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ABSTRACT

The main topological changes of the logistic map attractors, caused by a sequence of i)e1i01ic
kicks, are reported. This procedure brings up a three-parameter kicked logistic map \vith distinct
dynamic features. Thus, its parameter space structure exhibts highly interleaved sets with (lifIeIeilt
attractors, and complex basins of attraction are created. Consequently, the logistic mal) attractors
can be modified or suppresed by these perturbations. Furthermore, additional rOa(15 to cIia()5 aid
abrupt attractor changes are identified in the new bifurcation diagrams.

1. INTRODUCTION

In the last years, much work has been done in many scientific disciplines such as Physics,
Engineering, Chemistry, etc. in order to investigate the response of I)e1iO(lic aiìcl chaotic systems
to aplied periodic forces1'2. Significant knowledge has beeii Ol)taifle(l from this work : chaos can
be suppressed by external forcing3, and striking changes iii the (lylialnics occur even foi weak
perturbations4. However, despite all the recent remarkable progress, this subject is still fat from
being fully explored.

Although familiar concepts such as bifurcation diagrams, attractors, basin ot attractors, etc. aie
fundamental to investigate the dynamical systems in terms of the variables governing the (lyflalilics,
the structure of parameter space can in(hcate some iml)ortant characteristics of these systems5G.
Thus, it seems worthwhile to look for sets of parameters for whuich dynamical systems l)Te5e1t similar
characteristics such as periodicity, topology of attractors, etc.. Such analysis has been apl)lie(l to
unidimensional maps with three parameters7'8. A l)a1'ticular cut iii the 1)arametel space, fixiig
two parameters, leads to bifurcation diagrams by plotting tlie corresponding Va,1iaJ)le valties as a
function of the third parameter. Iii fact, this procedure is a I)articula1. (se of a. inure general useful
tool, isodiagrams, recently introduced to extract information from tIie paral ii eter sJ)ace of dynamical
systems5.

In the treatment of nonlinear dynamics, usually described l)y differential e(lUatiOfls, nonlinear
problems are often reduced to discrete maps by the Poincar section. III l)aItic11IL1, unidimensionad
maps have been the object of increasing interest, both dime to their intrinsic mathematical richness
and to the large number of dynamical systems which experimentally display transitions into chaos
via the universal bifurcation scenario2.
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The most extensively studied of these maps is the logistic. niai2

xn+1 = bX(i — X11), (1)
wheren OandO<b<4.

Other similar unidimensional maps have been used to investigate re'evant characteristics of
nonlinear systems as, for example, the new roads to chaos9, the creation and destruction of 1)e1'iodic
orbits10, the control of chaos11, the periodic entrainment12, and the COl1)1illg between maps'3.

In this paper we consider the logistic map perturbed by a sequence of kicks with a costant
amplitude q and a period t:

xn+1 = bX(1 — X) + q7 (2)

where 5n,1 1 if ? is an integer and 0 if not. This kicked logistic map exibts a new specific
dynamics7.

The aim of the present work is to study numerically time control of the logistic niap oscillations
through these kicks, and to investigate the dynamical alterations introth,ced by these I)el't111)ations.
Thus, we present, for fixed kick periods, the structure of the two-dimensional paiaiiietei space,
b x q, with components corresponding to periodic or chaotic attractors. Furtlieriiioie, su [)l)reSSiOll of
chaos, periodic entrainment, roads to chaos, and other dynamical )r0)etieS aie sliowii in 1)ifll1CatiOil
diagrams.

2. NUMERICAL ANALYSIS

For the quantification of chaos and order, the Lyapunov esl)Onent

A=Iô(Xfl±I (3)
71=

is calculated for the kicked logistic map trajectories. Unless stated Othel\VISe, the first value of the
iteration is set to X, = 0.2 in this work. The order (i.e. Pre(liCtLl)iIitY ) is iII(licat.NI by A < 0. The
chaos (i.e. sensitive dependence on initial conditions) is indicated by \ > U.

A double precision arithmetic was used throughout the work. Bei()1e ap)1yiIlg Eq.( 3), 1000
iterations were performed in order to allow transient to (lie away; after that satisfactory convergence
of .\ was achieved by setting N = 40000. Furthermore, an initial transient of 100000 iterations
has been left out of considerations of the bifurcation diagrams, which have 1)eefl (lone with 200
consecutive points for each value of time varying control I)arametel.

3. STRUCTURE OF THE PARAMETER SPACE

In this section we discuss the structure of sets of parameters b, q. and t. cliaraci elize(1 by ChaOtic
or periodic oscillations obtained from Eq.(2).
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Examples of these structures are schown in Figs. 1 and 2. In these figures the points with
q = 0 stand for the logistic map; the others illustrate modifications, CaUSe(1 by the 1)el'iOcliC kick
perturbations, on the umperturbed orbits.

For each of these figures, the Lyapunov coefficients of 90000 1)OilltS (300 x 300 ) in the plane b x q
were calculated. Points with ) > 0 (in black) and A < 0 (in white) form COflhl)leX iiiterconnecte(1
sets. This can be better seen in Fig.3 , which shows magnifications of two small areas ifl(licate(1 ill
Fig.2.

For q > 1 — the system is not, in general, limited to X values in the interval 0 < X < 1, i.e., no
finite attractor exist, and X is driven to infinity. Despite this, even in these l)1a1llete1 Space legion,
there are sparse thin sets of points standing for chaotic or l)eriOdic attractors (Fig. 3A). For these
figures, ) was recalculated, considering a transient of 3000 iterations alld N 100000, without any
change in this observed structure. Nevertheless, besides their kick 1)eliO(hlC (1e1)efldeflCe the position
and the structures of these sets depend also on the initial conditions X.

The basins of attraction, typical of the previous lnentione(l region, can l)e il.lustrate(l l)y 1)e(111ial
broken bifurcation diagrams, with sparse I)erio(IiC and chaotic attractors SC1)alate(h l)y vhite parameter
regions without chaotic attractors. Fig. 5 shows two of these diagrams, corresponding to a fixed q
line in the Fig. 3A, obtained for two (lilferent initial con(litions X0. The slight (ljfiererlces Ol)selVed in
these figures are examples of the oscillatory mode alterations and of the lflo(lihCatiOils in the 1)aSillS
of attraction as X0 is changed.

To parameters satisfying the condition q > 1 — COrreSl)On(1 OIl)itS that (1iV(.'Ig(. alter visiting
points in the interval

(l + i + (q - 1)) > X > (i - 1 + (q - 1)). (4)

Thus, attractors exist for initial conditions if their transitory orbits do not ilitelCe1)t any poiilts
inside the interval determined by the condition (4).

4. ROADS TO CHAOS

As it can be seen from the parameter space structures, the introduction ol the new two control
parameters, q and t, can alter the logistic map attractor. In this section we (leS(1iJ)e alterations.
caused by the kick sequences, on the well knowii period—doubling road to cliao OJ)serVe(l oh tile
logistic map orbits2.

In order to investigate the roads to chaos, magnifications of bifurcation (liagraills ill appropiate
parameter sets have been examined.

Figs. 6,7, and 8 show typical bifurcation diagrams obtained for t=2, and b or q as the SeCOfl(l
fixed parameter. Since the parameters in these figures satisfy the condition q < I — , their observed
attractors do not depend on the initial conditions X0.
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Figs. 6 and 8 show period doubling cascades to chaos, with sequences of periodic orbits with
periods 2i (j=O,1,2,. . .) These orbit periods increase geometrically inside each window, as for the
logistic map2. Long period non chaotic orbits, observed in descontinuous niai)s'3 \VeIP iiot fouiid.

Fig. 7 shows inverse cascades, as it has been observed for descontinuous ufli(limellsiOiLaI niaps'13"4'1
However, the observed orbit periods (lecresase only geometrically, with iio aiithnietically I)erio(1
increase (by adding the first element to the previous window), as in descoiitinuous maps9'3. On the
other hand, inverse cascades were not observed, for fixed t and q, in the bifurcation (liagrams with
b as the growing parameter.

The finite attractor disappearance9 and abrupt entrances into chaos were observed in growing q
bifurcation diagrams.

In the investigated diagrams, the I)eriod p stal)le orbits, ]) = Nt (N i,2,L • ) a1)1)ea.r as a result
of period-doubling bifurcations or they prOcee(l away from chaos (in this last case (Lfl also he 0(ld).

5. CONCLUSIONS

The investigated kicked logistic map exhibts, among other prOl)erties, the supiiession of chaos
observed in the umperturbed logistic map, the periodic entrainment, aid the creation an(1 destruction
of periodic orbits. This map has highly interleaved basins of attraction on the 1)hase space, afl(l
highly interleaved regions with (lifferent attractors in the paraJ1ete S1)ace. 13e51(1P5 the transitions
into chaos via Feigenbaum scenario, the obtained 1)ifurCatiofl diagrams ShO\V Ioi S1)NiIiC legions ifl
the threedimensional parameter space, other roads to chaos.

As it was seen in this paper, the control of the logistic map orbits, through a 1uence Of 1)e1iOdJC
kicks, alters the dynamics of the innperturbed system. Flowever, it is also possil)I7 to control these
orbits, without altering the dynamics, by applying the method (leVelOI)ed by Ott (rebogi, an(l
York11'16, which converts a chaotic attractor to any one of a large number of possible attracting
perio(hc motion by making only small tilne-(lepen(lent l)aa1I1ete1 pert U11)atiOIl.

Interinitency has been also investigated in the kicked logistic map, aitd its ociiiiace is UsefUl to
control the orbits, since in this regime very small b or q variations aflect significantly the attractor
topology.
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Fig.5 Broken bifurcation diagrams
corresponding to q=0.054 indicated0.8 in Figs. 3A and 4A for Xo =0.2 (A)
Xo=0.3 (B) and t= 3.
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Fig.6 Bifurcation diagram and Lyapunov coefficient,X,for q=O.04,t=2.
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Fig.7 Bifurcation diagram and Lyapunov coefficient for b=3.6, and t=2,
showing inverse cascades.
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Fig.8 Bifuraction diagram and Lyapunov coefficient, , for b=3.4, and
t=2, showing routes to chaos.
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