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We investigate the interaction of electromagnetic waves and electron beams in a 4 meters long traveling wave
tube (TWT). The device is specially designed to simulate beam-plasma experiments without appreciable noise.
This TWT presents an upgraded slow wave structure (SWS) that results in more precise measurements and
makes new experiments possible. We introduce a theoretical model describing wave propagation through
the SWS and validated by the experimental dispersion relation, impedance, phase and group velocities. We
analyze nonlinear effects arising from the beam-wave interaction, such as the modulation of the electron beam
and the wave growth and saturation process. When the beam current is low, the wave growth coefficient and
saturation amplitude follow the linear theory predictions. However, for high values of current, nonlinear
space charge effects become important and these parameters deviate from the linear predictions, tending to
a constant value. After saturation, we also observe trapping of the beam electrons, which alters the wave
amplitude along the TWT.

I. INTRODUCTION

Wave-particle interactions are a nonlinear
phenomenon1–3, presenting regular and chaotic tra-
jectories in phase space4–6. Resonant islands can be used
for particle acceleration7–10, whereas chaotic orbits are
responsible for particle heating11,12. The linear regime
for wave-particle interactions is well known, but many
of its nonlinear aspects remain unclear.

This type of interaction is a fundamental process in
plasmas1,2,13,14, particle beams and accelerators1,15,16.
In particular, wave-particle interactions are the basis for
electromagnetic radiation amplifiers, such as free electron
lasers1, gyrotrons17, traveling wave tubes17–19 (TWTs),
etc.

TWTs are vacuum electron devices17,20 that present a
broad bandwidth with a rather simple design. Industrial
TWTs range from 2 to 30 cm in length, and are mainly
used as signal amplifiers for wireless communications21,
such as space telecommunication. On the other hand,
longer TWTs (some meters long) can be used for ba-
sic plasma physics research22–31 since the equations that
describe the TWT18,19,32,33 are the same as those char-
acterizing the beam-plasma instability34,35 in the small
cold beam limit22,23.

Electromagnetic radiofrequency (rf) waves in the TWT
propagate through a slow wave structure (SWS) and in-
teract with an electron beam in a vacuum environment.
Thus, it is possible to experimentally mimic a beam-
plasma system without the effects caused by the back-
ground plasma, and we are able to properly identify the
effects due to the beam dynamics. These characteristics
make the TWT an extremely useful device to simulate
one-dimensional beam-plasma systems, which represent
a paradigm for instabilities in wave-particle interactions.
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The first TWT used for plasma physics research was
described by Dimonte and Malmberg22,23. It was 3 me-
ters long, built at the University of California in San
Diego. The second research TWT27–31,36–38, with 4 me-
ters in length, was located at PIIM Laboratory, Aix-
Marseille University (former Université de Provence).
Both devices were helix TWTs17–19, with the helix sup-
ported by three alumina rods.

In this paper, we present the third TWT specially de-
signed to simulate beam-plasma systems. This TWT is
also located at PIIM Laboratory. It allows a great control
of the waves and beam parameters, and contains a mea-
surement system that provides information about both
the waves and the beam. The TWT presents an upgraded
SWS with the helix rigidly wrapped in a dielectric poly-
imide tape, which guarantees a more precise helix pitch
along the whole device length. This reduces the uncer-
tainty of the experimental data and allows us to work
with arbitrary waveforms. Furthermore, the wave phase
velocity is lower in the upgraded TWT. Resonant elec-
trons also move slower and the interaction time between
waves and particles is longer, resulting in the appearance
of a great variety of nonlinear effects.

All these features of the upgraded TWT make new
experiments possible, among which we may cite the
use of pulsed beams39, the experimental investigation of
self-consistent effects2,31,40,41, and the quasilinear theory
predictions24–26,42–49. The upgraded TWT will also pro-
vide important experimental data for the validation of
numerical codes50–52 that simulate wave-particle interac-
tions in periodic structures. These new experiments and
numerical simulations are important for plasma physics
studies, but also contribute to the improvement of indus-
trial devices.

We introduce a theoretical model describing the elec-
tromagnetic field through the upgraded SWS. We deter-
mine the dispersion relation, phase and group velocities,
and we show that the theoretical parameters agree very
well with the experimental data. We obtain experimen-
tally the damping caused by the helix wire in the wave
amplitude, and the voltage standing wave ratio (VSWR)
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FIG. 1. (Color online) (a) TWT structure (Reproduced from Ref. 37): (1) helix; (2) electron gun; (3) trochoidal velocity
analyzer; (4) movable antenna; (5) glass vacuum tube; (6) slotted rf ground cylinder; (7) main magnetic coil; (8) resistive rf
termination to reduce reflections. (b) Picture of the TWT showing its magnetic coils: (7) main coil producing the magnetic
field Bz to confine the beam, and (9) rectangular coils generating Bx and By for beam tilt correction. (c) Helix wrapped in a
dielectric polyimide tape.

that accounts for wave reflections inside the device. With
these parameters, we completely characterize wave prop-
agation in the upgraded TWT.

The interaction between waves and electrons is defined
by the interaction impedance, or coupling impedance.
We obtain the impedance both theoretically and exper-
imentally with a very good agreement. The impedance
decreases rapidly with the wave frequency, indicating a
more efficient coupling for frequencies below 20 MHz.

We also investigate nonlinear effects occurring in the
TWT. When the beam is emitted with initial veloc-
ity slightly higher than the wave phase velocity, elec-
trons and wave enter in resonance. The wave receives
momentum and energy from the beam, and its ampli-
tude increases. This is the mechanism used by indus-
trial TWTs to amplify telecommunication signals21. The
TWT at PIIM Laboratory is 2 to 3 times longer than the
length necessary for waves to saturate. After saturation,
the beam electrons are trapped by the wave and form
bunches that move back and forth in the wave potential,
making the wave amplitude oscillate along the device.

We determine the wave growth coefficient and satura-
tion amplitude. When the beam current is small, these
parameters follow the predictions of the linear theory,
proving that the wave saturates as a result of the devel-
opment of electron bunches that are trapped in the wave
potential. For higher values of current, we show that the
growth coefficient and saturation amplitude deviate from
the linear predictions due to nonlinear space charge ef-
fects caused by the repulsive electrostatic force among
the beam electrons.

Another nonlinear effect analyzed in this paper is the
modulation of the electron beam. An initially monoki-
netic beam gets modulated by the wave, and presents
two distinct energy peaks at the end of the TWT. The
difference between the two energy peaks provides a lin-
ear approximation, without damping effects, for the wave
amplitude. We show that modulation occurs for electrons
emitted with initial velocity both lower or higher than the
wave phase velocity.

The paper is organized as follows. The experimen-

tal setup for the upgraded TWT is described in Section
II. In Section III, we develop the theoretical model for
waves propagating in the TWT. We determine the the-
oretical and experimental dispersion relation, phase and
group velocities, and we obtain experimentally the damp-
ing coefficient and VSWR. Section IV presents linear
and nonlinear effects arising from the beam-wave inter-
action, including the modulation of the electron beam,
the wave growth and saturation, the development of
electrons bunches and the consequent oscillations in the
wave amplitude. We calculate the four Pierce linear
parameters18,19,27 that define the linear regime of TWTs.
We show that the gain and space charge parameters in-
crease with the beam current, meaning that nonlinear
effects become important and the linear predictions lose
accuracy for sufficiently high currents. In Section V, we
draw our conclusions and perspectives for the upgraded
TWT.

II. EXPERIMENTAL SETUP

At PIIM Laboratory, we use a 4 meters long TWT spe-
cially conceived to study wave-particle interactions with
applications in plasma physics. In the TWT, an elec-
tron beam moves in the axial direction, and it interacts
with electromagnetic waves propagating through a helix
waveguide. Near the axis, the magnetic field generated
by the wave is negligible, and the electric field presents
only longitudinal components, i.e. in the TWT axial di-
rection. Therefore, electrons on the axis experience an
electrostatic field as those observed in plasmas, which
makes the TWT an ideal device to investigate wave-
particle interactions in plasmas. Furthermore, the TWT
at PIIM Laboratory is long enough for nonlinear effects
to take place30,36. The TWT can thus be used to mimic a
one-dimensional beam-plasma experiment, with the ad-
vantages that it is much less noisy than any plasma and
the medium supporting the waves is always in its linear
regime.

The main components of the TWT are an electron gun,
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a trochoidal energy analyzer, and a SWS formed by a
helix, where electromagnetic waves propagate19,36. In
the TWT, it is possible to control several parameters with
great accuracy. We use an arbitrary waveform generator
that controls the number of modes produced, as well as
the frequency, amplitude and phase of each individual
mode. The electron beam is produced in such a way that
we are able to determine its current, energy, and energy
distribution function.

Figure 1 shows a schematic representation of the TWT
at PIIM Laboratory. The most important part of the
equipment is the SWS (labeled as (1) in Figure 1(a)). It
is composed of a 4 meters long helix made of a 0.5 mm
diameter beryllium copper (BeCu) wire with a radius a =
16.355 mm. The helix has a small pitch p = 1.0 mm, so
that waves traveling at the speed of light along the helix
wire have a much smaller phase velocity along the axis.
It guarantees that the waves interact resonantly with an
electron beam propagating along the TWT axis.

In previous research TWTs22–25,27–31,36–38, the helix
was held inside a glass tube by three alumina rods. In
this upgraded version of PIIM TWT, the helix is wrapped
in and rigidly held by a dielectric polyimide tape (Fig-
ure 1(c)), which ensures a nearly constant helix pitch
along its full length, 0 ≤ z ≤ 4 m. As we show along
the paper, the results obtained with the upgraded helix
are much more precise than those generated by the pre-
vious PIIM TWT. The experimental errors observed for
the upgraded TWT are mainly due to the resolution of
the equipments used for diagnostic and for launching the
waves and the beam.

The helix is inserted into a glass vacuum tube with a
resistive rf termination at each end to reduce wave reflec-
tions. The glass tube is evacuated by two ion pumps, one
at each end of the device. The pressure inside the tube
is typically on the order of 10−8 Torr. A good vacuum
is necessary to avoid that the electron beam excites ions
and forms a plasma in the system.

The glass vacuum tube is enclosed by an axially slotted
cylinder with R5 = 57.5 mm of radius that defines the
rf ground. The TWT also contains four movable anten-
nas capacitively coupled to the helix through the glass
vacuum tube. Some of the antennas emit the waves pro-
duced by the arbitrary waveform generator. The other
antennas move along the slotted cylinder to receive the
spectrum of waves after interaction with the electron
beam.

A triode (labeled as (2) in Figure 1(a)) is located in
one of the TWT extremities. It is used as an electron
gun to produce a quasi-monoenergetic beam. The triode
is composed of a heated cathode, a grid, and an anode
with a small hole that determines the beam diameter
(3 mm). The electron beam propagates along the axis of
the SWS, and it is confined by an axial magnetic field Bz
generated by the main coil (Figure 1(b)) that reaches a
maximum value of 500 G. Two rectangular coils produce
lower intensity magnetic fields, Bx and By, on the order
of 1 G for beam tilt correction.

A trochoidal energy analyzer53 (labeled as (3) in Fig-
ure 1(a)) is located in the other extremity of the TWT.
The energy analyzer gives us the distribution function of
energy in the beam with a resolution sharper than 0.5 eV.
A small fraction (∼ 0.5%) of the electrons passes through
a hole in the center of the frontal collector, and it is decel-
erated by four electrodes. The electrons are then selected
by the drift velocity caused by the presence of an elec-
tric field perpendicular to the magnetic field. Using this
technique, it is possible to directly measure the current
collected through a tiny off-axis hole, which gives us the
time averaged axial energy distribution of the beam53.

III. WAVE PROPAGATION IN THE TWT

In this section, we analyze wave propagation in the
TWT in absence of the electron beam. This propagation
is characterized by the cold parameters: amplitude of
the electromagnetic field generated by the waves through
the SWS, dispersion relation, phase and group veloci-
ties, wave damping caused by the helix wire, and voltage
standing wave ratio (VSWR) caused by wave reflections.
We use Maxwell’s equations to determine theoretically
the electromagnetic field, dispersion relation, phase and
group velocities. We compare the theoretical predictions
with experimental data, and find an excellent agreement.
The damping coefficient and the VSWR are obtained ex-
perimentally with great accuracy.

A. Theoretical model

A wave propagating at the speed of light c along the
helix wire has a much smaller velocity vz in the axial di-
rection of the TWT. For a helix of radius a and pitch p,
we define tanψ = p/(2πa). The axial velocity vz may
be approximated as vz = c sinψ, which corresponds to
2.92× 106 m/s for the upgraded TWT of PIIM Labora-
tory, with tanψ = 0.00973 = 1/102.76. The actual wave
phase velocity vϕ along the z direction also depends on
the other elements that compose the SWS, and is ob-
tained through the dispersion relation calculated in this
section.

The propagating wave generates electric and mag-
netic fields in the SWS given by Maxwells equations in
Heaviside-Lorentz units54

~∇ · ~E = 0, ~∇× ~E = −1

c

∂ ~B

∂t
,

~∇ · ~B = 0, ~∇× ~B =
ε(r)

c

∂ ~E

∂t
,

(1)

where ε(r) is the dielectric constant of the medium
through which the electromagnetic wave propagates.

Considering a plane wave for which ~E, ~B ∼ ei(kz−ωt),
we calculate the components of the electromagnetic field
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in cylindrical coordinates and obtain the solution to
equations (1):

Ez,j = [CjI0 (γjr) +DjK0 (γjr)] ei(kz−ωt),

Bz,j = [AjI0 (γjr) +BjK0 (γjr)] ei(kz−ωt),
(2)

where I0 and K0 are modified Bessel functions, ω is the
angular frequency of the wave, k is the (longitudinal)
wavenumber, γj is the (transversal) propagation constant
of each medium given by

γ2
j = k2 − εj

(ω
c

)2

, (3)

and the index j indicates the medium through which the
electromagnetic field propagates: j = 1 vacuum (from
the axis r = 0 mm to the helix wire, which has an av-
erage radius a = 16.355 mm), j = 2 dielectric tape (in-
ternal radius R1 = a, external radius R2 = 16.515 mm),
j = 3 vacuum (R2 < r < R3), j = 4 glass vacuum
tube (internal radius R3 = 17.1 mm, external radius
R4 = 22.25 mm), j = 5 air (R4 < r < R5 = 57.5 mm,
with R5 corresponding to the internal radius of the rf
ground cylinder). In our model, we assume that all these
structures are concentric.

We consider the helix as an infinitely thin, perfect con-
ductor. It means that the electric field is null and the

magnetic field is continuous inside the helix55:

r = a ⇒


Ez,1 sinψ + Eθ,1 cosψ = 0,

Ez,2 sinψ + Eθ,2 cosψ = 0,

Bz,1 sinψ +Bθ,1 cosψ

= Bz,2 sinψ +Bθ,2 cosψ.

(4)

Moreover, the electric field components perpendicular to
the radial direction are continuous55

r = a ⇒
{
Ez,1 = Ez,2,

Eθ,1 = Eθ,2.
(5)

The rf ground cylinder is also considered a perfect con-
ductor. Therefore, we have

r = R5 ⇒
{
Ez,5 = 0,

Eθ,5 = 0.
(6)

On the surface that separates two dielectric media, and
in the case this surface does not contain localized electric
charges or superficial currents, the components of the
electric and magnetic fields are related as55

r = Rj (j = 2, 3, 4) ⇒


εjEr,j = εj+1Er,j+1, Eθ,j = Eθ,j+1, Ez,j = Ez,j+1,

Br,j = Br,j+1,
Bθ,j
µj

=
Bθ,j+1

µj+1
,

Bz,j
µj

=
Bz,j+1

µj+1
,

(7)

where µj is the magnetic permeability of medium j. We
use the values ε1 = ε3 = 1 for the vacuum, ε2 ∼= 3.40 for
the dielectric polyimide tape at 1 MHz, ε4 ∼= 4.55 for the
Pyrex tube at 1 MHz, ε5 ∼= 1 for the air, and µj ∼= 1 for
all the dielectric materials in the SWS.

From equations (2)-(7), we calculate the coefficients of
the electromagnetic field. For region j = 1 that contains
the helix axis, B1 = D1 = 0 to avoid divergences in (2).
The first equation in (4) determines the ratio

A1

C1
= i

cγ1

ω

I0(aγ1)

I1(aγ1)
tanψ. (8)

From the other equations in (4)-(7), we obtain all the
coefficients Aj , Bj , Cj and Dj , with 2 ≤ j ≤ 5, propor-
tional to C1.

Figure 2 displays the amplitude of each component of

the ~E, ~B fields, with the normalization C1 = 1 statV/cm
∼= 30 V/mm, for a propagating wave with frequency
30 MHz. In the figure, it is possible to observe the be-
havior of the electromagnetic field through each individ-
ual component of the SWS. Near the axis (r = 0 mm),

the electric and magnetic fields present only longitudinal
components Ez, Bz. Electrons propagating along the
TWT axis interact with an electrostatic field similar to
the ones observed in plasmas.

The total amplitudes of the electric and magnetic fields
reach their maximum value close to the helix (r = a =
16.355 mm). For the electric field, the radial component
is the most important one near the helix. On the other
hand, the radial and axial components of the magnetic
field have comparable amplitudes. For both the electric
and the magnetic field, the amplitude of the tangential
component is null throughout the SWS. In the region
near the rf ground cylinder (r = R5 = 57.5 mm), all the
fields components decay to zero. Numerical simulations
show that the maximum value of the total electric and
magnetic fields, | ~E|/C1 and | ~B|/C1, increases with the
wave frequency. However, the qualitative behavior of the
fields remains the same as in Figure 2.

The dispersion relation is obtained from the equation
that ensures the continuity of the magnetic field at the
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FIG. 2. (Color online) Amplitude of each component of the

(a) electric ( ~E) and (b) magnetic ( ~B) fields through a radial
plane in the SWS. The wave that generates the field has a
frequency 30 MHz.

helix wire:

(
ω

cγ2 tanψ

)2

=

Y2

Y1
− γ1

γ2

I0 (aγ1)

I1 (aγ1)

ε2
Y4

Y3
− γ2

γ1

I1 (aγ1)

I0 (aγ1)

, (9)

with Yj a function of the wave and SWS parameters.
When the phase velocity vϕ = ω/k is much smaller than
the speed of light, we may approximate

γj ≈ k. (10)

Considering approximation (10) in (9) yields

ω = ck tanψ


Y2

Y1
− I0 (ak)

I1 (ak)

ε2
Y4

Y3
− I1 (ak)

I0 (ak)


1/2

. (11)

From the dispersion relation (11), we obtain the phase
velocity vϕ and the group velocity vg:

vϕ =
ω

k
, vg =

∂ω

∂k
. (12)

Figure 3 shows the phase and group velocities as a func-
tion of the wave frequency f . The phase velocity de-
creases rapidly for frequencies between 0 and 40 MHz,
and it is almost constant above 50 MHz. The group
velocity also decreases rapidly for small frequencies. It
presents a minimum around 27 MHz, and it increases
again after this point.

FIG. 3. (a) Phase and (b) group velocities as a function of
the wave frequency.

B. Experimental data

The antennas in the SWS are capacitively coupled to
the helix through the glass vacuum tube. The signal is
emitted by one of the antennas located near the electron
gun. Another antenna moving axially along the TWT
receives the signal that propagates along the helix wire.
The temporal signal received by the moving antenna is
registered by an oscilloscope and part of it is shown in
Figure 4 for a propagating wave at 30 MHz. The black
line in Figure 4 indicates the theoretical phase velocity
vϕ obtained from expression (12), and it agrees very well
with the experimental data. The wave propagates all
along the 4 meters TWT with the same phase velocity.

The temporal signal shown in Figure 4 is registered
by the oscilloscope for some given positions along the
TWT (usually 900 – 1800 different positions). For each
position, we perform a Fast Fourier Transform (FFT) of
the temporal signal to obtain its amplitude and phase.
Figure 5 shows the experimental wave amplitude V and
phase ϕ as a function of the axial position z along the
device for the temporal signal of Figure 4. In panel (a),
we notice the presence of 60 MHz harmonics for z >
1600 mm. Panel (b) shows that the wave propagates
along the 4 meters TWT with a uniformly varying phase,
as predicted by the experimental wavenumber (ϕpred =
kexpz).

The experimental wavelength is obtained by interfer-
ometry. For each frequency, the interferometer multiplies
the signal emitted by one of the antennas with the signal
received by another antenna (as in Figure 4). We register
the product of the signals as a function of the axial posi-
tion of the receiver antenna. Through a numerical proce-
dure, we determine the maxima of the registered signal,
which gives us the averaged wavelength. The error is esti-
mated as the standard deviation of the data points. The
experimental wavelength can also be obtained through
the FFT of the temporal signal. We determine the max-
imum points of the wave amplitude as shown in Fig-
ure 5(a), and calculate the average wavelength. In both
cases, the experimental wavelength agrees very well with
the theoretical prediction (11), with less than 1% of dif-
ference.

Figure 6(a) shows the theoretical dispersion relation
given by equation (11) (blue solid curve) and the exper-
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FIG. 4. (Color online) Temporal signal registered by an os-
cilloscope for a propagating wave at 30 MHz. The black solid
line indicates the theoretical phase velocity.

imental points (full red circles) obtained by interferome-
try. The dispersion relation of the TWT closely resem-
bles that of a finite radius, finite temperature plasma56,
but, unlike a plasma, the helix does not add appreciable
noise.

Figure 6(a) also shows the experimental points ob-
tained for the previous version of the SWS (green open
squares). By comparing the error bars for the two sets
of experimental points, we observe that the upgraded he-
lix and measurement system are much more precise than
the previous one, which enables us not only to obtain
more accurate experimental data, but also to carry out
experiments that require a fine adjustment of the pa-
rameters. Furthermore, waves propagating along the up-
graded SWS present a lower phase velocity. Electrons
resonantly interacting with the wave move slower, result-
ing in a longer interaction time and the appearance of
more nonlinear effects along the TWT.

In Figures 4 and 5(a), we observe a standing wave pat-
tern, especially at the end of the device. Resistive rf
terminations (labeled as (8) in Figure 1(a)) are placed
on both extremities of the glass tube to reduce wave re-
flections. However, residual reflections at the extremities
and irregularities of the helix and glass tube generate a
standing wave in the TWT.

The voltage standing wave ratio (VSWR) is defined as

VSWR =
Vmax

Vmin
, (13)

where Vmax and Vmin are, respectively, the local max-
imum and minimum values of the wave amplitude. In
Figure 5(a), we identify the maximum (red dots) and
minimum (blue dots) points of the standing wave (green
solid curve). With these points, we calculate the aver-
age VSWR along the TWT, as shown in Figure 6(c).
The error bars represent the standard deviation. For a

FIG. 5. (Color online) (a) Experimental wave amplitude
(green solid curve), and decomposition of total signal in two
parts: propagating (red dashed curve) and reflected (blue dot-
dashed curve) waves. (b) Experimental phase (green solid
curve) and value predicted from the experimental wavenum-
ber (red dashed curve). The wave amplitude and phase were
obtained for the temporal signal in Figure 4.

propagating wave, i.e. no reflections, VSWR = 1. In the
TWT, the VSWR varies between 1 and 2.

At the maximum points of the standing wave, the prop-
agating and reflected waves are in phase and they interact
constructively, so that Vmax = Vprop +Vrefl. On the other
hand, the waves are out of phase and they interact de-
structively at the minimum points: Vmin = Vprop − Vrefl.
Using this procedure, we decompose the total signal
(green solid curve) in two parts representing the propa-
gating (red dashed curve) and reflected (blue dot-dashed
curve) waves, as can be seen in Figure 5(a).

Figure 5(a) shows that the wave is damped and its
amplitude decreases along the TWT. In the absence of
beam, the amplitude of the propagating wave varies as
Vprop ∼ e−kdz. Thus, from the propagating wave we ob-
tain the experimental damping coefficient kd of the helix
for different wave frequencies, as shown in Figure 6(b).
By decomposing the signal and identifying the propa-
gating wave, we determine the damping coefficient with
great accuracy as shown by the small error bars in the
figure. For the upgraded SWS, the damping coefficient
is proportional to the wave frequency.

IV. BEAM-WAVE INTERACTION

The interaction between waves and beam in the TWT
is mainly characterized by the interaction impedance.
We obtain the experimental impedance and show that
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FIG. 6. (Color online) (a) Theoretical dispersion relation (blue solid curve) and experimental data (full red circles) for the
upgraded SWS, and experimental points (green open squares) for the previous SWS. (b) Damping coefficient and (c) average
voltage standing wave ratio (VSWR) as a function of wave frequency for the upgraded SWS.

it agrees with the theoretical predictions. The TWT at
PIIM Laboratory is long enough to allow the appear-
ance of nonlinear effects30,36. In this section, we describe
linear and nonlinear phenomena arising from the beam-
wave interaction such as modulations in the electron dis-
tribution function, wave growth and saturation, and the
development of electron bunches that alter the wave am-
plitude.

A. Interaction impedance

The interaction impedance, also known as coupling
impedance, characterizes the coupling between the elec-
tron beam and the wave electric field Ez in the direction
the beam propagates. The interaction impedance Z0 is
calculated theoretically as

Z0 =

〈
E2
z

〉
b

2k2P
. (14)〈

E2
z

〉
b

is the average value of E2
z over the transversal

section Ab = πr2
b of the electron beam with radius rb =

1.5 mm: 〈
E2
z

〉
b

=
1

Ab

∫
E2
zdAb. (15)

P is the total wave power inside the rf ground cylinder
given by

P =
1

2
Re

[∫
(~S · ẑ)dAc

]
, (16)

with ~S = ( ~E × ~B)/µ0 the Poynting vector, µ0 the per-
meability of free space, and Ac the transversal section of
the rf ground cylinder.

To obtain the experimental interaction impedance, we
need to define the voltage Vbϕ, which corresponds to the

FIG. 7. (Color online) Vbϕ voltage for an electron beam with
initial velocity vb0 equal to the wave phase velocity vϕ.

voltage applied to the electrons to create a beam with
initial velocity vb0 equal to the wave phase velocity vϕ.
The beam voltage Vbϕ is given by

Vbϕ =
mev

2
ϕ

2e
, (17)

where me is the electron mass, and e is the elementary
charge. Figure 7 presents the beam voltage Vbϕ as a
function of the wave frequency. The beam voltage de-
creases rapidly for frequencies below 40 MHz, and re-
mains almost constant for higher frequencies. The blue
solid curve was obtained from the theoretical dispersion
relation using expressions (11), (12) and (17). The red
dots correspond to the experimental data in Figure 6(a).

The original wave emitted by one of the TWT anten-
nas produces a modulation in the electron beam, which in
turn generates a second wave. The second wave induces
another modulation in the beam, which produces a third
wave. This process continues and generates a hierarchy of
waves propagating in the TWT. However, when the wave
has a small amplitude and the beam current Ib is low,
the beam-wave interaction is well described by Pierce’s
three-wave model18,19,27. In this case, and if the electrons
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FIG. 8. Wave amplitude (30 MHz, Vbϕ = 19.1 V) after inter-
action with an electron beam (Vb0 = 15 V, Ib = 2 µA). The
Kompfner dip is located at zKd = 783.1 mm.

initial velocity vb0 is lower than the wave phase velocity
vϕ, it is possible to find values of beam current and volt-
age for which the three waves interfere destructively in
such a way that the total wave amplitude becomes null
for a given position zKd (known as Kompfner dip) along
the TWT axis. Figure 8 shows a Kompfner dip observed
for a wave emitted with f = 30 MHz, which corresponds
to Vbϕ

∼= 19.1 V. The electron beam was emitted with
Vb0 = 15 V and Ib = 2 µA. For this configuration, the
total wave amplitude is null at zKd = 783.1 mm.

The conditions to observe a null total wave ampli-
tude were first described by Kompfner57, and comple-
mented later by Johnson58. We use the conditions and
expressions described in these references, Pierce’s three-
wave model, and the parameters Vb0, Ib, zKd obtained
for the TWT to determine the experimental interaction
impedance for the upgraded SWS. Figure 9 depicts the
theoretical impedance (blue solid curve) calculated from
expression (14), and the experimental values (red dots)
obtained through the Kompfner dip method. Once again,
theoretical and experimental values present a very good
agreement. It shows the robustness of the theoretical
model described in Section III A, and the accuracy of the
experimental measurements for the upgraded version of
the SWS and data acquisition system.

The electric and magnetic fields (| ~E|, | ~B|) present a
peak near the helix, as can be seen in Figure 2. The
peak value increases with the wave frequency, whereas

the (| ~E|, | ~B|) values remain approximately constant near
the TWT axis where the electron beam propagates. This
means that the electromagnetic field gets more concen-
trated near the helix, and far from the beam, for higher
frequencies, which results in a lower impedance. Figure 9
shows that the interaction impedance strongly decreases
with the wave frequency, indicating that the coupling
between particles and waves is less efficient for wave fre-
quencies above 20 MHz.

B. Electron velocity distribution and wave amplitude

When waves interact with an electron beam, nonlinear
effects take place such as the modulation of the beam.

FIG. 9. (Color online) Theoretical and experimental interac-
tion impedance as a function of wave frequency. Error bars
are within the marker size.

FIG. 10. Electron distribution function showing the current
collected by the trochoidal analyzer as a function of the elec-
trons voltage at the end of the TWT. In panel (a) the beam
was emitted with Ib = 1.24 µA and Vb0 = 16 V. For panel (b)
Ib = 0.18 µA and Vb0 = 22 V. In both panels, the beam inter-
acts with a 30 MHz wave (Vbϕ = 19.1 V) propagating through
the SWS.

Figure 10 shows the distribution function at the end
of the TWT for two beams interacting with a 30 MHz
wave (Vbϕ = 19.1 V). The electron gun generates a
monokinetic beam with Vb0 = 16 V in panel (a), and
Vb0 = 22 V in panel (b). After interacting with the wave
along the device, the electron beams present distribution
functions with peaks for two different values of voltage.
For panel (a), Vb0 = 16 V, the peaks are centered around
Vb− = 14 V and Vb+ = 18 V, and the distribution func-
tion exhibits a local minimum for 16 V. This means that
some electrons received energy from the wave reaching
18 V, while other electrons lost energy to the wave and
were slowed down to 14 V. In panel (b), the peaks of
the distribution function are centered at Vb+ = 22 V,
which is the initial beam voltage Vb0, and Vb− = 19 V,
corresponding to the voltage Vbϕ of an electron beam
propagating at the wave phase velocity for a 30 MHz
wave.

The distribution functions in Figure 10 are character-
istic of beam modulation caused by its interaction with
an electromagnetic wave. The difference between peaks
in the distribution function can be used to estimate the
wave amplitude V0 disregarding the damping caused by
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FIG. 11. Wave amplitude (30 MHz) after interaction with
an electron beam (Ib = 326 µA) emitted with higher velocity
than the wave phase velocity.

the helix wire:

V0 =
me

2e
(vb+ − vb−)|vb0 − vϕ|

= (
√
Vb+ −

√
Vb−)|

√
Vb0 −

√
Vbϕ|, (18)

where the velocities are obtained from vb =
√

2eVb/me.
Using the linear approximation (18), we estimate the
wave amplitude as V0 = 0.18 V for Figure 10(a), and
V0 = 0.11 V in Figure 10(b). Note that this amplitude
is estimated directly from the wave effect on the beam,
whereas the amplitudes recorded by the oscilloscope (in
our other figures) are rescaled by the measurement chain.

C. Wave growth and saturation

The linear and nonlinear interaction between waves
and particles can also produce the wave growth observed
in Figure 11. Wave growth occurs for electron beams
emitted with initial velocity vb0 slightly higher than the
wave phase velocity vϕ. In the beginning of the inter-
action process, the wave receives momentum and energy
from the beam and its amplitude increases, as can be
seen for 0 < z < 1500 mm in Figure 11. This is the
operation mechanism for industrial TWTs used as sig-
nal amplifiers21. The TWT at PIIM Laboratory is long
enough for us to observe the development of electron
bunches for z > 1500 mm, i.e. after the wave ampli-
tude saturates. The electrons are trapped by the wave,
moving back and forth in its potential. As a result of
momentum and energy conservation, the wave amplitude
oscillates along the TWT. The interaction between wave
and electrons introduces noise in the signal, as shown in
Figure 11, but the wave phase remains well defined.

To determine the wave growth coefficient, we begin
by measuring the wave amplitude in absence of a beam
(this is what we call signal 1). This signal presents effects
related only to the SWS, such as the damping caused by
the helix wire and the coupling between the helix and the
receiving antenna. We then measure the wave amplitude
in the presence of an electron beam (signal 2). Signal 2
contains effects related to both the SWS and the beam-
wave interaction. By subtracting signal 1 from signal
2, we eliminate the influences caused by the SWS, and

FIG. 12. (Color online) (a) Growth coefficient and (b) sat-
uration amplitude as a function of beam current for a wave
emitted with 30 MHz.

obtain a final signal that presents effects produced only
by the beam-wave interaction.

In the growth region of final signal (0 < z < 1500 mm
in Figure 11 for example), the wave amplitude grows ex-
ponentially along the TWT as Vfinal ∼ ekgz, with kg the
growth coefficient. Since the final signal contains only
the effects caused by the beam-wave interaction, it en-
ables us to determine the growth coefficient with great
accuracy.

Figure 12(a) displays the growth coefficient kg as a
function of the beam current Ib for a wave emitted at
30 MHz. The growth coefficient increases with the beam
current, but it tends to a constant value for Ib & 150 µA.
The experimental data (red dots) for Ib < 150 µA agree
with the theoretical prediction18,19,27 (blue solid curve),
which estimates an increase in the growth coefficient pro-

portional to I
1/3
b .

The saturation amplitude Vsat is the maximum ampli-
tude reached by the wave at the end of the first growth
stage. It is determined from signal 2, and corresponds
to zsat ∼ 1500 mm in Figure 11. The saturation am-
plitude varies with the beam current, as can be seen
in Figure 12(b). As well as the growth coefficient, the
saturation amplitude increases for beam currents below
150 µA, and tends to a constant value for Ib & 150 µA.

When the wave saturates due to the development of
electron bunches that are trapped by the wave potential,
Vsat increases23,27 with the beam current proportionally

to I
2/3
b . The experimental data (red dots) in Figure 12(b)

agree very well with the theoretical prediction (blue solid
curve), indicating that waves in the TWT saturate be-
cause of the nonlinear development of electron bunches
along the device.

D. Pierce linear parameters

The linear regime of interaction between waves and
beam in the TWT is completely characterized by four
parameters18,19,27, known as Pierce linear parameters.
The gain parameter C defines the wave gain as it in-
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FIG. 13. Pierce linear parameters: (a) gain, (b) detuning, (c) damping, and (d) space charge as a function of beam current for
a 30 MHz wave and a beam emitted with Vb0 = 24 V.

teracts with the beam along the device:

C3 =
IbZ0

4Vb0
. (19)

The detuning parameter b measures the normalized dif-
ference between the initial beam velocity and the wave
phase velocity in the absence of electrons:

b =
vb0 − vϕ
Cvϕ

. (20)

The damping parameter d is the damping rate of the
SWS in the absence of electrons normalized with the wave
frequency, initial beam velocity and gain parameter:

d =
kd

Cω/vb0
. (21)

The space charge parameter QC accounts for the repul-
sive electrostatic force between the beam electrons. It
also takes into account the TWT geometry. Birdsall and
Brewer59 calculated QC as

QC =
1

4C2

(
ωq/ω

1 + ωq/ω

)2

, (22)

where ωq = Pqωpb, with ωpb = (1/rb)
√
eIb/(πε0mevb0)

the beam plasma frequency, ε0 the vacuum permittiv-

ity, Pq =
(
1 +R2

q

)−1/2
the plasma frequency reduc-

tion factor due to the finite geometry of the beam27,60,
Rq = vb0τ/(ωrb), and τ a geometric factor of unitary
order that varies slowly as a function of ωrb/vb0.

Figure 13 shows Pierce’s linear parameters obtained
from expressions (19)-(22) as a function of beam current
for a 30 MHz wave, a constant beam voltage Vb0 = 24 V,
and τ = 1.3ωrb/vb0 + 0.7228 for the TWT. As expected,
the gain parameter increases with the beam current. It
means the wave extracts more energy and momentum
from the beam, resulting in a higher growth coefficient
and saturation amplitude as shown in Figure 12. The
detuning and damping parameters, on the other hand,
decrease with the current.

In panel 13(d), we observe that the space charge pa-
rameter increases with the beam current. For sufficiently

high values of current, the electrostatic force acting on
the beam electrons increases, the nonlinear effects caused
by the beam space charge become important and the pre-
dictions of the linear theory lose accuracy. This is the
case for the growth coefficient and saturation amplitude
in Figure 12, which deviate from the theoretical predic-
tion for currents above 150 µA.

The linear theory is valid for small enough values of
the gain parameter, i.e. C � 1. For the upgraded TWT,
we can estimate the beam current threshold for which the
linear theory loses accuracy by considering 0.1 < C < 0.2
in expression (19), with Vb0 slightly higher than Vbϕ. Ex-
perimentally, we observe that the growth coefficient and
saturation amplitude deviate from the linear predictions
and tend to a constant value for Ib & 150 µA for different
values of wave frequency.

V. CONCLUSIONS

We analyzed the propagation of electromagnetic waves
and electron beams, as well as their interaction, in an up-
graded helix TWT. We presented a theoretical model de-
scribing the electromagnetic field through the SWS, and
obtained the theoretical dispersion relation, phase and
group velocities, and interaction impedance. We showed
that the predicted theoretical parameters agree very well
with the experimental data. It demonstrates the robust-
ness of the model, as well as the good performance of the
experimental device for its operating frequency range.

We also studied the nonlinear effects that take place in
the TWT due to the beam-wave interaction. For an ini-
tially monokinetic beam, the distribution function gets
modulated by the wave, presenting two peaks with dif-
ferent energies at the end of the device.

Another nonlinear effect occurs when the beam
presents an initial velocity slightly higher than the wave
phase velocity. In this case, the beam electrons reso-
nantly interact with the wave. They transfer energy and
momentum to the wave and its amplitude increases. Af-
ter saturation, the wave amplitude oscillates along the
TWT as the electrons form bunches that move back and
forth in the wave potential.
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We determined the wave growth coefficient and satu-
ration amplitude as a function of the beam current. For
sufficiently low values of current, we showed that these
parameters increase with the current according to the
linear prediction. Nonlinear effects are caused by the re-
pulsive electrostatic force acting on the beam electrons.
Such effects become important for high currents, and the
growth coefficient and saturation amplitude deviate from
the linear predictions, tending to a constant value.

The upgraded TWT of PIIM Laboratory presents a
new configuration for the SWS. Usually, the helix in
the SWS is held by three alumina rods. In the up-
graded TWT, the helix is held by a dielectric polyimide
tape rigidly wrapped all around the helix. It guaran-
tees a more precise helix pitch along the 4 meters device,
resulting in more accurate experimental measurements,
and the possibility of working with different waveforms.
Furthermore, waves propagating in the upgraded TWT
present a lower phase velocity. This increases the inter-
action time for electrons resonantly interacting with the
wave, and a variety of nonlinear effects can be observed.

All these features will allow us to perform new ex-
periments to simulate wave-particle interactions in plas-
mas. Among the new experiments, we may cite the use
of a pulsed beam39 instead of a continuous one, exper-
iments to analyze the synergy between chaos and self-
consistent effects2,31,40,41, and experiments to study the
effects produced by the magnetic fields in the beam dy-
namics. In this paper, we considered the interaction of
waves with a cold beam, and showed that waves satu-
rate due to trapping of the beam electrons in the wave
potential. In previous TWTs, experiments with a warm
beam revealed that saturation in this case is caused by
chaotic diffusion of the electrons in the broad spectrum
excited by the beam24–26. In a future work, we will use
the upgraded TWT to carry out experiments with warm
beams to investigate the predictions of the quasilinear
theory24–26,42–49.

Finally, this TWT may also be used to benchmak nu-
merical models. Electromagnetic PIC (particle-in-cell)
codes used for TWT simulations are usually too slow be-
cause of the great number of degrees of freedom to be
considered. For this reason, PIC codes are not suitable
for industrial applications that require faster simulations.
As an alternative, a new time-domain code has been de-
veloped: DIMOHA50–52 (DIscrete MOdel with Hamilto-
nian Approach). The new code combines a Hamiltonian
approach, that guarantees the respect of conservation
laws, and an N -body description with a drastic reduc-
tion in the number of degrees of freedom. These char-
acteristics allow DIMOHA to simulate nonlinear effects
in TWTs much faster than traditional PIC codes52, en-
abling its use for industrial applications. DIMOHA sim-
ulates wave-particle interactions in periodic structures,
and it has already been validated against industrial he-
lix and folded waveguide TWTs52 (2 − 15 cm long) and
against the frequency-domain equivalent circuit Pierce
model61. The code will be upgraded to simulate long

devices used for research in plasma physics, such as the
4 meters device at PIIM Laboratory. The experimental
data obtained with the upgraded TWT will be used to
validate the numerical results.
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