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The neuron dynamics is highly susceptible to variations in its current input. In this work, we study the
dynamics of uncoupled and random coupled Hodgkin Huxley neurons under an external current with
constant or pulsed amplitude. The profile of these pulse perturbations are considered as periodic, ran-
dom, and a mix between these two types. For uncoupled and coupled neurons submitted to a constant
input current, we observe neuronal silence, spike, and coexistence between these two regimes, as well
as spike synchronisation. However, when periodic pulse perturbations are introduced, the neuronal activ-
ities depend on the pulse parameters, as the amplitude and duration values. For random pulsed inputs,
the complexity is greater, once such perturbation may induce the appearance of uncertainty in the neu-
ronal dynamics. Furthermore, our simulations suggest that small time windows, in which the random
pulses are embedded in a sequence of periodic pulses, are already enough to bring uncertainty in the
neuronal activities. In such a scenario, the excitatory couplings can reduce these uncertainties around the
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behaviour developed by the neurons.
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1. Introduction

In the human body, the brain is one of the most complex organ
[1]. It is responsible for many different functions, such as motor
[2], sensory [3], and cognition [4]. The brain is composed of bil-
lions of neurons [5] that transmit information through chemical
and electrical synapses [6]. Researches in the neuroscience field
aim to understand brain functions and how they are related to
learning, memory, and many other cognitive functions.

Computational techniques and mathematical tools [7,8] have
been used to analyse brain functions. Several types of mathemati-
cal models have been considered to mimic neuronal activities [9].
In the first decade of the 20th century, Lapicque [10] introduced a
neuron model based on a simple capacitor circuit to compute neu-
ronal firing frequency [11]. In 1952, Hodgkin and Huxley [12] pro-
posed a neuron model that describes the action potential consid-
ering the ion channels. Various neuron models were inspired by
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the Hodgkin-Huxley model, such as the FitzHugh-Nagumo [13] and
Aorris-Lecar models [14].

Neuronal systems form complex networks of coupled neurons.
A wide range of topologies has been utilised to model neuronal
networks, for instance, random [15], small-world [16,17], and scale-
free [18-20]. Antonopoulos et al. [21] studied the dynamical com-
plexity in the C. elegans neuronal network [22,23]. In mammalian
brains, the monkey and cat cortices were organised into networks
with connected clusters of areas [24]. Recently, Coninck et al.
[25] analysed the network properties of healthy and Alzheimer
brains.

Networks of Hodgkin-Huxley (HH) neurons can mimic many
neuronal phenomena that are observed in the brain. Borges et al.
[26] demonstrated the effects of brain plasticity on the spiking
activities by means of a network of coupled HH neurons. They
showed that the neuronal behaviour depends on the network ar-
chitecture and the external perturbation. Andreev et al. [27] found
chimera states, namely the coexistence of different brain states, in
networks of coupled bistable HH neurons. Depending on the sys-
tem parameters and network topology, coupled HH neurons can
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exhibit synchronisation [28,29]. Wang et al. [30] reported that syn-
chronisation can be supported by coherence resonance and noise
in globally coupled HH neurons.

In this work, we focus on the study of the neuronal activities
and identification of synchronous patterns in uncoupled and cou-
pled excitatory HH neurons. These neurons are stimulated by an
external current which has a constant or pulsed profile. Depending
on the initial conditions, uncoupled neurons can exhibit different
neuronal activities, such as silence, spike, and bistability (coexis-
tence of these two regimes), as well as synchronised and desyn-
chronised spike patterns for different amplitudes of the external
current. Our numerical simulations suggest that the introduction of
periodic pulses can produce relevant changes in the bistable ranges
of the HH neurons, as well as in the ranges where the synchronous
patterns are developed.

As reported by Nakamura and Tateno [31], a weak random
pulse can induce phase synchronisation in uncoupled non-identical
neuron models. We find that the application of random pulsed cur-
rents in the uncoupled neurons not only can support neuronal syn-
chronisation, but also change the parameter range in which the
bistability occurs. In such a case, if small amplitudes of the ran-
dom pulses are considered, we verify an uncertainty involving the
ranges in which the bistable activities or the spike synchronisa-
tion are developed. As uncertainty, we refer as the impossibility to
predict the neuronal activity by a small variation of the parameter
value. Due to this fact, there are some neighbourhood values in the
parameter space such that the initial conditions generate different
dynamic behaviours.

For coupled HH neurons, we study the emergence of different
neuronal activities and the onset of synchronous behaviour. In the
absence of pulses, the synchronisation arises through the increase
of the coupling strength among the HH neurons. For weak coupling
strength, we verify that the pulsed currents can change the param-
eter range in which the bistable activities appear and also support
spike synchronisation.

The main goal of our work is to investigate how synchronisa-
tion and bistability emerge in a neuronal network due to differ-
ent current pulsed protocols. There is a great interest in studying
the effects of external perturbations on neuronal network dynam-
ics. Protachevicz et al. [32] demonstrated that external stimulation
not only can induce neuronal synchronisation, but also can reduce
abnormal synchronous behaviour. This way, epileptic seizures may
be controlled or treated. Recently, Cota et al. [33] applied an elec-
trical stimulation in rats submitted to pentylenetetrazole-induced
acute seizures. They reported that experimental nonperiodic stimu-
lation can be a promising alternative for the treatment of epilepsy.
Considering a model similar to the one introduced in [33], one of
our main results suggests that nonperiodic stimulation, according
to a random protocol, can generate uncertainties in the neuronal
activities and synchronisation. The appearance of uncertainties is a
theoretical advance in the studies related to brain disorders.

This paper is organised as follows. In Section II, we introduce
the neuron model and the neuronal network. In Section Il and IV,
we discuss our results about neuronal synchronisation in uncou-
pled and coupled neurons under external pulsed currents, respec-
tively. In the last section, we present our conclusions.

2. Neuronal network

The HH neuron is one of the most important and famous mod-
els in computational neuroscience. This model was proposed in
1952 by Hodgkin and Huxley [12] in order to describe the gener-
ation mechanisms of the action potential in experiments with the
squid giant axon. In their work, it was reported that the genera-
tion of the action potential in the cell membrane is related to the
variations in the ionic currents of potassium (K), sodium (Na), and
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a current defined by them as leak (1). The HH model is given by
av;

Cqp = —gn} (Vi — Vi) — gnam? hi (Vi — Vaa)

—&Wi— V) + 1%+ P, 1)
dXi
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where C is the capacitance of the cell membrane and V; is the
membrane potential for the i-th neuron. The variables n; and m;
are related to the potassium (K) and sodium (Na) channel acti-
vations, respectively, while h; is associated with the sodium (Na)
channel inactivation. In Eq. (2), x; = n;, m;, h; and v; = V;/[mV] is
the dimensionless membrane potential. ax, and By, are experimen-
tal functions written as
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Equation (3) describes the temporal variation of the post-synaptic
potential s; of the neuron i [34,35].

We consider that the HH neurons are stimulated over time by
the same external current I®¥, which is defined as

™ = Iy + O(t), (10)

where Iy corresponds to a current with constant amplitude (in
uAjcm?) and ©(t) represents the pulses with amplitude T, that
can be added to Iy during a time considering some conditions.
In our simulations, if ®(t) assumes a value equal to zero for all
times, the external current is equal to Iy, configuring an external
current with constant amplitude. However, if the external current
is pulsed, ®(t) assumes a value equal to 0 or I" in an on-off config-
uration along time. In this work, we consider a constant and three
pulsed current profiles applied in the neurons. Figs. 1(a), 1(b), 1(c),
and 1(d) display a schematic representation of external currents.
The first case (Fig. 1(a)) is a constant current, while the second one
is a periodic pulsed current (Fig. 1(b)), in which the on-off transi-
tion in ®(t) during the simulation occurs in equal and fixed time
interval At. Fig. 1(c) shows a pulse in which the transition on-off
in ©(t) has time intervals At randomly distributed (random uni-
form distribution). In Fig. 1(d), we define a time window Ap and
AR (in ms) in which the external current assumes sequentially pe-
riodic and random pulses along time, respectively. The pulses stud-
ied in this work can be related to different sensory stimulus that
arrive in the HH neurons over time [31,33].

We consider that the HH neurons are excitatory and the inter-
action among them is by means of chemical synapses. We only
consider excitatory due to the fact that they are the predomi-
nant type found in the nervous system. According to Noback et al.

12/22/21, 7:19 AM

Page 2 of 11



Dynamics of uncoupled and coupled neurons under an external pulsed current | Elsevier Enhanced Reader

M. Hansen, PR. Protachevicz, K.C. Iarosz et al.

g X.Xf ' I ‘ " Constant | ! I I I i(a)
o

3 841 7]

< 841 j
P

N N T B B I R
AE 8.8 _L ' I ‘ [ Periodic Pulse | I I i(b)
= 8

L L \ 1 L | . 1 L 1 1 L : ]
NE 8.8 "L ' I ‘ : I Ral{dom P‘u]sc ! I ' I _.(C)

Q

Ll Uty ituy B

< i
e 8

T | R RS S SR B
NE [ A I k Miked Pulse _ | ' @
g 88p , N » be ]
384 ]
8 h h L 1 h h L

0 10 20 30 40 50 60
t [ms]

Fig. 1. Schematic representation of external currents: (a) constant amplitude I = 8
uAjcm?, (b) periodic pulses for Iy = 8 wA/cm?, At =1 ms, and I" = 0.5 uA/cm?, (c)
random pulses for Iy = 8 uA/cm? with I = 0.5 uA/cm?, and (d) mixed pulses with
time windows Ap = 20 ms and Ag = 10 ms.

[36], approximately 80% are excitatory and 20% are inhibitory. The
synaptic currents are given by
N

Iisyn = (Vl.exc - V,)g% ZAikSk’ (1])

Pok=1
where V¢ is the excitatory reversal potential, N is the num-
ber of the neurons, and N; is the number of excitatory pre-
synaptic connections of each neuron i given by the adjacency ma-
trix Ay. The gexc (mS/cm?2) parameter is the excitatory synaptic
conductance from the pre-synaptic neuron k to the post-synaptic
neuron i.

Following [26], we consider N = 100 neurons that are randomly
coupled (random uniform distribution) with a probability of con-
nections p =.1. The initial conditions are randomly distributed in
V; € [-60, —40] mV, while n; = m; = h; = s; = 0. In our simulations,
we use the fourth-order Runge-Kutta algorithm with a fixed inte-
gration time step 8t = 102 ms. Table 1 exhibits the description

Table 1
Description of the parameters, values, units, and ranges used in our numerical sim-
ulations of the uncoupled and coupled HH neurons [26,37,38].

Description Parameter Values
Number of neurons N 100
Connection probability p 0.1
Excitatory synaptic Zexc [0,0.01] mS/cm?
conductance

Membrane capacity C 1.0 wF/cm?
Potassium conductance g 36 mS/cm?
Sodium conductance 8Na 120 mS/cm?
Leak conductance g8 0.3 mS/cm?
Potassium reversal potential Vk -77 mV
Sodium reversal potential WNa 50 mV

Leak reversal potential Vi -54.4 mV
Excitatory reversal potential Al 20 mV
Constant current Io [8,15] wA/cm?
On-off pulse amplitude r [0,4]uA/cm?
On-off time interval At [0,10] ms
Time step integration St 102 ms
Initial time for analyses tini 1s

Final time for analyses thn 2s

Initial window of A 200 ms
periodic pulses

Time window of Ap [0,200] ms
periodic pulses

Time window of AR [0,200] ms

random pulses
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and values of the parameters [26,27,38], as well as the units and
ranges.

3. Uncoupled neurons
3.1. External current with constant amplitude

As reported in the literature, the behaviour of the HH neuron
is separated into two different states [26,27]. The first state is the
spike, which is characterised by a sudden increase in the mem-
brane potential value. The second state is the silent, in which the
membrane potential exhibits a small oscillation amplitude around
the resting potential. These patterns are displayed in the inset box
of Fig. 2(a), where the blue and red lines are the spike and silent
behaviours, respectively. The spike state is reached when the solu-
tion of the system converges to a limit cycle (LC), while the silent
state occurs due to convergence to the fixed point (FP). The tran-
sition from one state to another is related to a Hopf bifurcation in
the system [39]. Depending on the initial conditions, the value of I
can be or not enough to lead the neurons from the silent to spike
states. Through the variation of I, it is possible to find patterns in
which all neurons are in silence, spiking or even in a merged form
between both states, where a fraction of neurons spikes and an-

PFP 1

0.8
0.6

0.4

0.2

0
<R>1

0.8

0.6

0.4

0.2

1 1 I 1 I 1
10 11 12 13 14 15

2

IO[uA/cm]

Fig. 2. (a) Fixed point probability P as a function of a current with constant am-
plitude I applied in the uncoupled HH neurons. All neurons are in silence for
Prp = 1, while they are in spike activities for Pp = 0. The transition from P =1
to Prp = O represents the range of I, in which a fraction of the neurons can be in
spike activities and another in silence, due to the bistability behaviour. The inset
box exhibits the states of silence (red line) and spike (blue line). (b) Mean order
parameter (R) as a function of I. We observe that the neurons can be all in inac-
tive or active states, as well as in a bistable activity. For a constant current, it is
possible to identify synchronous and desynchronous states. In our simulations, we
consider 100 neurons. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

12/22/21, 7:19 AM

Page 3 of 11



Dynamics of uncoupled and coupled neurons under an external pulsed current | Elsevier Enhanced Reader

M. Hansen, PR. Protachevicz, K.C. Iarosz et al.

other remains in silence due to the bistability. In the inset box of
Fig. 2(a), we show an example of bistable activity for two uncou-
pled HH neurons with different initial conditions and submitted to
the same currents with constant amplitude Iy = 9.26 wA/cm?2.

In order to estimate the range of I in which the bistability ap-
pears, we analyse the behaviour of the fixed point probability Prp.
This diagnostic tool indicates the fraction of neurons that reach the
fixed point according to the I, value. Considering t = 2 s, as shown
in Fig. 2(a), the values of Pzp equal to 1 and 0 correspond to the be-
haviours in which all neurons are in the fixed point (silence) and
limit cycle (spike), respectively. For a current with constant ampli-
tude, the bistability occurs in the interval 9.14 uA/cm? < Iy < 9.56
wA/cm? (between the orange dashed lines).

Aiming to study neuronal synchronisation, we calculate the
mean value of the Kuramoto order parameter [40]

Npike

1 tn | 1
R) = f exp[j®;(t)]|dt, 12
® =i . [ 2 L) (12)

ini

where tj;; =1 s and tg, = 2 s corresponds to the initial and final
times of the analyses, Ny is the number of spiking neurons (in
the limit cycle), and j is an imaginary number defined as j = +/-1.
The phase ®;(t) is given by
t—tim

>
ti,m+1 - ti,m

P;(t) =2mrm+ 2w (13)
where t; , is the time at the m-th spike from neuron i occurs. The
mean order parameter (R) belongs to a range from 0 to 1, where
the synchronisation is identified when (R) ~ 1.

Fig. 2 (b) shows (R) as a function of Iy. Increasing Iy, we see
that (R) increase after the bistability range. For I > 13.5 pwA/cm?,
Iy induces the same activity to all uncoupled neurons (gexc =0
mS/cm?).

Fig. 3 (a) shows the raster plot for I = 9.4 wA/cm2. We ob-
serve the coexistence of neurons in silence and spiking states.
In Figs. 3(b) and 3(c), the raster plots indicate that for Iy =9.75
wA[cm?2, which corresponds to a small amplitude current, the neu-
rons exhibit desynchronised spikes ({R) ~ 0.1) over time, while for
Iy = 13.5 uA/cm?, they have their spike activities synchronised ({R)
~ 0.9). Therefore, depending on the current amplitude, different
spike regimes can be generated.

In this subsection, our main result is the appearance of syn-
chronous behaviour, in uncoupled neurons, considering that the
initial conditions are randomly distributed with a small variance.
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Fig. 3. Raster plots for (a) Ip = 9.4 wA/cm? (coexistence of neurons in silence and
spiking states), (b) Iy = 9.75 uA/cm? (desynchronous behaviour (R) ~ 0.1) and (c)
Iy = 13.5 uA/cm0? (synchronous behaviour (R) ~ 0.9).
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Fig. 4. (a) Pp as function of Iy with At =1 ms for different values of I". The pertur-
bation changes the range of Iy in which the bistable activity (transition from Prp = 1
to Prp = 0) appears. (b) (R) as a function of I,. Increasing I', the pulses can antic-
ipate the beginning of the spike synchronisation. We observe that pulsed currents
change the bistability and synchronous curve. The regions of bistability are antici-
pated. In our simulations, we consider 100 HH neurons.

For small Iy values, a vast majority of neurons remains in a silence
state (fixed point). Increasing Iy and depending on the initial con-
ditions, the solution of the neuron model can go to a limit cycle
(spike state). For high I values, most of solutions go to a limit cy-
cle almost at the same time, and as a consequence of this fact, it
is possible to observe synchronous behaviour.

3.2. External current with periodic pulses

Perturbations applied in neurons have important meanings in
the context of neuronal dynamics, due to the fact that perturba-
tions can be associated with stimulus on the sensory perceptions,
promoting changes in the individual or collective behaviour of the
neurons. With this in mind, we introduce pulsed perturbations in
the neuronal model, as indicated in Eq. (10), where ®(t) repre-
sents a pulse that assumes a value equal to 0 and I' in an on-off
configuration for equal and fixed time intervals At (Fig. 1(b)).

Fig. 4 displays our results for At =1 ms and different values
of I". As shown in Fig. 4(a), the pulses play a relevant role in the
changes of the activities developed by the uncoupled neurons. The
increase of I' produces anticipation in the range of I related to the
bistability. The synchronised spikes appear for smaller values of Iy
when the I amplitude is increased, as shown in Fig. 4(b).

The pulses change not only the neuronal activity from silence
(FP) to spiking behaviour (LC), but also the bistable range, due to
the fact that the perturbations promote small changes along the
orbit of the HH neurons. In some cases, small changes are enough
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Fig. 5. (a) Phase space n x V and (b) magnification for one HH neuron, where the
red and blue lines represent the orbits which converge to a fixed point (silence
state) without perturbation and to a limit cycle (spike state) with perturbation, re-
spectively. For the perturbed case, we consider I' = 0.5 uA/cm? and At = 1 ms. The
blue and red lines correspond to the active and inactive states, respectively. In our
simulations, we consider 100 HH neurons. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

to switches the basin of attraction, altering the neuronal activi-
ties. A representation of the action of a perturbation in the neu-
ronal dynamics is displayed in Fig. 5(a) through the phase space
n x V. In the absence of pulses, the orbit converges to the fixed
point (red line). However, when a small periodic perturbation with
I' = 0.5uA/cm? and At = 1 ms is applied, the orbit (blue line) goes
to a limit cycle. Fig. 5(b) exhibits a magnification of the phase
space of Fig. 5(a) indicated by a green rectangle.

We analyse the emergence of spikes and silence states, as well
as synchronous and desynchronous states by means of the parame-
ter space I' x At, considering the time interval At € [0, 10] ms and
" € [0, 4]uwA/cm?2. The range of 2At corresponds to a cycle of the
perturbation (on-off). In this way, the frequencies produced by the
perturbation are comparable to the mean spike frequency of the
HH neurons, about 71 Hz (At ~ 7 ms) [26], superiors (At < 7 ms)
and lowers too (At > 7 ms). In Figs. 6(a) and 6(b), we compute
I x At for Iy =9 wA/cm?2, where the colour bars correspond to
Pep and (R), respectively. Our results show that At and I' play an
important role in the bistability range and also in the emergence
of synchronous patterns. We observe that for I' =1 pA/cm?, the
bistable behaviour occurs for At =1 ms (500 Hz). 0 <Prp <1 in
the bistable behaviour. However, for At =6 ms (83 Hz), the same
I" value is enough to lead all neurons to exhibit spikes (green dots
in Fig. 6(a)). The change happens only by varying the time interval
in which the pulse is on-off. For I' = 1 uA/cm?, it is possible to
see in Fig. 6(b) (green dots) desynchronous and synchronous spikes
patterns for At =3 ms (167 Hz) and At =6 ms (83 Hz), respec-
tively. Our numerical simulations show that the periodic pulses in
the external current can affect the dynamics of a single HH neu-
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Fig. 6. Parameter space I" x At for uncoupled neurons under an external current
periodically pulsed. We consider Iy = 9.0 wA/cm?, which in the absence of pertur-
bation configure a situation where all HH neurons are in silence (fixed point). The
panel (a) displays P:p in colour scale (1 and 0 means that all neurons are in silence
and spike activities, respectively). For At equal to 1 ms and 6 ms, we observe bista-
bility and spike activities, respectively (green dots). The panel (b) shows the mean
order parameter (R) in the colour scale. For At equal to 3 ms and 6 ms, we ob-
serve desynchronous and synchronous spike patterns, respectively (green dots). The
bistable region can be changed due to the periodic pulses and depends on At and
I'. The synchronous behaviour depends on I and At. In our simulations, we con-
sider 100 HH neurons. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

ron, as well as the collective dynamics developed by them, mainly
in the context of the emergence of spike activities and synchroni-
sation.

3.3. External current with random pulses

We consider pulses with At randomly distributed (random uni-
form distribution) in the interval [0,10] ms (Fig. 1(c)). In order to
discuss the effects of random pulses in the neurons, we analyse
the parameter space I'' x Iy computing Pp and (R). Figure 7(a) dis-
plays the emergence of neuronal spiking. Increasing I', the random
pulses can change the range in which the bistable activity appears.
Differently from the periodic pulses, where the ranges in which
the appearance of the bistability is well defined, the random pulses
tend to develop a type of uncertainty about the ranges where these
activities are exhibited, as shown in Fig. 7(a). In order to highlight
the uncertainty behaviour, we show in Fig. 7(b) a magnification of
the parameter space I" x Iy (green box in Fig. 7(a)). Due to the un-
certainty, it is not possible to define the ranges where the bistable
states appear.

With regard to the spike synchronisation, our results indicate
that the random pulses can support synchronisation in the un-
coupled HH neurons for T' > 2uA/cm?, as shown in Fig. 7(c). In
this range, we observe just few points related to desynchronised
states. On the other hand, we find uncertainties associated with
the synchronous and desynchronous patterns for I' < 2 pA/cm2.
The uncertainties are well highlighted in Fig. 7(d) (green box in

Fig. 7(c)).
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Fig. 7. Parameter space I" x Iy for uncoupled HH neurons under a random pulse. The panels (a) and (b) display the Pp in colour scale. The panels (c) and (d) show the mean
order parameter (R) in colour scale. The random pulses induce uncertainties close to the transition and bistable regions, as well as in the synchronisation for the parameters

in which the neurons are active. In our simulations, we consider 100 HH neurons.

3.4. External current with mixed pulses

Chatterjee and Robert [41] reported that introducing some
amount of noise into stimulus may improve auditory perception
in chochlear implants. They considered random fluctuations uni-
formly distributed within a specified range. We study the case in
which the external current applied on the neurons is composed of
periodic and random pulses, leading to a mixed pulse profile. We
separate the external current into windows Ap and Ay (in ms), as
illustrated in Fig. 1(d). In our simulations, we define the relation
about the sizes of these windows as

Ap=A0 — A, (14)

where Ag = 200 ms represents the size of an initial window of pe-
riodic pulses, while AR is the size of the window for the random
ones. For AR =0, the external current is a periodic pulse. On the
other hand, if AR > 0 ms, the external current is composed of se-
quences of periodic and random pulses (Fig. 1(d)). If Az = Ag, there
are no windows of periodic pulses and the external current is a
random pulse.

We analyse the effects of windows with different sizes of ran-
dom and periodic pulses on the neuronal activities. To do that, we
initially select a periodic pulse profile with Iy =9.0 uA/cm? and
At =1 ms, and then we calculate Prp and (R) varying I" and Ag, as
shown in Fig. 8(a) (green box in Fig. 8(b)). As AR increases, there is
a reduction of the region where no spikes are fired.

Regarding the spike synchronisation, Fig. 8(c) (green box in
Fig. 8(d)) displays that small windows of random pulses are
enough to induce uncertainty about the neuronal activities. Our
results suggest that small variations in the profiles of some sen-
sory stimulus can change significantly the dynamics of the neu-
rons, which in some cases can be undesirable, mainly in the con-
text of neurological disorders.

4. Coupled neurons

In this section, we study the effects of different profiles of ex-
ternal currents applied in a network of coupled HH neurons. The

https://reader.elsevier.com/reader/sd/pii/S0960077921010882?tok...43DB5A9824&originRegion=us-east-1&originCreation=20211222091734

neurons are randomly coupled by means of chemical synapses.
In our simulations, we repeat the same procedures developed
along the section before. Initially, we analyse the parameter space
8exc x Ip for the scenario in which the external current has a con-
stant amplitude. As displayed in Fig. 9(a), the coupling strength
Zexc can be enough to modify some neuronal activities of the net-
work. One of these modifications is verified looking to the range
of Iy in which the bistability occurs. In this range, it is possible
to find chimera state, which is the coexistence of neurons in si-
lence and spiking states [27]. As indicated by the green dashed
line, as gexc increases, the bistable activity of the neuronal network
(0 < Prp < 1) is reduced, and the emergence of the total spike ac-
tivities (Prp = 0) is anticipated. Fig. 9(b) shows that for gexc > 0.015
mS/cm? (and after the bistable region, Iy % 9.25) synchronisation is
achieved. On the other hand, for 0 mS/cm? < gexc < 0.015 mS/cm?,
the spike synchronisation can be reached by increasing Iy, indicat-
ing a possibility of spike synchronisation in neurons weakly cou-
pled by adjusting the amplitude of the external stimulus. We con-
sider that the coupling is weak for gex S 0.015 mS/cm?.

Aiming to find synchronisation in a network with neurons
weakly coupled and under an external current, we consider peri-
odic pulses with I" = 0.35uA/cm? and Iy = 9.0 wA/cm?2. Figs. 10(a)
and 10(b) exhibit the parameter space gexc x At with Prp and (R)
in colour scales, respectively. The periodic pulse, even with small
amplitude, applied in specific time intervals At is enough to antic-
ipate the bistable range and promotes the emergence of neuronal
neuronal spiking. The presence of pulses can also favour the ap-
pearance of spike synchronisation for small couplings strength, for
instance in the case where At ~ 6 ms.

For random pulses with I = 0.35 uA/cm?, we verify that the
bistability appears for smaller values of I when compared with
the case of the absence of pulses (Fig. 9(a)), as shown in Fig. 11(a).
However, we found that the parameter range, in which the bista-
bility occurs, is composed of straight lines along the parameter
space, where Prp intermittently changes its value. This pattern is
also observed in the magnification shown in Fig. 11(b) (green box
in Fig. 11(a)). It is important to observe that this effect is correlated
with the uncertainty verified in the case of the uncoupled neurons.

12/22/21, 7:19 AM
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colour scale. The panels (c) and (d) show the mean order parameter (R) in colour scale. We verify that small time windows of random pulses can generate uncertainties in
the active or inactive states and synchronisation. In our simulations, we consider 100 HH neurons.
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Fig. 9. Parameter space gexc x Iy for coupled HH neurons under an external con-
stant current of amplitude Ip. The panel (a) displays Prp in colour scale. The panel Fig. 10. Parameter space gex x At for coupled HH neurons under an external cur-
(b) shows the mean order parameter (R) in colour scale. The increase of the cou- rent periodically pulsed with Iy = 9.0 uA/cm? and T = 0.35 wA/cm?2. The panel (a)
pling can reduce the size of the bistable region and promote the emergence of syn- displays Pp in colour scale. The panel (b) shows the mean order parameter (R) in
chronisation. colour scale. The synchronous behaviour depends not only on the coupling strength,

but also on At.

When the neurons are uncoupled, the uncertainty is found through thin lines that indicate synchronous and desynchronous states.
a complex mix of dots along the parameter space (Fig. 7(a) and Fig. 11(d) (green box in Fig. 11(c)) also shows thin lines, even when

7(b)), while in the coupled scenario (Fig. 11(a) and 11(b)), it mani- it is observed in small scales of gexc x Iy. On the other hand, our re-
fests via this thin merged straight lines along gexc x Ip- sults also indicate that the uncertainty about the synchronous and
Concerning the synchronisation of spike activities, the uncer- desynchronous states tends to be reduced as the coupled strength

tainty can also appear due to the random pulses. Fig. 11(c) displays is increased (Fig. 11(c)).
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Fig. 12. Parameter space gex x Ag for coupled HH neurons under an external current with mixed pulses considering Iy =9 wA/cm? and I = 0.35 uA/cm?. The panels (a)
and (b) display P;p in colour scale. The panels (c) and (d) shows (R) in colour scale. When Ay is larger than a certain value (~ 40 ms), an increasing of the coupling is able
to reduce the uncertainty.

We analyse an external current composed by a sequence of pe-
riodic and random pulses with a I" amplitude. As discussed in the
uncoupled neurons, we focus on the changes in the neuronal activ-
ities due to the time windows AR of random pulses embedded in
a sequence of periodic pulses. Firstly, we consider periodic pulses
with Ip = 9.0 u A/ecm?2, T = 0.35 pA/cm?, At =1 ms, A3 = 200 ms,
and AR = 0 ms. As shown in Fig. 12(a) (magnification of the green
box in Fig. 12(b)), the windows Ag with sizes approximately su-
periors to 40 ms are enough to generate some changes in the net-
work, mainly considering that after 40 ms, uncertainties associated
with the fraction of the neurons spiking or in silence can be ob-

https://reader.elsevier.com/reader/sd/pii/S0960077921010882?tok...43DB5A9824&originRegion=us-east-1&originCreation=20211222091734

served. With regard to the spike synchronisation, our results also
indicate that after 40 ms, the uncertainty behaviour can also be
identified in the parameter space gexc x AR, as shown in Fig. 12(c)
and highlighted in Fig. 12(d).

In our simulations, we observe that the external pulse plays an
important role in the dynamics of the network. However, a weak
coupling can improve the appearance of neuronal synchronous be-
haviour. On the other hand, the bistability does not exhibit a sig-
nificant change due to a weak coupling strength. Furthermore, the
synaptic coupling can reduce the uncertainty in the neuronal syn-
chronisation.
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5. Conclusions

In this work, we study the effects of pulsed perturbations in the
dynamics of coupled and uncoupled Hodgkin Huxley neurons. Our
results show that depending on the external current with a con-
stant amplitude, the uncoupled or coupled neurons can remain in
silence, spike or between both activities (bistability). For the anal-
ysed set of initial conditions, the increase of the current amplitude
can support spike synchronisation in the uncoupled or weakly cou-
pled neurons.

Considering periodic pulses, we observe changes in the range of
the parameters in which neurons spike or not and synchronisation
occur. When pulses are randomly applied, we also identify changes
in the range of the parameters related to the emergence of the
neuronal spikes. Moreover, the random pulses may introduce an
uncertainty about the ranges of the bistable states, as well as in
the synchronous and desynchronous patterns.

Our numerical simulations indicate that small intervals of ran-
dom pulses embedded in a sequence of periodic pulses can be
enough to generate uncertainty not only in the neuronal activi-
ties, but also in the synchronous behaviour. As well known, syn-
chronous patterns can be associated with neurological disorders
(such as epilepsy) and the perturbations to sensory stimulus. This
way, the understanding about the conditions and parameters range
in which such activities emerge plays a crucial role in neuro-
science. However, as we suggest along this work, depending on the
type of perturbation, it may not be trivial the determination of the
parameters range related to the onset of synchronisation.

In summary, by understanding the effects of external stimuli in
the brain, we can better choose appropriate methods for the con-
trol and treatment of brain diseases. Experimental protocols con-
sidering different temporal patterns of electrical stimulations have
presented a promising alternative for the treatment of epileptic
seizures [33]. In this work, we consider external perturbations in a
neuronal network according to different protocols of stimulations
introduced in [33]. One of our main contribution is to show the
appearance of uncertainties in the neuronal activities. The uncer-
tainty behaviour can emerge due to the small windows of random
pulsed inputs, leading the neuronal activities to an undesirable dy-
namics. In the context of experimental analyses, the noise in the
stimulation can be one of the sources of uncertainty in the neu-
ronal dynamics.

In future works, we plan to analyse the effect of changing the
rewiring probability p of the coupled network on P-p and (R).
There are some studies that suggest that the brain is connected
by means of a small-network architecture.
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