
ELSEVIER 

19 September 1994 

Physics Letters A 193 (1994) 89-93 

PHYSICS LETTERS A 

Magnetic structure of toroidal helical fields in tokamaks 

L.H.A. Monteiro, V. Okano, M.Y. Kucinski, I.L. Caldas 1 
Instttuto de Fistca, Umverstdade de S~o Paulo, C P 20 516, 01452-990, Sao Paulo, SP, Brazd 

Received 23 January 1994, revised manuscript received 22 April 1994, accepted for publication 14 July 1994 
Commumcated by M Porkolab 

Abstract 

Using an averaging method to solve the differential field line equations, we present a simple procedure to determine analyti- 
cally the mare magnetic islands structure of toroldal tokamak plasmas perturbed by resonant hehcal windings Analytical results 
are compared with Pomcar~ maps. for small perturbations the sizes and the posmons of the islands agree well, even for satelhte 
islands 

1. Introduction 

Resonant hehcal windings ( R H W )  have been 
widely used in tokamaks to control and to investigate 
the nature of  the disruptive mstabihties [ 1-4 ]. Per- 
turbations due to R H W  just below a critical value can 
inhibit the Mirnov OsclllaUons. An explanation o f  this 
stabilizing effect has been suggested by the Pulsator 
Team [ 1 ]: R H W  create a fLxed island structure within 
the plasma that would hinder a rotaUon of  the M H D  
modes. Increasing the helical field, minor  disrup- 
tions occur m the resonant surface and nelghbourlng 
rational surfaces until the confinement is totally lost, 
these d~sruptions can be explained in terms of  ran- 
domlzat lon o f  the magneUc field lines. 

Several authors have used different techniques and 
approximations m order to determine the magnetic 
islands structure o f  a tokamak plasma perturbed by 
RHW. Finn [ 5 ] obtained numerically this structure 
for a large aspect-ratio tokamak. Els~isser [6 ] and 
Cary and Llttlejohn [ 7 ] employed the Hamdton lan  
formalism m their analytical analysis. Camargo and 
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Caldas [8 ] calculated an average vector potential 
which describes average magnetic surfaces for this 
same system. 

In this work we present an alternative procedure to 
solve this problem. We wish to stress two points o f  
our  work: ( 1 ) the toroldal shape o f  the tokamak is 
considered: as consequence a single helical perturba- 
tion mode (m, n) creates magnetic islands not only 
at the pnnclpal  resonance region q =  m / n ,  but also at 
q= ( m +  1 ) / n  (q is the safety factor),  and magnetic 
islands appear with different sizes on the same ra- 
tional surface; (2)  expressions for the magnetic sur- 
faces around resonances are determined analytically 
applying an averaging method [ 9 ] to solve the differ- 
ential field line equations. Analytical results are com- 
pared with Polncar6 maps obtained by numerical in- 
tegration o f  the field hne equations, using typical 
parameters o f  tokamak TBR-1 [ 3 ]. These maps are 
useful in stability analysis and help to find an ade- 
quate helical current to control the magneUc 
oscillations. 

Below, we wdl show how to calculate the equilib- 
r ium plasma field, the R H W  field and the magnetic 
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structure of  the per turbed plasma using the analyhcal 
method 

2. Equilibrium plasma field 

A new set o f  coordinates (Pt, Or, (o) called " toroldal  
polar"  has been introduced to describe toroldal sys- 
tems [lO] (see Fig. 1). These coordinates can be 
written in terms of  local polar  coordinates (p, O, ~o), 

Pt =P[ 1 -- ( p / R o , )  COS O+ (p/2Ro,) 2] 1 /2  

sin 0t = sin 0 [ 1 - (p/Ro,) cos 0 

+ (p/2Ro,)Z] -~/z, (2.1) 

where 

Ro,=Ro [ 1 + ½ (a/Ro) 2 ] . (2 2) 

Ro and a are the major  radius and the radius of  hmi-  
ter, respectively. Pt, 0t and ~o have the meaning of  ra- 
dial, pololdal and toroldal coordinates For  large as- 
pect ratio (Ro/a>> 1 ) Pt and 0t become p and 0, 
respecUvely. 

The  Grad -Sha f r anov  equation was written and 
solved m these new coordinates [ 10]. The magnetic 
poloxdal flux (2n~Up) of  the magnetic field Bo of  the 
p lasma in static M H D  axially symmetr ic  equdlbr ium 
1S 

~p(Pt, Or) = ~c(Pt) 

pt 
(23) 

~c(P) is the pololdal flux function of  a straight cyhn- 
dncal  p lasma with an arbitrary current density distri- 
bution Jz. A (p) is obtained f rom the expression 

P 
1 ; ,2 

A(p)=p27t,¢ 2 ~¢ d p + f l v -  1, (2.4) 
0 

where fly is the poloidal beta. It  xs impor tant  to note 
that  the surfaces with constant 7'p contain the field 
lines ofBo (Bo .V~p=0)  

The physical components  of  Bo are 

1 0 ~ p  1 0 ~ p  
Bow= Ro, 0~t ' Boo , -Ro ,  apt ' 

UoI(~u~) (2.5) 
Bo~, = - R ' 

where 

R = R ~ - p  cos 0 (2 6) 

and I (Up)  xs the pololdal current function 

3. Perturbed plasma field 
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Fig. 1. Coordinate surfaces ( ) constant-0t surfaces, (- - -)  
constant-p surfaces, ( ) constant-pt, surfaces 

The R H W  are pairs o f  conductors carrying cur- 
rents + IH wound on the tokamak  vessel o f  radius 
Pt = av, as shown xn Fig. 2. After m toroidal and n po- 
loidal turns a conductor  returns to the same position. 

Due to the toroidal geometry,  different m modes 

t . O¥ 

Fxg 2 Three pairs of conductor carrying currents + Ix wound on 
the tokamak vessel of radms Pt = a~ 
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with the same number n are created, each one de- 
scribed by a scalar potential qb [ 11 ], 

b=VcP, 

tp= Boln sln(mot-n~0) (3.1) 

where b is the field corresponding to the resonant 
mode (m, n). 

The magnetic field B of the perturbed plasma is 
taken as a simple superposltion of the equihbnum 
field Bo with the small field b associated to one reso- 
nant mode (m; n), 

B = B o + b .  (3.2) 

For marginally stable states, when the plasma re- 
sponse is considerable, this approximation may not 
be valid. Otherwise, b can be thought of as the result- 
ant perturbation 

4. Averaging method 

The averaging method requires that the total field 
B must be written as a sum ofa  symmetnc field Bo(pt, 
ot) and a small perturbation b(pt, ot, ¢) that breaks 
this symmetry. 

The field line equation 

B x d l = 0  (4 1) 

is written in terms of the coordinates 

x '-= ~p(p,, o t ) ,  (4.2) 

x 2 -  u= mot - n~o ( m, n Integernumbers) ,  

X 3 =  Ot , (4.2) 

as a two-dimensional system of equations, 

b 
dot - (Bo+b).Vot' 

du (Bo+b) 'Vu  
dot- (Bo+b) VOt' (4 3) 

where Bo'V~p=0. This is a non-autonomous system 
in the sense that the fight hand sides depend explic- 
itly upon ot. All the physical quantities are periodic 
functions of ot with periodicity L = 2zr. 

In the averaging method developed by Bogolyubov 

et al. [9,12] the field line equations are wntten in 
terms of average coordinates x - i  and x -2  instead of 
x I and x2 

We use the same notation as Morozov and So- 
lov'ev [ 9 ] to define f, l a n d  f, 

2rt 

f ( x  l, .2 2) = ~ f ( g ' ,  X 2,/gt) dot, 
0 

f (X ' ,  X 2, O) = f - f ,  

Ot 

f(x',  X 2, ot) = Jfdot ,  (4.4) 
0 

where the integrations are carried out with fixed X "~ 
and y2. 

By applying this method to solve Eqs. (4 3), we 
obtain the following average equations, valid around 
the resonant (equilibrium) surface corresponding to 
safety factor q = tn/n, 

d~p 0 ~  dr/ 0 ~  
d--~t ~ - - n  aft '  dot ~-n o-~p ' 

with the function ~defined as 

~(~p ,  f f ) -  l ~ B do 

2~ 
1 

\ B - - ~ t  ] \B--~-~t ] dOt. (4.6) 
0 

da  is an element of the toroidal helical surface 
x : =  const bounded by a magnetic surface of the un- 
perturbed system (Tp=const)  Terms of order of (b/  
Bo)2 were not considered. For the TBR-I [ 3 ] the 
perturbations on the pololdal equilibrium field com- 
ponent due to helical currents are of the order of 1%. 

The system of equations (4 5 ) is equivalent to 

V~(~p, a) dl-~O (4.7) 

Thus, the surfaces 

T( ~p, a) =const (4.8) 

contain the average field hnes of B around q= m/n.  
The "real" (approximate) positions of magnetic 

field lines are obtained from average positions by 
[9,12] 
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o 1 5  

~Pp~- ~p +O( b/Bo) , 

Bo V u  
u ~ - R +  - -  + O ( b / B o )  (4 9)  

Bo.V0, 

Only dominan t  terms are main ta ined  in each 
expression 

Using (4 6) we can der ive an explicit  expression 
for g~wxth Bo and b a l ready given, taking into account 
the correct ions to the average lines given by (4 9) 
The magnetic  structure of  B a round  q =  rn/n can be 
analyt ical ly de te rmined  without  direct ly Integrating 
of  Eqs. (4 3) 

Satellite islands are found in the nelghbourlng ra- 
t ional  surfaces (with q =  (rn + 1 ) / n  ) by choosing the 
coordinate  x 2 to be 

xZ-(m+_l )Ot-n@ 

and following a s imilar  procedure.  

5. Numerical method 

The field line equat ion BX d l =  0 is numerical ly  in- 
tegrated and m a p p e d  Each poin t  is the intersect ion 
o f  the magnet ic  line with a transversal  plane after one 
tormdal  turn  

The maps  are made  using typical  values of  TBR-1 
[3] :  I p = 9  kA (p lasma current ) ,  R 0 = 3 0  cm (major  
rad ius) ,  a = 8  cm (radius  o f  the hml t e r ) ,  av=  11 cm 
(radius  o f  the vessel) ,  Boe=0.5 T, A(a) = 0  28 The 
current  densi ty  d is t r ibut ion  J~ chosen to describe the 
TBR-1 equi l ibr ium is 

J :  = c o n s t X  [1 - (p/a) 2 ] 3 (5 1 ) 

Wi th  this  choice q (0 )  -~ 1 and q ( a )  = 4. 
In Figs. 3 and 4, the map  (A)  is numerica l  and the 

(B)  is analyt ical  These maps  are made  for hehcal  
current  In  = 90 A in a t ransversal  plane ~ = ~z In Figs 
3A and 3B, the pr incipal  mode  is m/n=2/1  and in 
Figs 4A and 4B, re~n=3~1 Note  that  the posi t ions 
of  the 2/1 islands are s imilar  in Figs 3 and 4, but  not 
the posi t ions o f  3/1 islands! This fact is general for 
any plane @ and for any helical current  intensi ty 

The stochastic behav iour  of  the field hnes a round  
the separatr lces that  are observed on the numerical  
maps  was analysed analyt ical ly in Ref. [ 13 ] One dif- 
ference between the analyt ical  me thod  used m this 
work and that  one used in Ref  [ 13 ] is that  in our 
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Fig 3 (A) analyUcal map (B) Numerical map Principal mode 
m/n = 2/1 Hehcal current IH = 90 A Transversal plane @ = ~ All 
other parameters have typical values of tokamak TBR-1 

case the function T (which specifies the average 
magnetic  surfaces) can be interpreted as a magnetic  
flux. Another  difference is that  the method  of  Ref. 
[ 13 ] is more precise but  a htt le more  complex than 
the method  presented here 

As we can observe, there is a good agreement  be- 
tween the average magnetic  surfaces and the Poln-  
car6 maps  for the sizes and posi t ions of  the islands 
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Ftg 4 The same as m Figs 3 for pnnclpal mode m/n=3/l  

6. Conclusions 

In toroldal  tokamak  plasmas a single per turba t lve  
helical mode  (m; n)  causes the fo rmat ion  o f  islands 
at ra t ional  surfaces with q =  m / n  (pr incipal  i s lands)  
and  q =  (m+_ 1 ) / n  (satell i te i s lands) .  Our  theory 
predicts  this phenomenon  as a consequence o f  to- 
roidimty Also, due to the toroidal  geometry,  the 1s- 
lands on the same resonant  surface do not  have equal 
widths These results are shown in our  analytical  maps  

and  agree qui te  well (special ly for small helical cur- 
rent  ampl i tudes )  with those ob ta ined  by numerical ly  
integrat ing the field line equations.  

Fo r  small  values of  the rat io between the external  
hehcal  current  and  the p lasma current  IH/Ip = 1% the 
pnnc lpa l  and  satelhte islands a l ready almost  over lap 
and,  therefore,  higher current  ampl i tudes  would in- 
duce p lasma disruptions.  

The analyt ical  me thod  used to calculate the mag- 
netic structure of  toroldal  axially symmetr ic  p lasma 
under  influence of  small  per tu rba t ion  is adequate  to 
further theoret ical  analysis of  s tabil i ty [14] and 
t ranspor t  [ 15]. The apphca t lon  o f  the averaging 
me thod  turned  out  to be s imple due to the convc- 
merit  choice o f  the coordinates .  Our  procedure  could 
bc general ized to include p lasma response by writ ing 
the total  magnet ic  field as a sum of  a symmetr ic  field 
and a small term that  breaks this symmetry,  this small 
te rm would contain  the per turba t ion  and the p lasma 
response (which is o f  the same order  o f  magni tude  as 
the per tu rba t ion) .  
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