experimentally and might
affect the equipment safety and even the comfort.

Furthermore, we also investigate chaotic transients that occur as the amplitude excitation
is varied past critical values following the sudden disappearance of the attractor. In these
chaotic transients, orbits are attracted toward the vicinity of the former chaotic attractors
and stay there for a large number of iterates. Then, suddenly, these orbits move off toward
the periodic attractors. We conjecture that this is a boundary crisis, caused by a collision
between the chaotic attractor and a coexisting unstable periodic orbit, like others that have
been found in low-dimensional maps (Grebogi, Ott, and Yorke, 1983, 1986). Moreover, to
illustrate our conclusions, we present an example of a chaotic attractor, corresponding to the
gear oscillation, converted into a chaotic transient that goes to a periodic attractor, at a critical
value of the excitation amplitude. Immediately following the crisis, the chaotic transient
shape in phase space is similar to the chaotic attractor, and its lifetime depends sensitively
on the initial conditions. For the considered control parameter range, this dependence is
identified by structures of approximated equal lifetime formed on the initial conditions of
phase space.
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