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Abstract

Chaos in nonlinear systems manifests as irregular, unpredictable dynamics sensitive to initial conditions. While chaotic
attractors (e.g., the Lorenz butterfly) are commonly considered in research contexts, the transient is often disregarded,
although its dynamics can be complex and should be taken into consideration when the average transient time is compa-
rable to the experimental or numerical observation timescale. Using the Hénon map as a prototype, we report fundamental
concepts of transient chaos. We contrast permanent and transient chaos, quantify lifetimes through survival probability
analysis, and visualize their fractal phase space distribution. The stable and unstable invariant manifolds of the map’s
fixed points are introduced; these geometric structures are the backbones of the dynamics and compose a non-attracting
invariant set, the chaotic saddle, that underlies the transient chaos. By analyzing how the system’s attractors change as a
control parameter varies, we identify two types of scenarios where the chaotic attractor loses stability and is replaced by
a chaotic saddle: via saddle-node bifurcation and boundary crisis. We also identify an interior crisis, where the chaotic
attractor absorbs the chaotic saddle, resulting in an expanded attractor. We conclude by highlighting implications on other
classes of dynamical systems.

Keywords Nonlinear systems - Chaos theory - Transient chaos - Chaotic saddles

1 Introduction Several experiments have produced evidence of tran-

sient chaos, such as chemical reactions preceding ther-

In dynamical systems theory, transient dynamics correspond
to the temporal evolution that precedes the asymptotic states
usually referred to as attractors [1-4]. Oftentimes, in the
numerical investigation of a system, the transient is disre-
garded and the focus is on the characterization of the attrac-
tors. However, the transient dynamics may be more relevant
than the asymptotic states in terms of the observation, mod-
eling, and control of a phenomenon. This is the case when
the average lifetime of the transient is comparable to the
observation time, as numerical and experimental investiga-
tions are always performed over a finite time interval.
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mal equilibrium [5-7], the parametrically driven damped
pendulum [8-10], and the emission of light from dielec-
tric cavities [11, 12]. Another example is the convection
loop experiment [13—16], which consists of a loop-shaped
reservoir filled with water, heated from below and cooled
from above. This is a one-dimensional analogue of the
Rayleigh-Bérnard convection problem, which can be
described by the Lorenz model [17] for certain parameters.

The goal of this paper is to present the concept and prop-
erties of transient chaos through the Hénon map [18] as
an example. Despite its simplicity, the Hénon map exhibits
rich dynamical behavior and a complex bifurcation struc-
ture as its parameters vary [4, 19]. First introduced as a
simplified model for a Poincaré section of the Lorenz sys-
tem [18], it has become a paradigmatic system for research
in fundamental and advanced topics in nonlinear dynamics.

The Hénon map is a two-dimensional, invertible, dis-
crete time system that captures the essential dynamics
of a dissipative three-dimensional flow [2]. For certain
parameter values, one must iterate the map many times
before trajectories settle onto the system’s attractor, a
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signature of transient chaos. We demonstrate that this
phenomenon arises from the existence of a non-attracting
chaotic set in phase space, known as a chaotic saddle [1,
20-24].

In this work, we carry out a numerical exploration of the
Hénon map across representative parameter sets that illus-
trate distinct dynamical behaviors. After contrasting con-
figurations with permanent and transient chaos, emphasis
is given to the invariant manifolds of unstable orbits. These
geometric structures underlie the phase space and form
chaotic sets that can compose either a chaotic attractor or
a chaotic saddle. Segments of the manifolds are computed
with a precise interpolation scheme [25], while the chaotic
saddle is approximated with the Proper Interior Maximum
(PIM) triple method [26], which numerically finds cha-
otic trajectories that remain in close vicinity to the chaotic
saddle for arbitrarily long times. We analyze how varying
a control parameter can induce abrupt qualitative changes
in the system, known as crises [1-3, 27, 28], that create or
destroy chaotic attractors and chaotic saddles. We interpret
the mechanisms behind those global bifurcations in terms
of manifold interactions.

The paper is organized as follows. In Section 2 we review
the distinction between permanent and transient chaos and
present a numerical computation of the transient lifetimes
for selected parameter values. Section 3 presents the defi-
nition of stable and unstable manifolds, their role in orga-
nizing the phase space dynamics, and in the formation of
chaotic sets. In Section 4 we discuss the periodic windows
of the system, which, despite their name, are parameter
regions where transient chaos is usually observed. We also
present two types of crises and their relation to transient
chaos. Finally, Section 5 presents our concluding remarks,
including a discussion of the effects of chaotic saddles in
complex systems, a field with broad applications; and of
chaotic scattering, a manifestation of transient chaos in
open conservative systems.

Fig. 1 Attractors of the Hénon map for b = 0.3. (a) a = 1.22,
chaotic attractor; and (b) a = 1.23, period-7 attractor
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2 Permanent and Transient Chaos

The Hénon map M is defined by the equations
LTS Corme M)
Yn+1 = T,

where a and b are the control parameters. It exhibits a cha-
otic attractor for the parameters ¢ = 1.22 and b = 0.3, where
almost all trajectories initialized in a trapping region, R, con-
verge to a chaotic attractor, shown in Fig. 1(a). Such trajecto-
ries remain in the chaotic attractor for arbitrarily long times. In
contrast, when a = 1.23, a period-7 attractor is observed. This
is shown in Fig. 1(b), and now almost all trajectories start-
ing in the trapping region converge to this periodic state. In
both cases, trajectories starting outside of R diverge to minus
infinity. The boundary of R is delimited by a stable manifold,
as is discussed in Section 3. We say that a/most every trajec-
tory starting in the trapping region converges to the attractors
because there are unstable periodic orbits inside R.

Despite the asymptotic state shown in Fig. 1(b) being a
periodic attractor, its transient is chaotic. To observe the tran-
sient dynamics, Fig. 2(a) illustrates two nearby initial condi-
tions whose 7th iterates of the x coordinate are shown. One
of them, shown in blue, oscillates irregularly for approxi-
mately 400 iterations before reaching the periodic attractor,
identified by a plateau since only every 7 iterates are shown.
The second initial condition, shown in orange, is a small
perturbation of order 10~15 applied to the first one. Now, it
oscillates irregularly for about 100 iterations before reaching
the attractor. This shows that nearby initial conditions lead to
different transient lifetimes, exemplifying the sensitivity to
initial condition characteristic of both permanent and tran-
sient chaos. Panel (b) shows the complete evolution in the
phase space, and we see that the chaotic transient motion
appears to be distributed along a defined region that resem-
bles the chaotic attractor of Fig. 1(a) after a certain time.
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Fig.2 (a) Time evolution of the x coordinate for two initial conditions,
each seventh iteration is shown. In blue, a long-lived initial condition
that reached the periodic attractor after 400 iterations. In orange, the
initial condition was shifted by 10™'°, and a much shorter transient
is observed. The x coordinates of the periodic attractor is indicated
by the horizontal dashed lines. (b) Evolution of the orange and blue
initial conditions, indicated by the *+’ and *Xx’ symbols, respectively.
The periodic attractor is represented by the red circles

To analyze the transient, we initialize an ensemble of N(0)
points uniformly in a square region of phase space, |z| < 2
and |y| < 2, excluding the attractor, and iterate each until it
either escapes the initial box or falls onto the attractor. The
initial conditions that escape the box diverge to infinity and
are discarded. In the case of chaotic transients, the number
of survivors N(n) after n iterations decays exponentially,

N(n) ~ e, 2

where « is the escape rate [1, 29], a quantity that measures
how quickly the initial conditions reach the attractor. Equa-
tion (2) indicates that the number of survivors decreases by

a factor of 1/e after 1/x iterations, implying that most tra-
jectories exhibit a transient lifetime less than 1/k. Thus, the
average lifetime of the chaotic transient can be estimated as

T~ 1/k. 3)

Figure 3 compares the transient lifetimes for the two param-
eter settings presented in Fig. 1. In panels (a) and (b), we
considered a = 1.22, where the attractor is chaotic. Panel
(a) shows the number of surviving trajectories versus the
number of iterations, starting with roughly 10% initial points
that reach the attractor with less than 20 iterations. In panel
(b) we project the lifetimes onto the phase space, with the
attractor shown in red. In this first example, the transient
times are relatively short.

Panels (c) and (d) illustrate the case of the period-7
attractor (a = 1.23), for which the transient is longer and
more complex. In panel (c) the survival curve shows that
more than 800 iterations are necessary for the ~ 108 tra-
jectories to reach the attractor. We note that the decay of
the survival curve is not purely exponential; for very short
times, there is a slower decay that depends on the number
of initial conditions and the region in which they are dis-
tributed, while the tail of the curve shows strong statistical
fluctuations due to having only a few survivors left. Thus,
we perform an exponential fit for the intermediate times
between Ny,in and ny,q.. The fitting in panel (c¢) consid-
ered nyin = 30 and n,,q,; = 650, yielding the escape rate
k = 0.0200553 & 1.8 x 1075 and an average transient life-
time 7 = 49.9862 & 4.5 x 1073, This result changes only
slightly if the fitting window is shifted slightly. The escape
rate does not depend on the ensemble of initial conditions,
as it is a property of the chaotic saddle. The exponential
fitting procedure with ~ 10° initial conditions resulted in
% = 0.0199739 + 9.9 x 1075, and an ensemble of ~ 10*
yielded x = 0.0201150 £ 2.8 x 1075, Panel (d) projects
the lifetimes onto the phase space and the periodic attractor
is indicated by red circles. The resulting pattern is highly
intricate: small shifts in initial conditions produce consider-
ably different lifetimes, with the longest-lived trajectories
filling regions close to the stable manifold, an invariant set
which will be discussed in the next section.

3 Invariant Manifolds and the Chaotic
Saddle

To interpret the main intermittency characteristics of the
chaotic transient and explain its origin, we introduce the
concepts of stable and unstable manifolds and chaotic sad-
dles [1-3], invariant sets associated with the system’s unsta-
ble periodic orbits (UPOs).

@ Springer
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Fig. 3 (a) and (b), number of surviving trajectories as 108 —
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A fixed point z* = (z*,y*) of the map M satisfies
M (z*) = z*, making it a period-1 trajectory. This point is clas-
sified as a saddle if the Jacobian matrix of M evaluated at z*,
DM (z*), has real eigenvalues { s, A, } with || < 1 (stable)
and |\, | > 1 (unstable). Saddle points are inherently unstable:
while trajectories near them may initially approach the fixed
point, most will eventually diverge under successive iterations
of M. The local dynamics are governed by two distinct direc-
tions defined by the eigenvectors: the contracting direction E,
associated with A4, along which trajectories converge toward
z*, and the expanding direction F,,, associated with \,,, along
which trajectories diverge away from z*.

For linear maps, these eigenvectors form straight lines
intersecting at the saddle point. Initial conditions on the
stable eigenvector approach z*, while those on the unstable
eigenvector move away from it. Trajectories near the saddle
point follow a hyperbolic path, approaching along the stable
direction and diverging along the unstable direction. A disk
of initial conditions around z* is distorted by the map into an

Fig. 4 Illustrations of: (a) the
vicinity of a hyperbolic point z* N
of a planar map, with the stable N
eigendirection Es and invariant

manifold W; represented in blue,

and the unstable eigendirection

FE,, and invariant manifold W,, in

red; and (b) the homoclinic tangle

generated by the crossings of the

invariant manifolds of opposing

stability

@ Springer

elongated shape, contracting along the stable direction and
expanding along the unstable direction with each iteration.
For a general invertible nonlinear planar map, the stable
manifold of a fixed point z* consists of the set of points that
converge to z* under iterations of M. Formally, it is defined as:
Ws(z*) = {z € R? : M"™(z) — z*,as n — oo}, )
where M™ is the n-th iteration of the map M. Conversely,
the unstable manifold of z* is the set of points that approach
z* under iterations of the inverse map M
Wa(z*) = {z € R? : M~ "(z) — z*,as n — oo}. (5)
At z*, the stable manifold Ws(z*) is tangent to the stable
eigen-direction, while W, (z*) is tangent to the unstable
eigen-direction. This is illustrated in Fig. 4(a). These mani-

folds are invariant curves: M maps Ws(z*) and W, (z")
onto themselves, preserving their structure under iteration.

By

Z)

(b)
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The invariant manifolds Ws(z*) and W,,(z*) play a cru-
cial role in determining chaotic dynamics. A single intersec-
tion between them implies infinitely many intersections: if a
point p lies on both W, (z*) and W, (z*), invariance ensures
that all forward and backward iterates of p under M must also
belong to both manifolds. These intersection points are called
homoclinic, and they form a homoclinic orbit that asymptoti-
cally approaches z* in both forward and backward time with-
out ever reaching it. The resulting geometry, a fractal-like web
of infinitely folded manifolds, is termed a homoclinic tangle.

Within this tangle, illustrated in Fig. 4(b), trajectories
undergo repeated stretching along W, (z*) and folding
along Ws(z*), a mechanism that is formalized in Smale’s
horseshoe map. This process embeds a Cantor set of cha-
otic trajectories and infinitely many UPOs of all periods.
The horseshoe structure exhibits three hallmarks of chaos:
sensitive dependence on initial conditions (exponential
divergence of nearby trajectories), topological mixing (tra-
jectories eventually explore the entire invariant set), and
dense UPOs (unstable periodic points lie arbitrarily close to
any chaotic trajectory). Analogous dynamics emerge in het-
eroclinic orbits, formed when W;(z}) of one saddle point
intersects W,,(z5) of another saddle point. However, two
constraints prevent inconsistencies. First, self-intersections
are forbidden: W;(z*) cannot cross itself, nor can W,,(z*),
as this would violate the uniqueness of solutions under M.
Second, same-stability manifold crossings are prohibited:
Wi (z7) cannot intersect Ws(z3), and W,,(z7) cannot inter-
sect W, (z35), for distinct saddle points z7, z5.

Homoclinic or heteroclinic intersections are necessary
conditions for chaotic dynamics in both permanent chaos
(supported by attractors) and transient chaos. For cha-
otic attractors, these homoclinic/heteroclinic structures are
embedded within the attractor itself. In transient chaos, the
chaotic dynamics originate from a non-attracting invariant
set known as a chaotic saddle. A chaotic saddle exhibits sen-
sitive dependence on initial conditions but, unlike chaotic
attractors, does not permanently confine trajectories. Nearby
orbits exhibit transient chaotic behavior, following the sad-
dle’s unstable manifold temporarily before escaping to attrac-
tors or diverging. This set is formed through homoclinic and
heteroclinic tangles between stable and unstable manifolds
of saddle points. Although trajectories starting exactly on the
saddle remain there indefinitely, its measure-zero nature in
phase space (occupying no area) makes direct observation
impossible: Random initial conditions have zero probabil-
ity of lying precisely on the saddle. Its existence is instead
inferred through dynamical signatures like transient chaos,
where trajectories approach along stable manifolds, exhibit
chaotic evolution near the saddle, then escape along unstable
manifolds. The escape rate x introduced in (2) provides a
quantitative characterization of this transient behavior.

There are different numerical methods to determine cha-
otic saddles [1, 26, 30, 31]. An intuitive method is based on
the observation that a chaotic saddle contains a dense set of
UPOs. After identifying a single UPO, its invariant mani-
folds are computed. Intersections between these manifolds
approximate subsets of the chaotic saddle [1]. While intui-
tive, the method becomes computationally prohibitive for
high-resolution saddles due to the exponential growth of
required manifold segments, necessitating advanced interpo-
lation and adaptive refinement techniques. A computationally
efficient alternative is the sprinkler method [1, 30], based on
following an ensemble of trajectories and selecting segments
that remain in the vicinity of the chaotic saddle; other advan-
tages of this method are that it is simple to implement and
approximates the saddle through homoclinic intersections
across multiple unstable orbits. Yet another alternative is the
PIM triple method [26], which constructs a single arbitrarily
long trajectory near the chaotic saddle; the resulting trajec-
tory is well-suited for computing dynamical invariants [1]
like Lyapunov exponents or fractal dimensions, which char-
acterize the saddle’s chaotic properties. In this work, we used
the PIM triple method to approximate the chaotic saddles.
The details of the algorithm are presented in Appendix A.

To analyze the results from the previous section in the
context of invariant manifolds and chaotic saddles, we
begin by identifying the fixed points of the Hénon map. The
fixed point condition M (z*) = z* yields two solutions:

7 = (i) = (“’”i ;b””‘*“,x;) NG!

_Wu(z:) - WS(Z:_)
Wu(z2) —— W,(z2)

*

X 2
*

+ z_

Fig. 5 Schematic of invariant manifolds in the Hénon map. The stable

manifold Ws(zX) (pink curves) forms the boundary of the trapping
region R, which encloses z% and its manifolds W .. (27.) (blue/red)

@ Springer



101 Page 6 of 13

Brazilian Journal of Physics (2026) 56:101

and, for the parameter sets considered throughout this work,
they are both real and correspond to saddle points.

Figure 5 illustrates key qualitative features of the saddle
fixed points in the Hénon map. The two branches of the stable
manifold W;(z* ), shown as solid and dashed pink curves,
form the boundary of the trapping region R. This region
R contains the saddle point z* along with its stable and
unstable manifolds, W;(z% ) and W, (z% ). Both branches
of Ws(z*) tend asymptotically toward infinity under itera-
tions of the inverse map. The stable manifold W,(z?%)
exhibits distinct behaviors: one branch (blue dashed curve)
escapes to infinity under the inverse map, while the other
(blue solid curve) oscillates, weaving around the first branch
as it asymptotically approaches Ws(z* ). Both branches of
the unstable manifold W, (z7 ) lie entirely within R; they
intersect W (27 ), creating the intricate homoclinic tangle
characteristic of chaotic dynamics. Finally, for the unsta-
ble manifold W,,(z* ), one branch (dashed orange curve)
escapes to —oo, while the other branch (solid orange curve)
remains confined within R, asymptotically approach-
ing W, (27 ). Following the nomenclature from Ref. [32],
we call W, (z* ) N W,(z% ) inner heteroclinic points, and
Wi (z* ) N W, (2% ) outer heteroclinic points. In the diagram
of Fig. 5, W (z* ) "1 W, (2% ) = @. The role of outer hetero-
clinic points will be discussed in Section 4.

We compute finite segments of their invariant mani-
folds using the algorithm from Ref. [25]. This method iter-
ates local linear approximations of the manifolds forward

.

Yo

‘MY
Y ol _ \

o
—273 0 2 -2 0 2
X (c) T (d)

Fig. 6 Stable/unstable manifolds and chaotic sets in the Hénon map.
(a) Invariant manifolds at @ = 1.22: z (x; blue/red), z* (+; pink/
orange). (b) Chaotic attractor for a = 1.22. (¢) Manifolds fora = 1.23.
(d) Chaotic saddle (black) and periodic attractor (red) for a = 1.23
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(unstable) or backward (stable) in time, refining the curves
with interpolation to preserve resolution'. Results for
a=1.22 and a = 1.23 are shown in Fig. 6(a) and (c),
respectively. Following the symbols and color-coding of
the diagram in Fig. 5, the fixed point z* (marked by “x”
displays its stable manifold (V(z? )) in blue and unstable
manifold (W, (z%.)) in red; and the fixed point z* (marked
by “+”) displays its stable manifold (Ws(z*)) in pink and
unstable manifold (W, (z*)) in orange. Homoclinic inter-
sections between these manifolds indicate chaotic behavior
in the phase space. Comparing Fig. 6(c) with Fig. 3(b), we
observe that the patterns revealed by the lifetime projection
align with the geometry of the stable manifold.

Figure 6(b) shows the chaotic attractor fora = 1.22 (same
parameter as in panel (a)). At the resolution of the plot it
is indistinguishable from the unstable manifold W, (z% ),
drawn as the red curve in Fig. 6(a). More precisely, the attrac-
tor is the closure [32, 33] of W, (27 ): the manifold together
with all of its accumulation points (limit points of sequences
on the manifold). Under iteration, the manifold is repeatedly
stretched and folded, so its images come arbitrarily close to
many locations in phase space; the closure captures both the
original curve and these limit points, yielding the full attrac-
tor. Although W, (2 ) itself is one-dimensional, the result-
ing chaotic attractor has a non-integer (fractal) dimension
greater than one [34, 35].

Figure 6(d) displays the chaotic saddle (black) along with
the periodic attractor (red) for a = 1.23. Comparison with
transient trajectories in Fig. 2(b) reveals that chaotic tran-
sients first follow the chaotic saddle before converging to
the periodic attractor governing asymptotic dynamics.

From Fig. 6(a) and (c) alone, one cannot distinguish
whether W, (2% ) forms a chaotic attractor or contributes
to a chaotic saddle via homoclinic intersections. In Sec-
tion 4, we analyze how attractors evolve with parameter a
and present conditions for the unstable manifold to form a
chaotic attractor.

4 Crises and Periodic Windows

A commonly used method for visualizing how the attractor
of a dynamical system evolves with changes in a parameter
is the bifurcation diagram [1-4] . In such diagrams, a coor-
dinate of the attractor is plotted against a system parameter,
revealing qualitative changes in the system’s asymptotic
behavior. Figure 7 presents a bifurcation diagram for the
Hénon map, constructed with the parameter b = 0.3 and

! The refinement parameters considered for the method were: maxi-
mum chord length between consecutive nodes [. = 10~2 and maxi-
mum inter-secant angle between consecutive chords 6. = 5. For
details on the method, see Ref. [25].
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Fig. 7 Bifurcation diagram for b = 0.3. The vertical lines corre-
spond to the values of a utilized in the indicated figures of chaotic
sets

a € [1.2,1.45]. The construction followed this procedure:
starting from an arbitrarily chosen non-diverging initial
condition zg = yo = 0.1 at a = 1.2, the system was iterated
10* times, and only the final 100 x-values were plotted to
eliminate any transient effects. Subsequently, the parameter
a was incremented in small steps of approximately 104,
and for each step, 10* iterations were performed with the
final 100 x-values plotted. This process continued until the
upper bound of the parameter range was reached.

The term bifurcation denotes a qualitative change in a
system’s attractors as parameters vary. Figure 7 shows the
bifurcation diagram for the Hénon map, revealing three key
features: (1) Chaotic attractors appear as densely filled x-val-
ues in certain a intervals; (2) Periodic windows interrupt
these chaotic regimes, where periodic attractors undergo
period-doubling cascades back to chaos; and (3) A sudden

Fig.8 Schematic ofthe mechanism generating escape of points from the
trapping region R, due to outer heteroclinic points Ws (2" ) N W (z7})
after the boundary crisis. The symbol B indicates a homoclinic point,
¥ an outer heteroclinic point, and 4 an inner heteroclinic point

6(b) 6(d) 12(a) 12(b) 9(b) 9(d)

1.35 1.40

attractor disappearance occurs at critical agc ~ 1.43, indi-
cating a boundary crisis [1-3, 27, 28] where the chaotic
attractor is destroyed and replaced by a chaotic saddle.

In a boundary crisis, the chaotic attractor collides with
its basin boundary, enabling trajectories to escape the trap-
ping region R. As previously established, the boundary of
R is defined by W;(z* ), while the chaotic attractor is the
closure of W, (z% ). The boundary crisis occurs when these
invariant manifolds intersect, creating heteroclinic points at
Wi (z* ) "1 Wy (2% ). Figure 8 illustrates the escape mecha-
nism: Points that escape R via W, (27} ) subsequently follow
the outer branch of W, (z*) toward —oo. After the crisis,
the homoclinic points W, (z7%.) N W, (2% ) compose the cha-
otic saddle that governs the chaotic transient before the tra-
jectories diverge.

For parameters near the values considered in Hénon’s
original work [18] (b = 0.3, a = 1.4), it is proven that the
attractor is the closure of W, (z? ), and is bounded and con-
tains homoclinic points [33]. Previously, it had been sug-
gested that if the unstable manifold has homoclinic points,
no outer heteroclinic points, and is bounded, then its closure
is a chaotic attractor [32].

More generally, when the chaotic attractor is a uniformly
hyperbolic set [2], the attractor is exactly the closure of an
unstable manifold [36] . “Uniformly hyperbolic” means
that on the invariant set A every point € A has stable and
unstable subspaces, Es(x) and E,(z), and the dynamics
contracts along E; and expands along E,, at uniform expo-
nential rates that do not depend on . Under these condi-
tions one can show that the attractor is the closure of the
unstable manifold of a periodic orbit, however, it is often
conjectured from numerical observations that even for non-
hyperbolic systems the chaotic attractor is the closure of an
unstable manifold [37-39].

We note that the Hénon map is not uniformly hyperbolic
for all parameters [1, 2, 40]: its stable and unstable manifolds
can become tangent, and at those points E;(z) and E, (z)
coincide, generating nonhyperbolicity. Nonhyperbolicity
mainly affects two aspects of our study. First, the shadowing

@ Springer
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lemma [41, 42], which guarantees that every noisy or numer-
ical pseudotrajectory is exactly shadowed for all time by a
true trajectory, requires uniform hyperbolicity and therefore
does not generally apply to the Hénon map. Nevertheless,
rigorous computer-assisted studies of nonhyperbolic systems
such as the logistic map and the Hénon map have shown
that double-precision pseudotrajectories are typically shad-
owed by exact orbits for very long but finite times [43—45].
The length of a numerical trajectory for which shadowing is
guaranteed is about 108 iterations for systems whose tangen-
cies are the source of nonhyperbolicity.

Second, certain types of nonhyperbolic sets can lead to
a power-law decay of the survival probability, thus mak-
ing (2) and (3) inaccurate. This is the case, for instance, in
systems with unstable dimension variability [46], where
unstable periodic orbits embedded in the chaotic set have
distinct number of unstable eigendirections; and can also
happen in leaky Hamiltonian systems [47, 48], where non-
hyperbolicity can arise if the chaotic saddle is adjacent to
KAM islands and cantori. Despite nonhyperbolicity for
some parameters due to manifold tangencies, the hyperbolic
points of the Hénon map chaotic saddles dominate the tran-
sient dynamics, leading to the exponential decay of the sur-
vival probability.

Figure 9(a) shows the invariant manifolds of the fixed
points for a = 1.42, before the boundary crisis, and panel (b)
exhibits the chaotic attractor. We note that the chaotic attractor
lies very close to its basin boundary, determined by the stable

P

b)

T

2
T (d)

Fig.9 For a = 1.42 < apc, before the interior crisis, (a) stable (blue
and pink) and unstable (red and orange) manifolds of the fixed points.
(b) Chaotic attractor. For a = 1.44 > apc, after the interior crisis, (c)
the invariant manifolds and (d) the chaotic saddle

@ Springer

manifold of z* , shown in pink, indicating the system is near
the crisis point in parameter space. In Fig. 9(c), fora = 1.44,
we have the invariant manifolds after the crisis. Notice how
the unstable manifold of z* , shown in red, crosses the stable
manifold of z* . In panel (d), we show the chaotic saddle that
supports the transient chaotic dynamics after the crisis.

To observe the transient dynamics after the boundary
crisis, Fig. 10(a) shows the time series of the x variable
for two nearby initial conditions. For clarity, only every 7
iterates are shown. The one in blue oscillates irregularly
for approximately 800 iterates before diverging, while the
second one, shown in orange, diverges after approximately
200 iterates. The full orbits are shown in panel (b), with
the initial conditions marked by the blue x and orange +
signs. The distance between them is on the order of 10715,
Once again, the sensitivity to initial conditions is observed,
as nearby initial conditions have different transient life-
times. The chaotic transient behavior is distributed along the
region of the chaotic saddle, as can be seen by comparing
with Fig. 9(c). Figure 10(c) shows the survival curve. It was
computed using 10® initial conditions uniformly distributed
in the region |x| < 2 and |y| < 2. The exponential fit with
Nmin = 30 and N4, = 1500 estimates the escape rate as
Kk =9.32917755 x 10734+ 5.0 x 10~® and the average
transient lifetime as 7 = 107.19059 4 5.8 x 10~%. The pro-
jection of survival times in phase space is shown in panel (d).

We now analyze the periodic windows observed in
Fig. 7. Each window initiates with an embedded saddle-
node bifurcation [49] that simultaneously creates an attract-
ing period-k orbit (z, ) and a saddle period-k orbit (zj, ;).
The dynamics near these orbits exhibit the manifold struc-
tures [32]: one branch of W, (z}, ;) is attracted toward z,_4;
and W;(z}, ;r) encloses a region containing both z; , and
the attracted branch of W, (2}, ;).

When W;(zj, ;) intersects the chaotic attractor (equiv-

alent to intersecting W, (z%)), the resulting heteroclinic
points function analogously to the outer heteroclinic points,
described previously for the boundary crisis. This intersec-
tion triggers the conversion of the chaotic attractor into a
chaotic saddle. Figure 11 illustrates this attractor destruction
mechanism via saddle-node bifurcation.

The first vertical line in Fig. 7 marks a = 1.22, which
corresponds to the chaotic attractor shown in Fig. 6(b). As
a increases, the chaotic attractor is abruptly replaced by a
period-7 attractor at the saddle-node bifurcation. The second
vertical line, at a = 1.23, corresponds to this periodic attrac-
tor and the coexisting associated chaotic saddle, as illus-
trated in Fig. 6(d). The period-7 attractor then undergoes a
period-doubling cascade [2, 3], leading to a chaotic attractor
composed of seven disconnected pieces, known as bands. At
a = 1.27, marked by the third vertical line, the phase space



Brazilian Journal of Physics (2026) 56:101

Page90of13 101

|

]-- : .‘:f II | I} # ,'. .
0 ﬁ!?i 1 VI

——

2707 200 400 600 800

(a) n

Y 0.

el
29 0 2
(b) i i

Fig. 10 For a = 1.44, (a) time evolution of the x coordinate for
two initial conditions, each seventh iteration is shown. In blue,
a long-lived initial condition that diverged after approximately
800 iterations. In orange, the initial condition was shifted by
1071%, and the trajectory diverged after approximately 200 itera-
tions. (b) Evolution of the orange and blue initial points, indicated

(Fig. 12(a)) shows the banded chaotic attractor in red and
the chaotic saddle in black. As a continues to increase and
exceeds a critical value a;¢, the seven-band chaotic attractor
abruptly transitions into a single, much larger chaotic attrac-
tor. The fourth vertical line, at a = 1.275, corresponds to
the resulting attractor shown in Fig. 12(b). The mechanism
behind this transformation is an interior crisis [1-3, 27, 28],
where the banded chaotic attractor collides with the chaotic
saddle. As a result, the UPOs that previously belonged to the
chaotic saddle are incorporated into the attractor, along with
newly created unstable orbits.

The whole interval between the saddle-node bifurcation,
that replaces a large chaotic attractor by a chaotic saddle,
and the interior crisis, at which a large chaotic attractor is
recovered, is known as a periodic window. For any periodic

— 0 2

108
/5106 ]
0P
Z 102

0

Fit N(n) ~ e~""

0 500 1000 1500
(c) n

200

(d) 4

by the *+’ and ’x’ symbols, respectively. (¢) Number of surviving
trajectories as a function of the number of iterations, the exponen-
tial fitting in furnished x = 9.32917755 x 1073 + 5.0 x 10~% and
7 =107.19059 + 5.8 x 10~*. (d) Projection of survival times in the
phase space

window, a generic feature is that a chaotic saddle exists
throughout the window, so chaotic transients are observed.
A second periodic window is observed starting at a ~ 1.3.
In fact, in parameter regions where a chaotic attractor arises,
the periodic windows are dense [ 1, 2]; this means that, given
a parameter a for which the attractor is chaotic, one can
always find a periodic window in the interval [a — €, a + €],
no matter how small e is.

5 Concluding Remarks
In this work we consider the Hénon map, a dissipative and

invertible 2D map. This system is representative of dissipa-
tive three-dimensional flows, as those are invertible due to
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Fig. 11 Schematic of the destruction of a chaotic attractor by the
k-periodic orbits created in a saddle-node bifurcation

Wu(Z,p) ——Ws(2ip)

the uniqueness of solutions and can be analyzed through a
Poincaré map [4]. We demonstrate that long chaotic tran-
sients are organized by a non-attracting chaotic saddle
formed by homoclinic and heteroclinic tangles of stable and
unstable manifolds. We quantify this saddle by the escape
rate k, inferred from the exponential decay of the survival
probability, which measures how quickly typical trajectories
leave the saddle’s vicinity. Long-lived trajectories approach
the saddle along its stable manifold IV, and depart along the
unstable manifold W,, toward an asymptotic state.

Chaotic saddles commonly appear inside periodic win-
dows. There, a saddle-node bifurcation creates a stable
period-k orbit together with an unstable saddle orbit; inter-
sections of the period-k saddle’s stable manifold with the
surrounding chaotic attractor convert the attractor into a
chaotic saddle. As an example, we analyzed the period-7
window, for which the periodic attractor undergoes a

period-doubling cascade, and an interior crisis reincorpo-
rates the chaotic saddle into the banded chaotic attractor,
producing a larger chaotic attractor. We also observe long
chaotic transients after a boundary crisis, when the chaotic
attractor collides with its basin boundary and is converted
into a chaotic saddle.

In contrast, in noninvertible systems such as one-dimen-
sional maps (e.g. the Logistic map), transient chaos is sup-
ported by another type of nonattracting set: the chaotic repeller
[1], which possesses only unstable manifolds. The dynamical
difference between a saddle and a repeller is that long-lived
chaotic transients can only start from a neighborhood of the
repeller, while for saddles, it can start from a neighborhood of
the stable manifold, which is typically a larger set.

Another type of dynamical system not treated here is
that of conservative or Hamiltonian systems [50, 51]. In
this type of system, the phase space volume is preserved
under the time evolution, so there are no attractors. How-
ever, asymptotic states can still be defined if a hole or leak
is introduced in the phase space of a closed system [52—55],
or in the case of open systems where trajectories naturally
escape [56—58]. The solutions can behave chaotically before
reaching those states if a chaotic saddle is present in the
phase space. This phenomenon is known as chaotic scatter-
ing [1, 59].

Chaotic saddles are also observed across high-dimen-
sional systems. For instance, in spatially extended systems
such as a lattice of coupled oscillators or maps, chaotic sad-
dles are associated with long transients [60, 61]. In complex
networks, they are responsible for self-induced switching
between spatiotemporal patterns [62], and can impact the
synchronization states due to dynamical trapping [63, 64].

To conclude, our objective in this article has been to pres-
ent transient chaos — which is less widely known than the
permanent chaos associated with attractors — and to pres-
ent a concise, self-contained account of its mechanisms,
diagnostics, and implications. By emphasizing the role of
chaotic saddles and invariant manifolds, we aim to make

Fig. 12 (a) Chaotic attractor (red) and coexisting chaotic 2
saddle (black) for a = 1.27, before the interior crisis;
and (b) chaotic attractor for a = 1.275, after the interior
crisis. At a critical value 1.27 < ajc < 1.275, the
banded chaotic attractor collides with the chaotic saddle,
resulting in an enlarged chaotic attractor
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transient chaos part of the standard vocabulary in physics.
Recognizing when chaos is transient rather than sustained
is practically important: it controls finite-time statistics and
escape rates, organizes transport and mixing, and shapes the
interpretation of experiments and simulations. We hope this
overview helps readers identify transient chaos in their own
systems and provides a foundation for further theoretical,
numerical, and experimental work.

A The PIM Triple Method

The PIM triple method [26] is a numerical procedure for
computing a single, arbitrarily long trajectory that approxi-
mates a chaotic saddle A. It is based on the observation that
initial conditions closer to the stable manifold of A exhibit
longer transient lifetimes: they require more iterations to
leave a trapping region R or converge to an attractor.

The algorithm starts with a line segment Ay By that inter-
sects the stable manifold of A; a lifetime projection (e.g,
Fig. 3(c)) can be used to guide this choice since the longest-
lived trajectories are near the stable manifold, and the pro-
jection highlights its geometry. The segment is refined as
follows. Uniformly distribute N = 103 points on A By and
compute their lifetimes. Identify three consecutive points
(A1, C1, By) such that the middle point C has a longer
lifetime than its two neighbors. Replace the original seg-
ment by A; By and repeat the refinement procedure recur-
sively, producing segments Ay By, A3 Bs,..., until a segment
A, B,, of length smaller than § = 1072 is obtained. The tri-
ple (4, C,, By,) is then called a proper interior maximum
(PIM) triple.

Define Iy = A, B,. The points of the PIM triple
are iterated under the map M, yielding a new triple
(M(A,),M(C,),M(B,)) and the associated interval
I = M(A,)M(B,,). If |I| > ¢, apply the refinement step
to I; to obtain a new PIM triple with interval length smaller
than §. If |I;| < 0, iterate the triple further until the inter-
val becomes larger than §, at which point the refinement is
restarted. Repeating this cycle of iterating the current PIM
triple and refining whenever the interval length exceeds 9,
produces a sequence of PIM triples whose intervals remain
of order J in size.

The set of middle points {C)} generated in this way
approximates a typical trajectory on the chaotic saddle. This
numerically constructed orbit is often referred to as a strad-
dle trajectory: it remains within a distance of order § from
A for arbitrarily long times, thereby providing an effective
approximation of the saddle dynamics. The chaotic saddles
in this work were approximated by trajectories with 5 x 103
points, precision § = 1078 and N = 103 initial conditions
for the refining steps.
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