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Main Goals

Define a family of two-dimensional Hamiltonian
mappings;

Introduce dissipation on the systems;
Build the phase spaces;

Investigate the deviation of the average along of the
chaotic orbits;

Find critical exponents to define universality classes.



We consider a family of two-dimensional Hamiltonian mappings given
by

Jn+1 = |Jn — €sin(6,)]
Opni1 = [Hn — 7-?’—} mod (2m)

n4+1

(1) T :

where J corresponds to action variable, # corresponds to angle
variable, a, ¢ and ~ are control parameters.

~ =1 we recover the Fermi-Ulam model.
we recover the corrugated waveguide.

v = 3/2 we recover the Kepler map.

v = 2 include relevant applications for
plasma physics.

v = —1 we recover the bouncer model.
Chirikov map.

PHYSICAL REVIEW E 81, 046212 (2010)

Finding critical exponents for two-dimensional Hamiltonian maps

Juliano A. de Oliveira, R. A. Bizio, and Edson D. Leonel
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The fixed points may be obtained by given by
matching the conditions: J,+1 = Jn, = J

_p — 96, ]
and Qn-l-l — 9?’1 — 9 _|_ m, Where jll = +1 = ]_ —|— 2776(}’)’605(27?9?‘1,)(?")_(7—1__
m=1,2,3,.... 9n,

_ 00, _
Ji2 = B £ = ay(r) (’YH);
They are classified using the eigenvalues In
given by 721 = OJnt1 = —271'6608(271'9”);
00,
2 det(Jac — A1) = 0, , 0Jn
(2) et(Jac ) o = 89-1—1 _ 1

where [ is identity matrix and Jac is

Jacobian matrix written as where the auxiliary variable is

r=J, — esin(2m6,)
905 41 060y 41

38) Jac = 3?9n 3?}%’ , : o
8?91+1 37}“ The determinant of the Jacobian matrix is

Det Jac = 1.
The elements of the Jacobian matrix are



So we obtained the eigenvalues written as

(j11 + j22) £/ (J11 + j22)2 — 4
2

TABLE I. Fixed points and their classification for different val-
ues of vy

(4) A=

v Fixed point 1 Fixed point 2 Elliptic Hyperbolic
P0G GG 0<m<(Bp ) m> ()
FO0.®7 5T 0<m<(CE m>(
0 @ 0=m<GYB m>(
L 0E] EY] 0<me(SE)R me (i
% :0,(%)5/3: ‘l (3)5/3: 0<m <(20 2 ’3)3/8 >(20 22’3)3/8
% :0,(%)5/4: 2 (& )5/4- 0<m<(5b27:4)4/9 m> (3 2”4)4/9
1 (0,-) (5 ) 0<m<(%‘_)”2 m>( —) 1




To estimate analytically the position of the where
first invariant spanning curve - FISC we

2maey
suppose that (7) Kefy = ( )

J*(147)

(5) In+1 =2 J" + Adnta,

Table 1
Evaluation of K at the first invariant spanning curve. The lowest
(highest) value of K corresponds to the maximum (minimum) value

Where J* iS a typ|CaI Value along Of the of the variable y* on the invariant spanning curve.

o . . . Y a € Kegr

invariant tori and AJ,, 1 is a small 25 1 0 09571003

. -3 _
perturbation of Ji-+1. S S
2/5 10 10~3 0.961-0.979
1/2 1 104 0.964-0.995
- - - 1/2 1 103 0.886-0.946
A connection with standard map give us 12 0 1o 0.968-0.975
1/2 10 103 0.968-0.983
3/4 1 104 0.971-0.985
2 . 3/4 1 103 0.913-0.946
Jn-l—l — Jn + ( :(Tfi?y)) S%n(@n) 3/4 10 10~ 1.004-1.008
T : J 3/4 10 10-3 0.969-0.979

Ont+1 = [0n + Jn+1] mod(27)
(6)



Therefore, since the transition from local to
global chaos occurs at K. f f ~ 0.9716...
the location of the FISC is given by

1/(1+)
(8) J" ’:‘J( amaey ) :

0.9716. ..

From equation above we conclude that the

size of the chaotic sea is proportional to
(271'(16’}/)1/(1_"7).

(@)

(d)

0
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The Lyapunov exponents are defined as | o

1,5 =12 _

R TR - fEm——

(9) A_j = nh—>moo ; hl |AJ |, J — 1; 23 @ i=1.20(3) )
0'5 I | I | L | L |

0 bae® 20’ ] 10° 4x10°  5x10°

where Agf”’) are the eigenvalues of the —

matrix M = II?_, Jac;(J,0) where Jac; is : V=304 ]

the Jacobian matrix of the mapping sk

evaluated along the orbit. o) 7=1.50(3)

1 | I | 1 | I |

0 1x10° 2>-:10’3n3><108 ax10° 5%10°

y=4/5

1=1.53(4)

| 1 | 1 | 1
1x10° 2><1cﬁ?‘n3><1n:)8 ax10°  sx10°

Afora=2,e=10"%and: (a) vy = 1/2; (b)
~ = 3/4 and; (c) v = 4/5.



The average quantity to be explored is the
deviation of the average J for chaotic
orbits, denoted as w. It is defined as

w(n,a,e) =

1 < —2
v E \/Jf(n,a,E)—Jz‘ (n,a,€),
i=1

(10)

where M corresponds to an ensemble of
different initial conditions J; € (0, 1)
randomly chosen for a fixed Jp = 10~ 3¢
and J; is given by

_ 1 —
11 J’L y Uy - = J?,
(11) (n, . €) ”;,Z_:l ,

OBS: The behavior of J shows the same
properties of w.
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The curves start growing for small » till a
crossover iteration number n, and after go
to regime of convergence. Thus we can
suppose that:

@ (i) For n < nz, w grows according to
a power law of the type

(12) w X (nez)ﬁ .

where (3 is a critical exponent;

@ (ii) For large n, say n > n, the
behavior of w is

(13) w ox €%,

where « is critical exponent;

@ (iii) The crossover n, that
characterizes the transition of the

growing regime for the saturation is

(14) Nee? o €”,

where z is a dynamical exponent.
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Now we can describe w in terms of a A0 . . o
scaling function of the type 10 | | ) I "

(15) w(ne?,e) =1l w (E“’lnez,lble) ,

T 1 T 1T
L L L

where [ is a scaling factor, a; and by are

S
scaling exponents must be related to the W 10-2 - _
critical exponents 3, « and z. é
#
o« liner | @
z=_ — scaling law. .
8 (¢) B
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a=1andw = 3/2.



We saw that the size of the chaotic sea varies as the control parameter ~ varies.

Consequently, average properties of the dynamics are also dependent on the position of
the invariant spanning curves.

We suppose that J is dependent on the position of the lowest invariant spanning curve,

which leads us to conclude that
1

(14+7)

Using scaling arguments one can show that z = a/3 — 2, therefore leading to

(16) =

o g

T

To validate the equations above we show the comparasion of the critical exponents to
follow.



v |1/ +7) g 1/[BA+7)] =2 2
3/7]  7/10 0.696(4) 7/10 | 0.487(7) —0.563 —0.57(2)
4/9 1 9/13 | 0.710(2) ~ 9/13 | 0.484(5) —0.570 —0.58(1)
12| 2/3 0.673(2) ~ 2/3 | 0.488(4) —0.634 —0.641(7)
3/5| 5/8 0.59(1) ~ 5/8 | 0.488(5) —0.719 —0.68(2)
2/31  3/5 0.607(1) ~ 3/5 | 0.489(7) —0.773 —0.757(4)
5/71 7/12 | 0.5803(9) &~ 7/12 | 0.491(5) —0.812 —0.808(5)
3/4 |  4/7 0.588(3) &~ 4/7 | 0.488(6) —0.829 —0.817(8)
1/5]  5/9 0.563(1) ~ 5/9 | 0.489(7) —0.863 —0.853(6)

1 1/2 0.518(4) ~ 1/2 | 0.495(6) —0.989 ~1

Table 1. Comparison of the critical exponent 1/(1 4+ +) and «, 1/[3(1 +~)] — 2 and
z. The range considered was € € [107°,1073].

Physics Letters A 379 (2015) 1808-1815
A dynamical phase transition for a family of Hamiltonian mappings:
A phenomenological investigation to obtain the critical exponents

Edson D. Leonel »™%*, Julia Penalva?, Rivdnia M.N. Teixeira ¢, Raimundo N. Costa Filho®,
Mario R. Silvad, Juliano A. de Oliveira®



The mapping for dissipative systems
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An analytical argument for approaching orbits to the attractors is
Il — ‘5 IO — (1 + 5)6 Siﬂ(27790)‘,
I, =102 Iy — (1 + 6)e [0 sin(276,) + sin(270,)]|

A general expression can be written as

I, =0"Ip— (14 6)ed 6" 'sin(2m0;_4).

1=1

Expanding the first term in powers of n, we obtain

1 1 1
I, ~ Iy [In(0)n + o In(8)*n? + A In(6)*n? + I In(d)*n* + ...

and recover the definition of an exponential function given as

In _ ]0 eln(5)n
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Deviation of the average I for chaotic attractors defined as

w(n, e, o) Z\/ﬂnec? @-(n,e,c?),

where M corresponds to an ensemble of different initial conditions 6; € (0, 1)

randomly chosen for a fixed Iy = 10 3¢ and I; is given by
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From behavior of w we suppose that:

¢ (i) For n < n., w grows according to a power law of the type

w o (ne?)”,

where 3 is an exponent;

® (i) For large n, say n > n,, the behaviour of w is o £=100 §=0.997
o @ [ |2 52100 5099997
wox (1—0)%e*?, " |
10° 10° 10‘;l 10° 10°

where «; and a- are critical exponents;

“ (iii) The crossover n., that characterises the transition of the growing regime for
the saturation is

nge? o< (1 — 6)*1e2,

where z; and z; are called as dynamical exponents.
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Table 1. Scaling exponents obtained for ¢ = 100 and § € [0.99, 0.999 99]

14 p o 21

3/5 0.496(6) —0.508(1) —1.028(4)
3/4 0.496(4) —0.5005(3) —0.9894)
4/5 0.496(5) —-0.5010(2) —0.989(4)
1 0.494(5) —0.496(2) —0.988(6)
2 0.496(5) —0.502(1) —0.990(5)

Table 2. Scaling exponents obtained for the range € € [10, 103] and 9§

14 p 0%) 22

3/5 0489(5) 0.9975(7) 1.987(9)
3/4 0.492(5) 0.9970(9) 1.977(4)
4/5 0.493(3) 0.9996(1) 1.995(3)
1 0.494(4) 1.0008(4) 1.997(5)
2 0.491(5) 0.99999(4) 2.006(7)

J. Phys. A: Math. Theor. 45 (2012) 165101

Juliano A de Oliveira and Edson D Leonel

0.999



Basin of attraction for the attractors and the phase space for the non- dlSSlpatlve system.
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a) and (c) basin of attraction for the periodic attractors for § = 10—3. (b) and (d) phase
space for the non-dissipative case. We use ¢ = 10~2 and: (a) and (b) v = 1/2.

International Journal of Bifurcation and Chaos, Vol. 22, No. 10 (2012) 1250248
JULIANO A. DE OLIVEIRA* and EDSON D. LEONEL



Comments

We have found critical exponents to define universality classes for
a family of two dimensional Hamiltonian mappings;

We checked the effects and consequences of dissipation in the
dynamics of the system;
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