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2.4.1 Single-Resonance Hamiltonians

In terms of action-angle variables, a general single-resonance Hamiltonian

can be written

H = HO(Jl, Jz) + Can,n2(J1, Jz) cos(n191 — 7?,202) = E,

(2.4.1)

where (J1, J2,01,02) are action-angle variables. This system has a second

isolating integral

I = n2J1 —|—n1J2 = Cz,

(2.4.2)

where (5 is a constant. It is easy to see that Eq. (2.4.2) is an isolating

integral. Write Hamilton’s equations of motion for J; and Js,
dJy OH

dt == —50—1 — nlévnl,n2 Sin(nlgl T nzgz)
and
dJo OH .
_d_t_ — _% — _n2€Vn1,n2 Sln(n]_91 — n292)'
Using Egs. (2.4.3) and (2.4.4), we find that

I

-C—Z-E—O.

(2.4.3)

(2.4.4)

(2.4.5)



(2,2) Resonance

To see more clearly how a resonance works, let us consider the specific case
of a (2,2) resonance. Following Walker and Ford, we write the Hamiltonian

H = HQ(Jl, Jz) + aJiJo COS(291 — 292) = F, (2.4.6)

where
Hy(J1,d3) =J1 + Jo — le —3J1Js + J22. (2.4.7)



It is useful to make a transformation from action-angle variables
(J1,J2,01,62) to a new set of variables (71, J2,01,02) via the canonical
transformation jl — Jl -+ Jz =] = %, jz = Jz, @1 = 92, and @2 = 92—91.
The Hamiltonian then takes the form

H=T—-J'—N"T+3T5 + afe(Jh — J2)cos(20;) = E.  (2.4.8)

Since H is independent of ©1, in this new coordinate system 77 is constant.
Hamilton’s equations in this coordinate system become

dfr
— = 0, (2.4.9.a)
d©
—% = 1 — 2j1 - jZ + a\.72 008(2@2)7 (249b)
and
% — 207, sin(205)(I' — ), (2.4.10.8)
fi% = —I' + 6T + acos(20:)(I' — 275). (2.4.10.b)

Since J is constant, Eqgs. (2.4.10) can be solved first for J2(t) and ©(¢)
and then substituted into Eq. (2.4.9.b) to obtain ©4(%).



Let us now find the fixed points of these equations. The fixed points are

points for which % = 0 and %& = 0. Fixed points occur when O = &F

and Jo» = J,, where 7, is a solution of the equation
—I'+ 67, + acos(nm)(I' —27,) = 0. (2.4.11)

Note that fora < 1, J, ~ %.

-

For very small o, the fixed points occur for Jo = J, ~ %’ and therefore
for J1 = -5—615—, and Jo = %. We can also find the range of energies for
which these fixed points exist. Plugging J; = 5J3 into Eq. (2.4.6), we find
JP— 88 4 BE —gor J; = 2(1+(1- -1—%133—)%) = 5Jo. Thus, the fixed
points only exist for E < - for very small o. For E > %, J1 is no longer

13
real.




The nature of the fixed points can be determined by linearizing the
equations of motion about points (Jo = J,,02 = &F). We let Jo(t) =
Jo + AJ(t) and O4(t) = & 4+ AO(t) and linearize in AJ(t) and AO(t).
We find

gt_< 2&8 ) _ ( (6_2a208(nw)) 4acos(n7r)b70(f’—jo) )
x ( ﬁggg ) (2.4.12)

The solution (ﬁgg;) to Eq. (2.4.12) determines the manner in which trajec-

tories flow in the neighborhood of the fized points. For o < 1 (and therefore
To ~ %), these equations reduce to

£(30)~ (8 ) (88). ean



Let us assume that Eq. (2.4.13) has a solution of the form

AT@) N _ x( Ag
( Y ) =M 47 ) (2.4.14)
where A7 and Ag are independent of time. Then we can solve the resulting
eigenvalue equation

v Ar Y (0 2 = cos(nr) Az
Ae 6 0 Ao
for both A and ( Ag ) The eigenvalues are given by

Ag
o (20&[’2gos(n7r)>% |

and the solution to Eq. (2.4.13) can be written

< 2&8 ) =& A+( Xi: ) +e! A—( % ) (2.4.15)

where b = -2—9—%6[-,—2—, and Ay and A_ are determined by the initial condi-

tions. For n even, A is real and the solutions contain exponentially growing
and decreasing components, while for n odd, X is pure imaginary and the
solutions are oscillatory. For n even, the fixed points are hyperbolic (tra-
jectories approach or recede from the fixed point exponentially), while for
n odd, the fixed points are elliptic (trajectories oscillate about the fixed
point).




A plot of some of the trajectories on the energy surface, £ = 0.18, for
coupling constant o = 0.1, is given in Fig. 2.4.1. In this plot, we have trans-
formed from polar coordinates (72, ©2) to Cartesian coordinates (p, q) via,
the canonical transformation p = —(2.73)% sin(03) and ¢ = (272) 2 cos(Os).
The elliptic and hyperbolic fixed points and the separatrix associated with
them can be seen clearly. The region inside and in the immediate neighbor-
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Figure 2.3.1. A Poincaré surface of section for a two degree of freedom system
provides a two-dimensional map. (a) A surface of section may be obtained, for
example, by plotting a point each time the trajectory passes through the plane
g1 = 0 with p1 > 0. (b) If two isolating integrals exist, the trajectory will lie along
one-dimensional curves in the two-dimensional surface. (c) If only one isolating
integral exists (the energy), the trajectory will spread over a two-dimensional
region whose extent is limited by energy conservation.
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Figure 2.4.1. Phase space trajectories for the (2,2) resonance Hamiltonian in

Eq. (2.4.8) (p

—(272)% sin(©2) and ¢

(2\72)% cos(©2)). For all curves,

E = 0.18 and o = 0.1. The curves consist of discrete points because we have
plotted points along the trajectories at discrete times.



Hamiltoniana Perturbada
H“—“H[}(Jl,Jz)—|—EV(J1,J3?€1,92) e <1

Solucdes nao perturbadas sao periddicas; expandindo em
série de Fourier:

20

H = Hﬂ{Jth) + € Z Z an,ng(JlaJE)EGS(ﬂlgl —}-ﬂgﬂg)

1] =—00T9=—00



Antigas variaveis de angulo e agao de(.J;, J,, 01, 65)

Novas variaveis de angulo e acaode H (71,7, O, O2)

Funcao geratriz da Transformacao Candnica

G(J1, J2,61,02) = J101 + Ja02
Te Z Z 9ni,me [:Jl?JE)SiH{'ngl + nably)

T =—00 Tig=—00

Vamos determinar  (Jp, nq



4 relacdes entre as antigas e as novas variaveis

oG

Ji = @3 =Ji + En ;m ) ;mﬂigm N2 If3’[:"'3(”1'§‘|1 + HEE"E)
0, = =0; +¢ Z i 1 ,nz sin(ny0; + n2bs2)
3.73 0J;

N=—00 Ng=—0C

Substituimos 8, e J; na equagao a seguir

& )

H=H(Ji,J2)+€ Y > Vainy(J1,J2)cos(ni6y + naba)

Tl =—00Na=—00



HI(JI? \.?29611 82)

= Hy(J1,J2)+€ D> Y. (mwi +nows)gn, n, c08(n101 + nyO2)

N =—00 MNo=—00

+€ Z Z Voino (J1,J2) cos(n101 + n2Ba) + O(ez)

/ \ ,

obtemos H' (T, J2,01,02) = H (T, o) + O(€)



As novas acoes podem ser obtidas de

T nlﬂg 6 B
J=TJ —¢ Z Z n; V, CﬂE(Hl 1 + M9 2)-|-O(E2)

(njw Now
P om0 1wy + nows)

A transformacao encontrada

para as variaveis existe se [n1wy + nawa| > €V, n,

A geratriz diverge se a Orbita estiver na
regiao de ressonancia no espaco de fase

Resultado de validade geral, comum em varios sistemas!



to new variables (Z1,Z2, ¢1, ¢2) via a canonical transformation given by the
generating function

G(Il,Iz, q51, ¢2) = I101 +1—292 + Otgz,z(l—l,z_z) sin(201 — 292) (2416)

Following the procedure outlined in Sect. 2.2, we find that g2 2 = @:—1@%3,

where w; = 1 — 277 — 3715 and wy = 1 — 377 + 27Z5. The Hamiltonian to
order o? is H = H,(Z1,Z3) + O(a?) and the action variables (neglecting
terms of order o) are

2051-11-2 COS(2w1t — 2(,021‘5)
(2(4)1 — 2&)2)

Ji(t) =T, — (2.4.17)

and

2071725 cos(2w1t — 2wat)

Jo(t) =To + (B — 2w3)

(2.4.18)

In order for these equations to have meaning, the following condition must

hold:
|2w1 — 2(4)2‘ = |21—1 — 1012‘ > 204111—2.

However, near a resonance, Z; ~ 5Z5. Therefore this condition breaks down
in the neighborhood of a resonance zone. Actually this is to be expected
since the resonance introduces a topological change in the flow pattern in
the phase space.



(2,3) Resonance

Walker and Ford also studied a (2,3) resonance with Hamiltonian

H = Hy(J1,Jo) + BJ1J3 cos(20: — 36,) = E. (2.4.19)

This again is integrable and has two isolating integrals of the motion, the
Hamiltonian, H, and

[=3J,+2J, = Cs. (2.4.20)

We can again make a canonical transformation, J; = J; — %JQ,JQ =
J2,01 = ©1,05 = O5 + %@1 (note that I = 371). The Hamiltonian then
takes the form

H=g-gp+ 2 2B 2

B

+ jz + = \72 (3j1 - 21.72)(305(3@2)

(2.4.21)

and the coordinate 7; is a constant of the motion since H is independent
of ©;. The equations of motion for /5 and ©5 are

d 3
2% = 67 31— 27) sin(30) (24.22)

and

d®2 1 5J1 467 1/(3 5
-d—t = '3‘ - 3 + 9 + ﬂjz '2“_71 - gjz COS(3@2). (2.4.23)
It is easy to see that the fixed points occur for ©3 = & and Jo = 7,

where 7, satisfies the equation
1 51 467,

379 " g

+ BIs (— - §jo) cos(nm) = 0. (2.4.24)

Pontos fixos
Para
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Figure 2.3.1. A Poincaré surface of section for a two degree of freedom system
provides a two-dimensional map. (a) A surface of section may be obtained, for
example, by plotting a point each time the trajectory passes through the plane
g1 = 0 with p1 > 0. (b) If two isolating integrals exist, the trajectory will lie along
one-dimensional curves in the two-dimensional surface. (c) If only one isolating
integral exists (the energy), the trajectory will spread over a two-dimensional
region whose extent is limited by energy conservation.
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Figure 2.4.2. A plot of some phase space trajectories obtained for the (2,3) reso-
nance Hamiltonian in Eq. (2.4.19). All curves have energy E = 0.18 and coupling
constant 8 = 0.1 but have different values of the constant of motion, I. The three
hyperbolic and three elliptic fixed points as well as the separatrix of the (2,3)
resonance are clearly seen. The curves consist of discrete points because we plot
points along the trajectories at discrete times. We have set p = —(2.72)% sin(©3)

and ¢ = (2j2)% cos(02).



of the system are varied. Walker and Ford show this for the Hamiltonian
with two primary resonances,

H = HO<J1, Jz) + Ole Jz COS(291 — 292)
+ BJLJZ cos(20, — 362) = E. (2.4.25)

The surface of section for this Hamiltonian is shown in Fig. 2.4.3.
Hamilton’s equations for the two-resonance system can be written

dJiy 0H
P = 2aJ1 J2 sin(260; — 265)
-+ Qﬂjljzg Sil’l(291 — 302), <2426)
dJ OH :
7;_ =50, = —2aJy Jo sin(20; — 265)
— 343, ng sin(26; — 363), (2.4.27)
do OH
G =5y = L~ 25— 3%+ adycos(201 - 205)
+ 6J2% cos(26; — 362), (2.4.28)
do OH
Sl o = L 31+ 2J2+ oy cos(20, — 205)

+ 56J1J§ cos(201 — 365). (2.4.29)



Constantes de Movimento

F1 = 2J1 + 2J2
F,=3J,+2J
2 1 2 Figura 2 - Funcoes H, F e F; em funcao do tempo
(a=0.1,3=0eE=0.18)
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Figure 2.3.1. A Poincaré surface of section for a two degree of freedom system
provides a two-dimensional map. (a) A surface of section may be obtained, for
example, by plotting a point each time the trajectory passes through the plane
g1 = 0 with p1 > 0. (b) If two isolating integrals exist, the trajectory will lie along
one-dimensional curves in the two-dimensional surface. (c) If only one isolating
integral exists (the energy), the trajectory will spread over a two-dimensional
region whose extent is limited by energy conservation.



Ressonancia 2/2
H =H\J,,J,) + a,J,cos(2¢, - 2¢,)

I =J,+dJ, H, | constantes de movimento H —integravel

L Curvas de nivel com | cte.

llhas surgem para E=0.
Aumentando E, ilhas se afastam do
centro e aumentam sua largura.

Pontos fixos
Para
E,»,<3/13=0,23

FIG. 6. Typical level curves for an isolated, 2-2
resonance computed algebraically,



Duas llhas

Ressonancia (2,2) no plano p, xq,

(equivale as ilhas de ressonancia exibidas
nas figuras 8-12 do artigo de Walker e Ford

de 1969)
M
P
0.4r
rr'rr"rw:r -|| *qi:m*"l' ®
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Ressonancia 2/3
H=H(J,, J,) +BJJ,>2cos(2¢, - 39,) M -integravel

I=3J,+24J, H, | constantes de movimento

0,16 < E

Curvas de nivel com | cte.

llhas surgem para E=0,16.
Aumentando E, ilhas se afastam do
centro e aumentam sua largura.

FIG. 7. Typical level curves for an isolated, 3-2
resonance computed algebraically. The dots represent
points computed using Eq. (25); the curves were drawn
in freehand. The chain of three islands first appears at
the origin for E=0.08. All the widths of the islands in-
cluding this one increase with increasing energy.



Ressonancia Dupla
2/2 e 2/3

H=Hy\J,,J,) + aJ J,cos(2¢, - 2¢,)

+ BJ J3 2cos(2¢, - 30,),

a =5 = 0,02



Aumento da Regido Cadtica com E

E=0,100 E =0,140
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