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Abstract Control strategies and prevention of infectious illnesses are challenges faced by the healthcare
systems. Infectious diseases are caused by organisms and can be transmitted through different ways, such
as contact between individuals of the same species or interspecies (zoonotic diseases). One contagious viral
disease is the avian influenza, known as bird flu, that infects wild birds, as well as domestic poultry. It
can also contaminate some mammalian species and was detected in humans. Epidemiologic models have
been used to study the transmission dynamics of bird flu. In this work, we analyse a model that describes
the spread of a avian influenza from birds to humans. We consider a compartmental model in which the
bird system is divided into susceptible and infected birds (SI), whilst the human system is separated into
susceptible, infected and recovered (SIR). In addition, we substantially extend this model by including
seasonal effects in the transmission rate of the system and investigate the behaviour of the model through
the waves of infection. We uncover that depending on the parameters and initial conditions, the number
of disease cases can be kept under control, as well as it is possible to observe even disease-free state.
Our results show that the initial conditions play a crucial role in the number of avian influenza waves.
Furthermore, we demonstrate that the seasonal forcing increases the infection numbers and induces a more
complex dynamical behaviour.

1 Introduction

Infectious diseases are illnesses caused by organisms, e.g. parasites, bacteria or virus, and transmitted between
hosts by means of various types of mechanisms [1]. Giardiasis [2] and tuberculosis [3] are examples of common
infectious diseases caused by parasites and bacteria, respectively. There are many viral infections, such as viral
hepatitis [4], that is a liver inflammation, and influenza viruses, that are responsible for contagious respiratory
illness [5].

With regard to the spread, the infectious diseases can be transmitted by means of different routes, such as direct
and indirect when there is or not physical contact, respectively [6]. Moreover, certain diseases can be spread by
insects [7, 8], examples include dengue [9, 10], chikungunya [11], and malaria [12]. Various illnesses are spread
to humans by contact with animals, such as rabies and toxoplasmosis. Rabies is a common and fatal infection
associated with dogs bites and with bats [13]. Toxoplasmosis spreads from eating undercooked meat and contacting
with cat faeces [14].

In 1878, Perroncito [15] reported the first description of the highly pathogenic avian influenza (HPAI). Centanni
and Savonuzzi [16] identified in 1901 that HPAI is caused by a virus. Depending on the virus characteristic, the
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avian influenza is a contagious disease that can be either low or highly pathogenic [17]. The avian influenza can
contaminate not only domestic and wild avian, but also mammalian species, including humans [18, 19]. The avian
influenza type A viruses is divided into multiple subtypes according to the proteins on the virus surface, e.g. H5N1,
H7N9 and H9N2. Since 1997 and 2013, H5N1 and H7N9, respectively, have killed millions of domesticated avian
species and infected humans [20, 21]. Peiris et al. [22] published clinical features of cases of human infection with
H9N2.

There are evidences of seasonal patterns of the avian influenza. The mechanisms that generate seasonality in
the dynamical behaviour of the influenza have been investigated by Berry et al. [23]. Park and Glass [24] observed
seasonal patterns of incidence of avian and human influenza in east and southeast Asia. Gonzales et al. [25]
characterised seasonal patterns related to the avian influenza viruses introducted into free-range layer farms in the
Netherlands. They verified that high risk period for introduction of low pathogenic avian influenza and abundance
of migratory birds are correlated. Tian et al. [26] demonstrated an association between the timing of H5N1 and
bird migration, as well as viral transmission networks in Asia.

Mathematical models in epidemiology have been proposed to describe the transmission and spread of infectious
diseases [27–31]. In 1976, Larson et al. [32] introduced the first mathematical model for the within-host dynamics of
an influenza infection. Malek and Hoque [33] developed a deterministic model of avian influenza with vaccination
and treatment for the poultry farms. Considering a mathematical model, Derouich and Boutayeb [34] analysed
the dynamic behaviour of human infection by avian influenza. They carried out simulations and stability analysis
with different parameter values. Tuncer and Martcheva [35] considered seven models to investigate the mechanisms
which drive the seasonality of H5N1 influenza.

In this work, we study an avian-human influenza model with a seasonal forcing. Our model describes the spread
of the influenza from birds to humans. In humans, the avian influenza can cause different symptoms. It has been
reported mild symptoms, such as headaches and fatigue, as well as severe symptoms, in particular pneumonia. It
is divided into compartments, that are susceptible (S), infected (I) and recovered (R). Iwami et al. [36] constructed
a SI–SIR model without seasonality to study the spread of avian influenza in humans. Tuncer and Martcheva [35]
considered seasonality in a SI–SI model with trasmission from birds to humans. Therefore, our work is a substantial
extension of both papers because we propose a SI–SIR model with a seasonal forcing in the rate in which the birds
evolve to be infected. The bird and human systems are given by the SI and SIR models, respectively. Including
the R compartment in the human population, the modification introduces the possibility of immunity against the
illness. The individuals are removed from the chain of infection. By seasonal forcing of the model parameters, the
number of disease cases can be kept under control, as well as it is possible to observe disease-free regimes. We
verify that the magnitude of the infection peak depends on the rates that birds and humans evolve to be infected.
One of our main results is to show the resurgence of infection after the report of few cases, known as wave, due
to the periodic time-dependent transmission rate. We find that the number of avian influenza waves depends not
only on the parameters, but also on the initial conditions.

The paper is organised as follows. In Sect. 2, the model is presented in detail. In Sects. 3 and 4, numerical
simulations about human infection with avian influenza considering the model without and with seasonality are
discussed, respectively. Finally, Sect. 5 presents our conclusion.

2 Mathematical model

In this paper, the bird and human populations are governed by SI and SIR models, respectively, as represented
in Fig. 1, where the dotted line shows the interaction between them. Humans can only become infected by avian
influenza due to the contact with infected birds. Even with a high death rate, humans can still recover [37]. The
virulence of this disease is higher for birds and, in consequence, the infected birds are dead or remain infected for
the whole life.

The mathematical model is given by

dSb

dt
=ν − ρSb − αSbIb,

dIb

dt
=αSbIb − (ρ + χ)Ib,

dSh

dt
=λ − μSh − βShIb,

dIh

dt
=βShIb − (μ + δ + γ)Ih,

dRh

dt
=γIh − μRh, (1)
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Fig. 1 Compartment diagram of the SI–SIR model, where Sb and Ib are the number of the susceptible and infected bird
populations, respectively, ν is the rate in which the birds are born, ρ is the bird death rate, α is the rate that the birds
evolve to be infected, and χ is the bird death rate due to avian influenza. Sh, Ih and Rh are the number of susceptible,
infected and recovered human populations, respectively, λ is the rate in which humans are born, μ is the human death rate,
β is the effective contact rate from birds to humans, δ is the human death rate due to avian influenza, and γ is the rate in
which the infected humans recover

Table 1 Parameter values
taken from the literature
[35, 42]

Symbol Meaning Value (per day)

ν Bird natality rate 1020/365

ρ Natural bird death rate 1/(2 × 365)

χ Bird death rate due to HPAI 0.37

λ Human natality rate 1000/365

μ Natural human death rate 1/(73 × 365)

δ Human death rate due to HPAI 0.15

γ Human recovery rate 0.2

where the population is divided into five compartments: Sb (susceptible birds), Ib (infected birds), Sh (susceptible
humans), Ih (infected humans) and Rh (recovered humans). Sb and Ib are in units of 107 bird individuals, whilst
Sh, Ih and Rh are in units of 105 people. The parameter ν corresponds to the rate in which the birds are born and
ρ is the death rate of susceptible and infected birds. An additional death rate due to the avian influenza is given by
χ. α is the rate that the birds evolve to be infected, and λ is the rate in which humans are born. The parameter μ
is related to the death rate of susceptible, infected and recovered humans. The parameter β is the effective contact
rate of infective individuals. The parameters δ and γ correspond to the human death rate due to HPAI and human
recovery rate, respectively. Table 1 describes the parameter values taken from the cited references that we use in
our simulations. Due to the fact that the risk of birds transmit avian influenza to humans to be low, β is much less
than α. According to Lucchetti et al. [38], α is approximately equal to 10−4. Tuncer and Martcheva [35] suggested
10−8 ≤ β ≤ 10−11. A seasonal forcing is included in the transmission rate

α(t) = α1 sin[2π(t + ω)] + α2, (2)

where α1, α2 and ω are the amplitude, vertical shift and phase shift, respectively [35, 39]. To ensure that α(t) ≥ 0,
we assume α2 ≥ α1. The sinusoidal function is a first approximation; however, it can represent a linear transfor-
mation of a weather covariate [40]. The advantage is the ease of interpretation and qualitative analysis.

3 Dynamical behaviour without seasonality

An essential way to start the analysis of the model (Eq. (1)) is through the investigation of the dynamical behaviour
near the equilibrium solutions. Such solutions can be obtained by
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ν − ρSb − αSbIb =0,
αSbIb − (ρ + χ)Ib =0,
λ − μSh − βShIb =0,

βShIb − (μ + δ + γ)Ih =0,
γIh − μRh =0, (3)

where α is the rate that the birds evolve to be infected and β is the effective contact rate from birds to humans.
Solving Eq. (3) for Sb, Ib, Sh, Ih and Rh, we find the equilibrium points. In epidemiological systems, we are
interested in two forms of equilibria, the disease-free equilibrium, where there is no disease in the population, and
the endemic equilibrium, where the disease persists in the population.

Considering Ib and Ih equals to zero, we find the disease-free equilibrium, given by

Sb =ν/ρ,
Ib =0,
Sh =λ/μ,
Ih =0,
Rh =0.

A fundamental concept in the context of epidemiology is the basic reproductive number, generally denoted as R0.
It is defined as the number of secondary infectives per index case in a population of susceptibles [41]. In our model,
when all birds are susceptible, we have Sb = ν/ρ. The transmission rate of the disease is α, and the lifetime of an
infected bird is 1/(ρ + χ). Using the standard next-generation method, we compute R0 by means of

R0 = a(FV −1), (4)

where

F =

⎛
⎜⎜⎝

αν
ρ 0

βλ
ν 0

⎞
⎟⎟⎠, (5)

V −1 =

⎛
⎜⎜⎝

1
ρ+χ 0

0 1
μ+δ+γ

⎞
⎟⎟⎠, (6)

and a(A) is the spectral radius, that is defined as the maximum of the absolute values of the eigenvalues of A.
Therefore, R0 for the bird population is determined as

R0 =
αν

(ρ + χ)ρ
.

On the other hand, since no human can infect another individual in our model, there is no meaning for establishing
a R0 for the human population.

Considering all populations greater than zero and solving Eq. (3), the endemic equilibrium is here given by

S∗
b =

ν

ρ

1
R0

,

I∗
b =

ρ

α
(R0 − 1),

S∗
h =

λ

μ + βI∗
b

,

I∗
h =

βS∗
hI∗

b

μ + δ + γ
,

R∗
h =

γI∗
h

μ
.
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The stability of an equilibrium point is associated with the Jacobian matrix of the system. If the real part of all
eigenvalues is less than zero, the stability is ensured. The Jacobian matrix is given by

J =

⎛
⎜⎜⎜⎜⎝

−αIb − ρ −αSb 0 0 0
αIb αSb − ρ − χ 0 0 0
0 −βSh −μ − βIb 0 0
0 βSh βIb −ζ 0
0 0 0 γ −μ

⎞
⎟⎟⎟⎟⎠

,

where ζ = μ + δ + γ. The characteristic polynomial of J is

det(J − ΛI) =[−(αIb + ρ + Λ)(αSb − ρ − χ − Λ)

+ α2SbIb](μ + βIb + Λ)(ζ + Λ)(μ + Λ).
(7)

Therefore, the eigenvalues of the system are

Λ1 = − μ,
Λ2 = − ζ,
Λ3 = − μ − βIb,

Λ4 =
α(Sb − Ib) − 2ρ − χ +

√
Δ

2
,

Λ5 =
α(Sb − Ib) − 2ρ − χ − √

Δ
2

,

where Δ = α2(S2
b + I2b − 2SbIb) − 2αχ(Sb + Ib) + χ2.

The eigenvalues of J evaluated at the disease-free equilibrium are

Λ1 = − μ,
Λ2 = − ζ,
Λ3 = − μ,
Λ4 =αν/ρ − ρ − χ,
Λ5 = − ρ.

The stable disease-free equilibrium occurs when Λ4 < 0, which yields α < ρ(ρ+χ)/ν (R0 < 1), where α is the rate
that the birds evolve to be infected. The equilibrium becomes unstable when Λ4 > 0, which yields α > ρ(ρ + χ)/ν
(R0 > 1).

The eigenvalues of J evaluated at the endemic equilibrium are

Λ1 = − μ − βI∗
b ,

Λ2 = − μ − δ − γ,
Λ3 = − μ,

Λ4 = − ρR0

2
+

√
Δ
2

,

Λ5 = − ρR0

2
−

√
Δ
2

,

where Δ = (ρR0)2 − 4ρ(χ + ρ)(R0 − 1). If Δ < 0, the endemic equilibrium is a stable focus. The state variables Ib

and Sb reach an equilibrium through damped oscillations with period T = 2π/
√

Δ.
It is worth mentioning that we searched for chaotic solutions within the range of parameters described in Table

1, but none were found. Furthemore, in the first model presented by Tuncer and Martcheva [35], there is chaotic
solution, for an SI–SI seasonal model. Selecting the same parameters set as Tuncer and Martcheva, our model
preserves the chaotic orbit for γ = 0.1.

First, we analyse the time evolution of the populations without considering the seasonal forcing effects. We verify
that different solutions are possible by changing the values of the parameters. In Fig. 2a, for α = 1.7 × 10−4 (the
rate that the birds evolve to be infected) and β = 2.3 × 10−9 (the effective contact rate from birds to humans),
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Fig. 2 Time evolution of
the infected birds (Ib) and
infected humans (Ih)
populations in orange and
red lines, respectively. We
consider β = 2.3 × 10−9,
α = 1.7 × 10−4 in a and
α = 3.2 × 10−4 in b, where
α is the rate that the birds
evolve to be infected and β
is the effective contact rate
of infective individuals. The
initial conditions are given
by Sb(0) = 103, Ib(0) = 10,
Sh(0) = 8 × 104, Ih(0) = 0,
and Rh(0) = 0. For
t greater than 4000 days in
the panel (b), Ib and Ih go
to steady points,
corresponding to endemic
solutions. Sb and Ib are in
units of 107 bird
individuals, whilst Sh, Ih
and Rh are in units of 105

people
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we observe a disease-free solution, where the populations of infected individuals are extincted after a time period.
In this case, once R0 = 0.93. For α = 3.2 × 10−4 and β = 2.3 × 10−9, which corresponds to R0 = 1.76, we see that
the infected bird and human populations do not go to zero, as well as the avian influenza does not disappear, as
displayed in Fig. 2b, characterising an endemic solution.

We compute the parameter space α × β for the maximum number of infected humans (Ihmax) in a time interval
equal to 4 years and a transient time equal to 2 months, as shown in Fig. 3. The colour bar corresponds to the
values of Ihmax . For α < 10−4, there is a non-significant number of infected humans. This occurs due to the fact
that, in this region, the R0 value is close to 1. For α = 1.8×10−4 we get R0 = 1, highlighted by the vertical dotted
white line. Increasing α and β, we observe that the avian influenza spreads from birds to humans. For α < 4×10−4,
Ihmax does not depend on β. In the range R0 < 1, there is no success in the disease invasion. Therefore, depending
on α, it can be observed not only a disease-free, but also an endemic solution. According to our simulations, α
plays an important role in the maximum number of infected humans.

Fig. 3 Parameter space of the effective contact rate of infective individuals versus the rate that the birds evolve to be
infected (β × α) for Sb(0) = 103, Ib(0) = 40, Sh(0) = 8× 104, Ih(0) = 0, and Rh(0) = 0. The colour bar corresponds to the
maximum number of infected humans (Ihmax). For α < 1.8 × 10−4, there is a non-significant number of infected humans.
This occurs due to the fact that α = 1.8 × 10−4 defines the threshold R0 = 1 (white dashed line). Sb and Ib are in units of
107 bird individuals, whilst Sh, Ih and Rh are in units of 105 people

123



Eur. Phys. J. Spec. Top.

4 Dynamical behaviour with seasonality

Seasonal cycle of diseases has been identified in many viral infections, for instance influenza. There has been
studies about the seasonality of avian influenza waves. Potdar et al. [43] reported a human case of avian influenza
in India, coinciding with the monsoon season in India. Seasonal behaviour was also observed in poultry outbreaks
in Indonesia, Egypt and Vietnam [35].

We introduce now a seasonal forcing according to Eq. (2) and investigate the dynamical behaviour of the avian
influenza model given by Eq. (1). Considering a time-dependent transmission rate α(t), the basic reproduction
number can also vary with the time in the form R0(t) ∝ α(t). The transmission rate α(t) achieves a maximum
value when sin[2π(t + ω)] = 1, i.e. αmax = α1 + α2, where α1 is the amplitude and α2 is the vertical shift of
the transmission rate related to the seasonal forcing. The minimum value occurs when sin[2π(t + ω)] = −1, i.e.
αmin = α1 − α2. Therefore, due to the condition α1 ≤ α2, the maximum (R0

+) and the minimum (R0
−) basic

reproduction numbers are given by

R0
± =

(α2 ± α1)ν
(ρ + χ)ρ

. (8)

Calculating the derivative of the fourth equation in Eq. (1), we get

d2Ih

dt2
+ (μ + δ + γ)

dIh

dt
= F (β, Sh, Ib, Ṡh, İb). (9)

Depending on the parameters, the differential equation can exhibit oscillating solutions, namely waves of infection.
In addition, these oscillations are sustained by the external forcing that appears in F (·).

In the peak wave, the first derivative is equal to zero. Setting the fourth equation in Eq. (1) equal to zero, we
obtain

Ih =
β

μ + δ + γ
ShIb. (10)

By means of the third equation, we get

ShIb =
1
β

(
−dSh

dt
− μSh + λ

)
, (11)

that gives

Ih =
1

μ + δ + γ

(
−dSh

dt
− μSh + λ

)
. (12)

The differential equation inside the parentheses has an exponential solution. Therefore, for the parameters consid-
ered in this work, the peak values decay exponentially.

In Fig. 4, we vary the initial conditions Ib(0) and Sb(0) for Sh(0) = 8×104, Ih(0) = 0, and Rh(0) = 0, considering
4 years and a transient time equal to 2 months. Figure 4a displays Ihmax in the colour bar from 0 to 0.08. The dark
blue regions show the initial conditions related to the birds in which the maximum number of infected humans is
non-significant. In the red regions, the avian influenza infects a higher number of humans. In Fig. 4b, we plot the
day (τ) on which the Ihmax occurs. The blue and red regions exhibit the smaller and higher values of τ . Depending
on the initial conditions, it is possible to see that a high value of Ihmax can appear in a short time.

Figure 4 shows the existence of a subset of initial conditions in the phase space, known as basin of attraction,
that leads the trajectories to Ihmax > 0.07, as displayed in the panel (a). The topological structure is not trivial
and the basin boundaries are smooth. Comparing the panels (a) and (b), the τ value is small for a large subset of
initial conditions, mainly for Ihmax > 0.07.

We compute the parameter space α1 × α2 for Sb(0) = 103, Ib(0) = 40, Sh(0) = 8 × 104, Ih(0) = 0, Rh(0) = 0,
β = 2.3 × 10−9 (the effective contact rate of infective individuals), and ω = 0.9707, as displayed in Fig. 5. The
white colour corresponds to the forbidden region, i.e. α1 > α2. In Fig. 5a, the red regions exhibit Ihmax ≈ 0.3,
whilst the blue regions show values close to 0 for small α2. Figure 5b displays the amount of avian influenza waves
in humans (colour bar), namely the number of epidemic peaks in a time interval equal to 4 years. A wave indicates
that the number of infected individuals is rising, namely there is a defined peak and then a decline. The number
of infection waves in humans is based on the local maximum values of Ih. The local maximum is defined as the
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Fig. 4 Ib(0) × Sb(0) for
Sh(0) = 8 × 104, Ih(0) = 0,
and Rh(0) = 0. The colour
bars correspond to Ihmax

and τ in the panels (a) and
(b), respectively. We
consider β = 2.3 × 10−9

(the effective contact rate
from birds to humans) and
α (the rate that the birds
evolve to be infected)
varying with time according
to Eq. (2), where
α1 = 5.11 × 10−5,
α2 = 3.26 × 10−4, and
ω = 0.9707. Sb and Ib are in
units of 107 bird
individuals, whilst Sh, Ih
and Rh are in units of 105

people

Fig. 5 Parameter space
α1 × α2 for Sb(0) = 103,
Ib(0) = 40, Sh(0) = 8 × 104,
Ih(0) = 0, and Rh(0) = 0.
We consider β = 2.3 × 10−9

(the effective contact rate of
infective individuals) and
ω = 0.9707. The colour bars
correspond to Ihmax and the
amount of waves in the
panels (a) and (b),
respectively. For α1 > α2

(white region), prohibited
region. Sb and Ib are in
units of 107 bird
individuals, whilst Sh, Ih
and Rh are in units of 105

people

greatest value within a given interval time. The number of waves corresponds to the quantity of local maximum
Ih in 4 years.

Figure 6 displays three and nine waves in blue (α1 = 2.2×10−4 and α2 = 3.2×10−4) and orange (α1 = 1.6×10−4

and α2 = 9.4 × 10−4) colours, respectively, according to Fig. 5b. The patterns are composed of peaks and valleys.
Increasing α2, we find that the amount of waves increases.

Figure 5 displays a significant dependence of Ihmax and the amount of waves on α2. Computing the parameter
values (α1 and α2) and observing the changes in the behaviour of the solutions, we verify the appearance of fixed
points. We again do not find chaotic behaviour in the range of the considered parameters.

We propose a periodic variation on β (the effective contact rate from birds to humans) that increases from
2.3 × 10−9 to 4.6 × 10−9 during the winter, as displayed in Fig. 7. With a seasonal forcing in α (the rate that
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Fig. 6 Time evolution of
Ih for α1 = 2.2 × 10−4 and
α2 = 3.2 × 10−4 showing
three waves (blue line) and
for α1 = 1.6 × 10−4 and
α2 = 9.4 × 10−4 exhibiting
nine waves (orange line) in
a time interval equal to 4
years. Sb and Ib are in units
of 107 bird individuals,
whilst Sh, Ih and Rh are in
units of 105 people

Fig. 7 Temporal evolution
of β (the effective contact
rate from birds to humans)
considering β =
2.3 × 10−9[1 + ε sin(2πΩt)],
where Ω = 5 × 10−4 and ε
equal to 1 (winter) or 0
(other seasons)

the birds evolve to be infected) and a variation in β, we calculate the amount of waves as a function of the initial
conditions related to the susceptible and infected bird populations.

Figure 8a and b displays the waves as a function of Ib(0) and Sb(0) for β = 2.3 × 10−9 and β (the effective
contact rate from birds to humans) increasing in the winters, respectively. We consider Sh(0) = 8×104, Ih(0) = 0,
and Rh(0) = 0. Comparing Fig. 8a with 8b, we see that the amount of waves increases when a small change in β
during the winter is considered. The orange and red regions that are associated with 4 and 5 waves, respectively,
have a considerable increase.

In Fig. 8, we identify subsets of initial conditions, namely basins of attraction, in which the solutions tend to
different amount of waves. Hence, they are different attractors with smooth basin boundaries. The seasonality
plays an important role in the basin structure.

In our simulations, we verify the dependence of the maximum number of infected humans on the initial conditions
related to the birds. The amount of waves in humans also depends on the initial conditions. By varying α1 and
α2, we observe changes in Ihmax and in the amount of waves.

5 Conclusion

Infectious diseases are illnesses caused by pathogens, such as viruses and bacteria. They can be spread between
individual from the same or different species. The flu is an example of common infectious diseases caused by
viruses. The avian influenza, also known as bird flu, spread amongst wild birds and domestic poultry, and can also
be transmitted to some mammalian species, including humans.

In this work, we study a seasonal avian-human influenza epidemic model. It is a compartmental model composed
of bird and human systems. The bird system is separated into susceptible and infected birds (SI model), whereas the
human system is divided into susceptible, infected and removed individuals (SIR model). We include a seasonality
in the effective contact rate of infective humans. We consider parameter values from the World Health Organisation
[42]. Our results are in agreement with the number of cases of H5N1 avian influenza in birds and humans collected
in Indonesia and the rest of the World reported by Tuncer et al. [35].

123



Eur. Phys. J. Spec. Top.

Fig. 8 Ib(0) × Sb(0) for
Sh(0) = 8 × 104, Ih(0) = 0,
and Rh(0) = 0. The colour
bar corresponds to the
amount of waves. We
consider β = 2.3 × 10−9 in
the panel (a) and β(t)
varying according to Fig. 7
in the panel (b). Sb and Ib
are in units of 107 bird
individuals, whilst Sh, Ih,
and Rh are in units of 105

people

Without seasonality, the maximum number of infected humans depends not only on the effective contact rate
from birds to humans, but also on the rate that the birds evolve to be infected. It is possible to observe disease-free,
as well as the situation in which the disease is endemic, namely the infectious is constantly present.

Considering a seasonal forcing in the rate that the birds evolve to be infected, we compute the maximum number
of infected humans (Ihmax) and avian influenza waves in humans. By varying the initial conditions related to the
susceptible and infected bird populations, we mainly find that a high number of infected humans can appear in a
short time. The amount of waves increases when a small increase in the effective contact rate from birds to humans
during the winter is considered. In this work, we show that the initial conditions and the parameters related to
the bird populations play an important role in the transmission of avian influenza from birds to humans. All in
all, the seasonal forced model has significant infection numbers and a more complex dynamical behaviour than
the infected one.

Instead of using a SI–SI model, we choose one SI–SIR, once the humans are infected and acquire immunity against
an illness. The SI–SI model is adequate when the individuals become sick for the whole life. If the individuals
cannot be reinfected, similar conclusions can be obtained in the SI–SI model.

The existence of basin of attraction was shown by Yakubu and Ziyadi [44] in a zoonotic infectious disease model
with demographic strong Allee effect. They studied the Feline immunodeficiency virus that is responsible for the
AIDS in cat populations. We find basin of attraction in which the initial conditions can lead to different amount
of waves. Recently, seasonal waves of pathogenic avian influenza were reported in Japan and South Korea [45].

Concerning the epidemiological aspects, confirmed human cases of avian influenza in China from 2013 to 2017
were analysed by Artois and collaborators [46]. Tadmon and collaborators [47] proposed a two-strain avian-human
influenza model. The human-to-human transmissions occur due to an avian influenza virus strain. The existence
and stability of equilibrium points were studied. They demonstrated that the quarantine of infected humans can
be a control strategy of transmissions. In future works, we plan to include infected humans with the mutant strain.

Our results contribute to show that the initial condition estimation can improve the precision of epidemic
modelling related to avian influenza waves in humans, supporting more effective public health policies.
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(Grant 304616/2021-4), CAPES, Fundação Araucária, and FAPESP (Grants 2024/05700-5, 2025/02318-5, and 2025/05453-
0). E.C.G. thanks the financial support from Coordenação de Aperfeiçoamento de Pessoal de Nı́vel Superior - Brasil (CAPES)
- Finance Code 88881.846051/2023-01. We would like to thank URL: www.105groupscience.com.

Funding The Article Processing Charge (APC) for the publication of this research was funded by the Coordenação de
Aperfeiçoamento de Pessoal de Nı́vel Superior - Brasil (CAPES) (ROR identifier: 00x0ma614).

123



Eur. Phys. J. Spec. Top.

Data Availability The data that support the findings of this study are openly available in Zenodo at https://doi.org/10.
5281/zenodo.17992598 and in Github at https://github.com/ ecgabrick/Seasonal_avian_flu_model.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which permits
use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons licence and
your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References
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