VII - D

Mapa Logistico



1- Introdu cao

e Sistemas Dinamicos:Conjunto de estados possiveis
com uma regra de evolucao deterministica discreta
(mapa) ou continua (equacéao diferencial).

 Modelo : idealizacdo simples, descreve algumas
caracteristicas do processo. Essas caracteristicas sao
do processo e nao devido as aproximacoes.



2- Mapas Unidimensionais

Xy = (X,)
Exemplos
f=2x,
g=2x,(1-x,)

n f(x,) g(x,)
0 0.0100000000 0,0100000000
3 0,0800000000 0,0746184887

12 409600000000 0,5000000000



Construcao Grafica de uma Trajetoria

f(x) = 2x
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Figure 1.1 An orbit of f(x) = 2x.

The dotted line is a cobweb plot, a path that illustrates the production of a trajectory. ~ Alligood et al.
Chaos



Construcao Grafica de uma Trajetoria

g(x) = 2x(1-x)
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Alligood et al.

Figure 1.2 A cobweb plot for an orbit of g(x) = 2x(1 — x). Chaos

The orbit with initial value .1 converges to the sink at .5.



Orbita / Ponto Fixo

Orbita: {X g, Xy, X1 ee: X, e} =1%o, FCo),F 2K )s " (Xo),-f
X, :pontoinicial

Pontdiixop: f“(p)=p
Paraencontrap pontofixo usamos X, = X

n

Parao Mapalogistico, x,.,, =2x,(1-x,) = x,=0; 0,5



3- Estabilidade de Pontos Fixos

N. (p): vizinhancas emtornodex=p (¢[10eg>0)
N_ (p) E{x OR:|x-p <s}

Pontdixo deatracao
Parac>0e xON_(p) = lim, _f*(x)=p

Pontofixo derepulsao
Parac>0e xON_(p) = lim, _f“(x)ON, (p)



g"(x)

0.2000
0.5280
0.8224
0.4820
0.8239
0.4787
0.8235
0.4796
0.8236
0.4794
0.8236
0.4794
0.8236
0.4794
0.8236

g"(x)

0.5000
0.8250
0.4764
0.8232
0.4304
0.8237
0.4792
0.8236
0.4795
0.8236
0.4794
0.8236
0.4794
0.8236
0.4794

g"(x)

0.9500
0.1568
0.4362
0.8116
0.5047
0.8249
0.4766
0.8232
0.4803
0.8237
0.4792
0.8236
0.4795
0.8236
0.4794

Orbita Estavel de Periodo 2

Table 1.2 Three different orbits of the logistic model g(x) = 3.3x(1 — x).

Each approaches a period-2 orbit.



Orbita Estavel de Periodo 2

Alligood et al.
Chaos

Figure 1.4 Orbit converging to a period-two sink.
The dashed lines form a cobweb plot showing an orbit which moves toward the sink

orbit {py, pz}.



Estabilidade de Um Ponto Fixo / Bacia de Atracao

Teorem:
Sejaf ummapdsuavgemR,comumpontofixo x =p
se|f' (p)<1,péumpontdfixo estavel

se|f' (p)>1,péumpontdfixo instavel

Baciadeatracao

L] ~ L] L] L] L]

conjuntadascondicOemiciaiscujasorbitas
convergenparax =p




Exemplo

Mapalogisticox,, =2x. (1-X)
Pontosfixos: 0; 0,5 f(0)=0e f(05)=0
f'(0)=2>1= pontoderepulsdo

f'(0,5=0<1= pontode atracao

Abaciadeatracdo de x=0,5¢é o intervaloO<x<1



4- Pontos periodicos

Mapalogistico x_ . =f(x )=ax (1-x ) a=3,3
Pontodixosinstaveis x=0; 0,696969..
Orbitagperidédicagstaveisomperiod®:
f%(0,4794)%0,4794 f*(0,8236)0,8236

f? (0,4794)|-0,2904<1 f? (0,8236)<1




Orbitas com periodo k>2

(F“(p)) =f (P ) (P.).-F(p)

Noteque(f“(p,)) =(f“(p,))’



5- Mapa Logistico

Mapalogisticox, ., =g, (X,) = ax, (1-x,)
Para O<a<l, Ux,0o0<x,<1=x -0

Paral<a<3, Ux,Jo0<x,<1= X - O;a—_1
a

g'(0)=a>1 = pontoderepulsdo

g(@h
a

=|-a+2| <1= pontodeatra¢&o




Para3<a<4, novasrbitasperiddicas
(aléemdascaoticas).

Para a=3 periodd - periodd
Para a=3,45 periodd® - periodd}

Duplicacaaeperiodosperiodd®",n=1,2,3...

Paraa>4,naohaatrator(x — o)

Mesmaatratort1x, (paraqualquen)
Numericamateobservamoasorbitasestaveis



Nao Invertibilidade do Mapa Logistico

Xn+l &

Ott
Chaos...

— Xy




Dependéncia com o Parametro de controle

(a) (b) (c)

Figure 1.5 The logistic family.
(a) The origin attracts all initial conditions in [0, 1]. (b) The fixed pointat (a — 1)/a
attracts all initial conditions in (0, 1). (¢} The fixed point at (a — 1)/a is unstable.

Alligood et al.
Chaos




Orbitas Periédicas do Mapa Logistico
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Orbita com periodo 2
Ponto fixo (periodo 1)



Orbita Caodtica
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Figure 1.8 Cobweb plot for the logistic map.

A single orbit of the map g(x) = 3.86x(1 — x) shows complicated behavior.

Alligood et al.
Chaos



Figure 1.6 Bifurcation diagram of g,(x) = ax(l — x).

The fixed point that exists for small values of a gives way to a period-two orbit at the
“hifurcation point” a = 3, which in tum leads to maore and more complicated orbits
for larger values of a. Notice that the fixed point is only plotted while it is a sink.
When the period-two orbit appears, the fixed point is no longer plotted because it
does not attract orbits. See Lab Visit 12 for laboratory versions.

Diagrama
de Bifurcacao

Alligood et al.
Chaos



Diagramas de Bifurcacao Ampliados
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Figure 1.7 Magnifications of the logistic bifurcation diagram. Alligood et al.

(a) Horizontal axis is 3.4 = a = 4.0 (b) Horizontal axis is 3.82 = g = 3 86, Chaos



Mapa Logistico
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Mapeamento de ordem 3
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Figure 1.9 Graphs of the third iteration g?(x) of the logistic map g,(x) = Alligood et al
ax(l — x). Chaos

Three different parameter values are shown: (a)a = 3.82 (b)a=3 .84 (c)a = 3.86




Mapeamentos com Ordens Diferentes
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Alligood et al. Figure 1.10 Graphs of compositions of the logistic map.

Chaos (a) the logistic map G(x) = 4x(1 — x). (b) The map G*(x). (c) The map G*(x).




6- Sensibilidade as Condicdes Iniciais

Definicdo: x, ésensivelascondi¢cOedniciais seexistir
umadistanciad tal qguepontosarbitrariamente

proximosde x, saomapeadospara distancias
maiorequed:

0d>0[xON, (%) = | £(x) = F*(x,) 2d




(1976) (the logistic equation):

= k(1 -x,).
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