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Common statistics of turbulent electrostatic fluctuations observed at the plasma edge and scrape-off
layer are analyzed in three tokamak devices that have different configurations. The statistics of
experimental data collected using fixed sampling time is the same than the statistics of the time for
which the oscillation return to a specified reference interval of values. This observation, in addition
to the finding of power-scaling laws for some average quantities with respect to either the sampling
time or the size of the reference interval, suggests that turbulence on tokamaks have recurrent
characteristics, typical of a recurrent chaotic low-dimensional system. Furthermore, the first
Poincaré recurrence time and other dynamical tools are used to simulate the mentioned fluctuation
statistical properties. © 2001 American Institute of Physics. 关DOI: 10.1063/1.1401117兴

I. INTRODUCTION

from a system that presents mixed spatial dimension and
structures with different time scales. Dynamical system
theory is also applied to explain the existence of powerscaling laws for the average width of the distributions of the
fluctuations observed on the data.
Here, we analyze the statistics of the fluctuating electrostatic measurements of three tokamaks, TEXTU 共Texas University Tokamak兲,16 CASTOR 共Czech Academy of Sciences
Torus兲,17,18 and TBR 共Brazilian Tokamak兲,19,20 with different
field configurations and plasma profiles and specific electrostatic turbulent behavior.
As the result of complex interaction of nonlinear
processes,21–24 electrostatic plasma edge fluctuations are believed to present statistics of both chaotic11,12,25 and stochastic systems.26 The former are deterministic, while the later
are probabilistic, and only the former are sensible to initial
conditions. Our description accounts for this once the first
Poincaré return time, even though it can only be generated
by a deterministic chaotic system, has properties of variables
on the boundary between the chaotic deterministic behavior
and the stochastic behavior. In fact, such chaotic measure can
be used as a way to generate pseudorandom numbers.27,28
The outline of this paper is as follows: Sec. II gives a
brief description of the analyzed experimental data. In Sec.
III, we describe a few statistical properties of the experimental data, which we show to be typical of a low-dimensional
system presented in Sec. IV to construct a statistical model
for the fluctuations observed in the TEXTU tokamak. The
application of this model for the other tokamaks is shown in
Sec. V. In Sec. VI we summarize the conclusions of this
work.

The interest in plasma-edge turbulence in confinement
devices is based on the evidence that improvements of
plasma confinement depend on the plasma edge behavior.1,2
Remarkably, experiments show that anomalous edge particle
transport is induced by electrostatic turbulence.3 Thus, it is
important to identify the main characteristics of this turbulence and its dynamics.
Turbulent data, as obtained by plasma fluctuations, atmosphere fluctuations, flow velocity of oceanic streams, and
others, have been extensively analyzed using lowdimensional tools.4 –12 However, the results are not always
conclusive, and the main reason is that turbulent data reflects
a dynamics dominated by structures of mixed dimension and
different time scales, not comprised in those lowdimensional tools. Here, we propose another tool of analysis
that measure the turbulent data in accordance with structures
varying on space–time.
The main purpose of this work is to report new recurrent
properties of tokamak turbulence and to use dynamical system theory to explain these statistical properties. We propose
that a recurrent measure of chaotic dynamics, the first Poincaré return time,13 is the proper tool to simulate such statistical observations. So, recurrent chaotic measurements14,15
lead us to describe the observed turbulence recurrence as the
result of dynamically recurrent cycles. As a consequence of
these cycles, the statistics of experimental data collected using fixed sampling time is the same than the statistics of the
time for which the oscillation return to a specified reference
interval of values. This analysis is robust to data obtained
a兲

Electronic mail: murilo@if.usp.br

1070-664X/2001/8(10)/4455/8/$18.00

4455

© 2001 American Institute of Physics

Downloaded 18 Mar 2008 to 143.107.134.77. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp

4456

Phys. Plasmas, Vol. 8, No. 10, October 2001

Baptista et al.

II. EXPERIMENTAL DATA

Initially, we summarize the fundamental characteristics
of electrostatic turbulence observed in three tokamak devices
that have different configurations: TEXTU,16 CASTOR,17,18
and TBR.19,20
In TEXTU, the main parameters were major radius R 0
⫽1.05 m, minor radius a⫽0.27 m, toroidal magnetic field
B t ⫽2.0 T, plasma current I p ⫽200 kA, chord averaged density n 0 ⫽2.5⫻1019 m⫺3, pulse length of 100 ms, and safety
factor at the limiter q(a)⬇3.5. Data were collected by a
probe positioned at the top of the vessel that measures floating potential fluctuations, V, at the radial position r/a
⫽1.01.16 Signals were sampled at a rate of 2 MHz, for simulations we choose a time series of 75 ms.16
In CASTOR tokamak, data were collected in the scrapeoff layer by two arrays of Langmuir probes 共ten tips spaced
poloidally by d⫽0.005 m兲, which were spaced toroidally by
0.010 m.17,18 The first array measured the ion saturation current and the second one measured the floating potential. The
main plasma parameters in this experiment were major radius R 0 ⫽0.40 m, minor radius a⫽0.085 m, toroidal magnetic field B t ⫽1.0 T, plasma current I p ⫽6.0 kA, pulse
length of 25 ms, and safety factor at the limiter q(a)⬇15.
We choose for the analysis the floating potential from the
probes located in the equatorial plane measured at r/a
⫽1.06. Signals were sampled at a rate of 308 kHz. Calculations were done on samples after high-pass digital filtering
with a cutoff frequency of 1.5 kHz.
In TBR, data were collected at plasma edge and in the
scrape-off layer from a multipin Langmuir probe.19 This
multipin tungsten probe was composed by four tips, a four
pin probe array, and a single probe tip. The main plasma
parameters in this experiment are major radius R 0 ⫽0.30 m,
minor radius a⫽0.08 m, toroidal magnetic field B t ⫽0.4 T,
plasma current I p ⫽10 kA, chord average density n 0 ⫽1
⫻1019 m⫺3, pulse length of ⬇8 ms, and safety factor q(a)
⫽4.5. The considered floating potential fluctuations were
measured at r/a⫽0.85. The data sampling frequency was 1
MHz, time series measurements of approximately 4 ms were
averaged and recorded over seven consecutive shots. The
present analysis consider the fluctuations with or without external resonant magnetic field perturbation. The magnetic
field perturbation was created by m/n⫽4/1 electric current
circulating in a set of resonant helical windings 共RHW兲 located externally around the torus. The current circulating in
those windings was adjusted at I h ⫽280 A, 19,20 and it was
switched on after the plasma current has reached steady values. The resonant magnetic perturbation changes remarkably
the equilibrium parameters and fluctuating quantities at the
plasma edge.

III. ANALYSIS OF TURBULENCE

Generally, for turbulence measurements, the space where
such dynamics is reconstructed29–31 is higher dimensional.
Such space is called embedding space and its dimension,
D e , must respect the formula by Takens,29 D e ⭓2D 0 ⫹1,
where D 0 is the fractal dimension of the data.

FIG. 1. Sample of the normalized fluctuating plasma potential, eV(t)/kT e ,
in the tokamak TEXTU. Sampling rate  ⫽0.5  s.

Reconstructing the dynamics even for higherdimensional systems can be 共after some effort兲 achieved.
However, we cannot say the same for hard turbulent systems,
where such reconstruction tools have given no convincing
results, as for weather evolution data,4 where a large series of
papers have dealt with this subject. We argue that previous
dynamical tools are not efficient to describe the dynamics of
hard turbulent systems, because it presents structures with
different dimensions and different spatial scalings. However,
previous tools may be useful to describe soft turbulence with
low dimension variability.32,33 In fact, convection is a process of flows which can be well described by tools of lowdimensional systems.
A consequence of having a system with different dimensions is that its evolution cannot be well described by the
trajectory, but only by statistical measurements. Consequently, a statistical analysis based on a scalar dynamical
tool would be appropriate to describe turbulence. Such tool
is the Poincaré first return time, which measures the time a
chaotic trajectory takes to return to some interval of size ⑀ in
the phase space.13
There are two basic measurements, represented by M t
and M s , to collect data from an experiment. We either set a
sampling time and then measure some quantity using that
time interval window (M t ), or we set some state we want to
observe, and then, measure the time the system takes to return to that state (M s ). The first kind of measurement is
usually the one used to make measurements. The second
kind is frequently used when there is no way to make measurements of the first kind, as is the case for the spikes in
neurons,34 the time interval between drops in the dropping
faucet experiments,35 and heart beats.36 These procedures
can be applied to the tokamak measurements, by analyzing
the statistical properties of either M t or M s .
In order to explore these dynamical interpretations of the
turbulent fluctuations, we initially analyze data from the
TEXTU to characterize the recurrent statistic of turbulence in
the scrape-off layer. Figure 1 shows a sample of the normalized plasma potential fluctuations, eV(t)/kT e , considered in
this work. In Fig. 2 we see a magnification of Fig. 1, with
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FIG. 2. Magnification of the box in Fig. 1, showing the values V n
⫽eV(n  )/kT e . Sampling rate  ⫽0.5  s.

squares representing the values V n ⫽eV(n  )/kT e . In this
figure  ⫽0.5  s, where  is the sampling rate, much lower
than the autocorrelation time of this data that is approximately 9  s. 16
Initially we analyze a measurement of type M s . For this,
we measure the time, T n , for which V n reaches a reference
interval I⫽ 关 ⫺ ⑀ , ⑀ 兴 , with ⑀ ⫽0.016. In Fig. 3 we show a
schematic representation on how we measure the series of
T n . The value of ⑀ is chosen such that is considerably bigger
than the experiment precision and small enough to have
many different values of return times, i.e., T n must have
significant statistics. Within this interval, the results are not
sensible to changes in ⑀.
We first note that the probability distribution of T n ,
 (T n ), which can be seen in Fig. 4, is a Poisson distribution
given by

 关 T n兴 ⫽  e ⫺Tn

共1兲
⫺1

共obtained by the fitting兲,
with  ⫽0.0116⫾0.0003 (  s)
具 T n 典 ⫽21.8  s, the average value of all T n ’s, obtained by the
data 共as expected  ⫽1/具 T n 典 兲.
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FIG. 4. Distribution of the return time of the fluctuations, for the experimental data shown in Figs. 1 and 2.

Another verification about the data is that there is a
scaling-power law relating the average value 具 T n 典 with the
reference interval half width ⑀, given by

具 T n典 ⬀ ⑀ ⫺␣

共2兲

with ␣ ⫽0.943⫾0.016.
The analyzed data present characteristics of both deterministic and stochastic processes.
Among the deterministic characteristics we mention the
fact that there are a few limitations on the sequence of values
for T n⫹1 , depending on T n , indicating that T n is not completely stochastic. Also, the values of T n are restricted to a
finite interval. Moreover, if we construct a set W n , with elements representing the sum of q subsequent elements of
T n , i.e., W 1 ⫽T 1 ⫹T 2 ⫹¯⫹T q , W 2 ⫽T q⫹1 ⫹T q⫹2 ⫹¯
⫹T 2q , and so on, we noticed that

具 W i 共 q 兲 典 ⫽q 具 T n 典 .

共3兲

As far as the stochastic characteristics we cite that the
linear correlation between T n⫹1 and T n is close to zero, a
property of stochastic data.
Once fluctuating measurements are often oscillating
around a time-varying offset, it is often appropriate to work
with a new variable, A n , defined to be
A n ⫽T n⫹1 ⫺T n .

共4兲

Such variable difference has the advantage of not changing
any one of the statistical properties described previously, and
also, A n oscillates around zero, avoiding tendencies on T n .
Next, to analyze a measurement of type M t , we examine
another oscillation difference, denoted by R n and given by
R n ⫽V n⫹1 ⫺V n .

共5兲

For the series R n we obtain the probability distribution
 (R n ) shown in Fig. 5. This probability distribution can be
represented as

 共 R n 兲 ⫽  exp⫺ 共 兩 R n ⫺ 具 R n 典 兩 / 具 R ⫹
n 典 兲,
FIG. 3. Sample of the data of Fig. 1 and the representation of the three
return time T n are indicated for an out-of-scale half-interval ⑀.

共6兲

which corresponds to a sum of two Poisson distributions. 
is proportional to 1/具 R ⫹
n 典 , 具 R n 典 is the average of the R n ’s,
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FIG. 5. Distribution of the oscillation differences, R n ⫽V n⫹1 ⫺V n , of the
TEXTU experimental data.

FIG. 7. Chaotic orbit for Eq. 共8兲. The first three Poincaré return times are
indicated for an out-of-scale half-interval of size ⑀.

and R ⫹
n is a R n bigger than 具 R n 典 . This Poisson-type distribution is characterized by the average width of the distribution, which is equal to 具 R ⫹
n 典.
We can identify a scaling law relating the distribution of
the oscillation difference calculated for a time interval M  ,
shown in Fig. 6,

system in the phase space. On the other hand, the same kind
of statistics 关Eq. 共6兲兴 is also obtained by other measures involving relative fluctuations in a fixed time. Thus, the return
time is a measurement of type M s for a specified position in
phase space, while the relative fluctuation is a measurement
of type M t for a fixed sampling time. We suggest that both
kinds of statistics reflects the same metric characteristics as it
is the case in ergodic dynamical systems.
We summarize this section by saying that the edge turbulence has the following properties: 共a兲 the fluctuation distribution is an invariant measure along the time; 共b兲 the statistics of both variables, A n and R n , are described by
Poisson-type distributions, what suggests that these variables
are recurrent.

0.45
.
log关 具 R ⫹
n 共 M  兲 典 兴 ⬀M

共7兲

The power-law relation indicates a growth of the width with
M . In the limit of a high value of M the Poisson-type distribution becomes a Gaussian one. The central limit theorem
predicts such limit for stochastic variables. Thus, this transition to the Gaussian distribution suggests that R n would behave as a stochastic variable for high M . On the other hand,
for extremely small M , all the data are correlated. Therefore,
observation of the system for a nonappropriate sampling rate
can hide its dynamical properties.
Statistics of the return time of the fluctuations to a given
specified interval of values 关Eqs. 共1兲 and 共2兲兴 might reflect
the metric characteristics of the trajectory of a dynamical

IV. STATISTICAL MODELING

The observed turbulent fluctuations presents statistics
that can be found in low-dimensional chaotic systems. These
properties are due to a common recurrent property present in
these systems. This section is dedicated to show how these
observed statistical properties emerge from measures of the
Logistic map,
x i⫹1 ⫽cx i 共 1⫺x i 兲 ,

共8兲
37

with the control parameter c⫽4.0. The recurrence is introduced through a sequence of values P n , the first Poincaré
return time of the chaotic orbit, i.e., the number of map iterations required for the orbit to reach twice a specified small
interval J⫽ 关 0.100,0.100⫹ ⑀ 兴 . 13,15 To illustrate the return
time calculation, Fig. 7 shows the chosen chaotic evolution
x i and three successive values of P n .
Furthermore, Fig. 8 shows the distribution of the first
Poincaré return time calculated according this procedure, for
⑀ ⫽0.005. The density distribution  ( P n ) can be theoretically obtained13

 关 P n 共 ⑀ 兲兴 ⫽ ␤ e ⫺ P n ( ⑀ )/ 具 P n ( ⑀ ) 典 ,
FIG. 6. Scaling power-law for 具 R ⫹
n 典 共squares兲 with respect to the measuring
sampling rate, M  , with  ⫽0.5  s. The line represents a fitted curve.

共9兲

where ␤ can be scaled to 1/具 P n 典 , such that 共9兲 is a probability distribution. 具 P n 典 is the average value of the series of
P n ’s.
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FIG. 8. Distribution of the first Poincaré return time, P n , for a specified
reference interval.

The Poincaré first return time, although calculated from
the chaotic trajectory, measures the periods of the infinitely
many unstable periodic orbits embedded in the chaotic
attractor.13 In other words, the Poincaré time measures how
recurrent is the dynamical system.
By proposing the description of a measure of the considered plasma fluctuations by the use of this Poincaré time, we
are taking into account the periodic cycles that might exist in
the turbulent plasma. However, the distribution  ( P n ) is not
the same type of the distribution  (R n ). So, it is convenient
to work with a new variable Q n which is the subtraction of
two dynamically generated series,
Q n 共 ⑀ 兲 ⫽ P n 共 ⑀ ,x 0 兲 ⫺ P n 共 ⑀ ,x ⬘0 兲 .

共10兲

The convolution of  关 P n ( ⑀ ,x 0 ) 兴 with  关 P n ( ⑀ ,x 0⬘ ) 兴 is equal
to  关 Q n ( ⑀ ) 兴 . Note that  (Q n ) does not depend on neither x 0
nor x 0⬘ , and that is a consequence of the fact that Eq. 共8兲 has
an ergodic trajectory, and thus,  关 P n ( ⑀ ,x 0 ) 兴 ⫽  关 P n ( ⑀ ,x 0⬘ ) 兴 .
We find that

␤
 共 Q n 兲 ⫽ e ␤Qn,
2

共11兲

where ␤⫽1/具 P n 典 , which means that the slope of this probability distribution is determined by 具 P n 典 .
In fact, the scaling of 具 P n 典 with ⑀ does not only tell us
about the width of its distribution, but it tells us about the
fractal dimension38 of the dynamical system involved. So,
numerically, we find that

具 P n共 ⑀ 兲 典 ⬀ ⑀ ⫺,

FIG. 9. Distribution of Q n that simulates the experimental distribution
shown in Fig. 5.

struct a set W i , with elements representing the sum of q
subsequent elements of P n , i.e., W 1 ⫽ P 1 ⫹ P 2 ⫹¯⫹ P q ,
W 2 ⫽ P q⫹1 ⫹ P q⫹2 ⫹¯⫹ P 2q , and so on, we noticed that

具 W i 共 q 兲 典 ⫽q 具 P n 典 .

共13兲

Equation 共13兲 is a consequence of the fact that average quantities of the series of P n is invariant to the initial condition, a
consequence of ergodicity.
In order to understand the relation between the fluctuating amplitude measured in the experiment 共proportional to
the period of the cycles present in the turbulent electrostatic
fluctuations兲 with the average period of the cycles in Eq. 共8兲
共which is proportional to the length of the interval J兲, we just
have to compare Eq. 共7兲 with Eq. 共12兲. In other words, we
can relate the amplitude of the turbulent oscillations with the
size of the interval J, introduced to obtain P n .
The turbulent fluctuation distribution of Sec. III can be
simulated by introducing a series Z n such that
Z n⫹1 ⫽Z n ⫹Q n ,

共14兲

where we rescale Q n by using the property  关 P n (x ⬘0 ) 兴
⫽  关 P n⫹1 (x 0 ) 兴 ,
Q n ⫽ 共 a P n ⫺b P n⫹1 兲 /F,

共15兲

where
F共 ,⑀ 兲⫽
b共 ,⑀ 兲⫽

共12兲

where  ⫽0.994⫾0.005. By13 the average value 具 P n 典
⬀ ⑀ ⫺p/D 0 , where D 0 is the fractal dimension, which should
be close to one for Eq. 共8兲, and p is the Pesin dimension
which for this case is also close to one, once p/D 0 ⫽0.994.
Like observed experimentally in turbulent fluctuations,
the series of P n is not completely stochastic. This is due to
dynamical constraints, that is, a few limitations on the possible values for P n⫹1 , depending on P n . Also, if we con-
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and

冋

具 P n共 ⑀ 兲 典
,
具R⫹
n 共  兲典

共16兲

⫹
F具R⫺
n 共  兲 典具 R n 共 ⑀ 兲 典

具 P n共 ⑀ 兲 典 关 具 R ⫺
n 共  兲 典 ⫺ 具 R n共  兲 典 兴

a⫽b 1.0⫺

册

具 R n共  兲 典
⫽1.0.
具R⫺
n 共  兲典

,

共17兲

共18兲

⫺
Using Eqs. 共16兲 and 共17兲 with 具 R n 典 , R ⫹
n , and R n calculated using the data of Fig. 1, we generate the series of Z n .
Figure 9 shows the distribution of the simulated data Q n
关obtained by using Eq. 共15兲兴, reproducing quite well the ex-
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FIG. 10. Distribution of the simulated S n ⫽Y n⫹1 ⫺Y n .

FIG. 11. Distribution of the oscillation differences R n for the Castor Tokamak and the distribution of the simulated Q n .

perimental distribution 共Fig. 5兲. In this case we use F
⫽683.880 and b⫽1.000, calculated by Eqs. 共16兲 and 共17兲,
⫺
using 具 R n 典 ⫽⫺4.306⫻10⫺6 , R ⫹
n ⫽0.272, and R n ⫽⫺0.296
from the data of Fig. 1 共具 Q n 典 ⫽⫺2.099⫻10⫺6 , Q ⫹
n
⫽0.264, and Q ⫺
n ⫽⫺0.264兲.
Instead of using the first Poincaré return time to simulate
the distribution of Fig. 5, we can obtain this distribution by
using a measurement of type M s of the chaotic system. Inspired by our previous considerations, according to which
the oscillation difference should present geometric characteristics of turbulence, we choose a measurable of chaotic system closely related to the fractal dimension; the minimum
average distance of a set of trajectories in a region of the
phase space.
So, to reproduce the results from Fig. 5 共for the TEXTU
turbulence兲 we do the following. We get a collection of 5000
initial conditions of the logistic map, equally spread over the
interval 关0,1兴, and iterate them using Eq. 共8兲. After a few
iterations, we measure the average minimum distance, Y n ,
between pair of points that fall within the interval J⫽ 关 0.8
⫺ ⑀ ,0.8⫹ ⑀ 兴 共with ⑀ ⫽0.05兲. Thus, we define the relative
variable, S n , in the same way of Eq. 共5兲,
S n ⫽Y n⫹1 ⫺Y n

共19兲

whose distribution  (S n ), shown in Fig. 10, is of the same
type of the distribution of Fig. 5.
Also, a scaling-power law can be obtained relating 具 S n 典 ,
with S n calculated by Eq. 共19兲, with the half-interval ⑀,
具 S n 典 ⬀ ⑀ 1/D 0 , where D 0 is the fractal dimension of the attractor of Eq. 共8兲.
So, the theoretical P n is equivalent to the experimental
T n and S n is equivalent to R n . In addition, both P n 共and T n 兲
or S n 共and R n 兲 reflect the same metric of the system.
Let us explain the scaling-power law of Fig. 6, which
scales up to M ⫽10, and then breaks the scale. We mention
the fact that there exist a very short-range correlation of the
series of R n given by Eq. 共5兲. Consequently, it is often common to set the sampling rate to be much lower than the time
for the correlation to decay 1/e. Such behavior could be well
simulated by either Eq. 共15兲 or Eq. 共19兲 if we impose a
constrain on the ‘‘creation’’ of values P n or T n . For ex-

ample, we could impose that P n⫹1 should fall within the
interval 关 P n ⫺k, P n ⫹k 兴 , where k is proportional to the time
for the correlation to decay to zero.
On the remaining of the paper, all the simulations will
use the variable of Eq. 共15兲 to simulate Eq. 共5兲. This is due to
the fact that both variables, the one given by 共19兲 and the one
given by Eq. 共15兲, should contain the same type of information.
In conclusion, statistical measures of the analyzed turbulent data 共properties a and b at the end of Sec. III兲 are also
observed in a low-dimensional system. This suggests that the
experimental variables may be described in terms of the first
Poincaré return time of low-dimensional chaotic systems.
V. OTHER APPLICATIONS

In this section we apply the dynamical description introduced in this work to analyze the recurrent statistics observed in the electrostatic fluctuations under other conditions
of turbulence, in the tokamaks CASTOR and TBR, described
in Sec. II.
Using a sample of plasma potential fluctuation measured
at the scrape-off layer in the tokamak CASTOR,17,18 we calculate the experimental distribution of the relative fluctuation, R n , shown in Fig. 11. This distribution can be simulated by the distribution of the Q n values, obtained by a
linear combination of two first Poincaré return time calculated for the chaotic trajectory in Eq. 共8兲. In this case we use
F⫽145.789, calculated by Eqs. 共16兲, with 具 R n 典 ⫽4⫻10⫺6 ,
⫺
R⫹
n ⫽0.052, and R n ⫽⫺0.061, calculated from the experimental data.
We repeat this procedure to compare the electrostatic
fluctuation distribution observed in the tokamak TBR.19,20 In
this case the turbulent fluctuations were measured at the
plasma edge with and without external resonant magnetic
perturbations created by helical windings.
The data are presented in Figs. 12共A兲 共without helical
windings兲 and 12共B兲 共with helical windings兲. We see that the
high peaks of amplitudes are eliminated by introducing the
external resonant magnetic field. Consequently, the remained
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FIG. 14. Distribution of the oscillation differences R n for data of the TBR
Tokamak with resonant helical windings and the distribution of the simulated Q n .
FIG. 12. The normalized fluctuating plasma potential, eV/kT e , in the tokamak TBR without 共A兲 and with 共B兲 resonant helical windings. Sampling rate
 ⫽1  s.

power is spread over a broader frequency region in the spectrum, what indicates a higher turbulent fluctuation.
Figure 13 shows the experimental 共具 R n 典 ⫽2.148
⫺
⫻10⫺4 , R ⫹
n ⫽0.057, R n ⫽⫺0.055兲 and the simulated distributions for the spontaneous turbulence 共具 Q n 典 ⫽2.220
⫺
⫻10⫺4 , Q ⫹
n ⫽0.054, Q n ⫽⫺0.053, F⫽133.010, and b
⫽0.996兲, whereas Fig. 14 共具 R n 典 ⫽8.592⫻10⫺5 , R ⫹
n
⫹
⫺5
⫽0.101, R ⫺
n ⫽⫺0.096, 具 Q n 典 ⫽8.950⫻10 , Q n ⫽0.095,
Q⫺
n ⫽⫺0.094, F⫽377.514, and b⫽0.999兲 shows the same
for the turbulence perturbed by the resonant helical windings. Comparing these figures, we see that the perturbation of
helical windings that enhances the turbulence increases the
distribution width. This can be described by calculating the
exponent ␣ of Eq. 共2兲, which increases with the width. For
the data of Fig. 12共A兲, ␣ ⫽0.959⫾0.049, and for the data of

FIG. 13. Distribution of the oscillation differences R n for data of the TBR
Tokamak without resonant helical windings, and the distribution of the
simulated Q n .

Fig. 12共B兲, ␣ ⫽0.968⫾0.009, indicating that the plasma with
helical windings is more turbulent.
To characterize how turbulent are the data, we suggest
that the average time of the recurrent cycles measures the
property of mixing. In fact, mixing is a property related to
the ability a dynamical system has to spread a set of initial
conditions in different portions of the phase space. So, for a
higher mixing system, the average return time of one variable is lower and, therefore, the exponent ␣, obtained from
the data, and , obtained from the simulation 关Eq. 共12兲兴, are
higher.
Modeling the recurrence of a turbulent system by the
recurrence of a chaotic system requires that ␣ ⭐  , because if
␣ ⬎  , the data has dynamics not reproduced by the modeling dynamical equation. In particular, the exponent  of Eq.
共12兲 is higher for higher mixing 共more chaotic兲 systems,
what can be accomplished by increasing the control parameter c. Note that c⭐4, so the maximum value of  for Eq.
共8兲 is  ⫽0.994⫾0.005, for c⫽4 共as used in this work兲.
Thus, as ␣ approaches 1, the data recurrence tends to present
more stochastic characteristics.
The highest exponent ␣ ⫽0.983⫾0.007, is from the Castor tokamak. This high exponent suggests that the recurrence
observed in this tokamak might have stochastic components.
This might be the reason for the Gaussian-type shape on the
right-hand side of the distribution of Fig. 11, indicating that
stochastic-like behavior is already substantial in the recurrence of that data.
Note that the parameter ␣ does not depend on the fluctuation normalization. Usually, the ratio e 具 V n 典 /k 具 T e 典 共which
is proportional to 具 R n 典 兲 is used to differentiate strong from
weak turbulence. Here, instead of the average fluctuation amplitude, we suggest the mixing associated to the measures to
have an estimation of how turbulent the system is, i.e., more
turbulent the system is, less time the measurement takes to
return to a given reference interval, following Eq. 共2兲.
We suggest that evidences of strong or weak turbulence
might be given whether ␣ is higher or lower, respectively.
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VI. CONCLUSION

It is commonly accepted that turbulence presents behavior typical of complex systems.14,15,26,39,40 These systems are
believed to have among other structures its own selforganized structures,14 as well as, the existence of many infinitely periodic cycles. The analysis done here and the derivation of the proposed statistical modeling takes advantages
of the existence of such cycles in turbulent systems. Despite
all the complexity involved in turbulent data, once such
cycles exist, simple low dimensional chaotic dynamical systems can well describe the statistical manifestations of this
cyclic turbulence.
The proposed statistical analysis of this paper, introducing a simple way of observing turbulence, by registering its
recurrent cycles, has also been done in other considered complex systems, as the New York Stock Market index
oscillations,41 the changing of the maximum temperature of
the San Francisco Bay area, and the appearance of the amino
acids, in the DNA sequence of the M. Genitalium bacteria.42
The finding of a Poisson distribution for the return time
共for fixed reference interval in the observable variables兲 and
for the oscillation differences 共for fixed sampling time兲 is
due to the equivalence of these two measures, which reflect
local metric characteristics of the hidden dynamical behavior
result of the existence of recurrent cycles in these turbulent
data.
We note three evidences of ergodicity in the analyzed
plasma edge turbulence: 共1兲 data are recurrent on return time
and on the oscillation differences; 共2兲 equivalence between
analysis of return time and oscillation difference; 共3兲 collection of measurements in different discharges is statistically
equivalent to measurements in any single discharge, i.e., statistical analysis of a sample of a set is equivalent to the
whole set.
All these described empirical properties can be appropriately simulated through the first Poincaré return time, and
other tools that measures the recurrence in low-dimensional
chaotic systems 共as the logistic map used in this work兲.
Moreover, recurrence is a way to determine geometrical
characteristics in low-dimensional dynamical systems. In
analogy to this, we propose recurrence as a way to determine
geometrical characteristics of turbulent data. Thus, while the
parameter  关Eq. 共12兲兴, that characterizes recurrence in a
low-dimensional dynamical system, is proportional to the
fractal dimension, ␣ 共2兲 obtained from the turbulent data
should be a characteristic related to how much mixing is
present in the data. In specific, smaller ␣ corresponds to data
with less mixing.
Finally, prediction for occurrence of events in turbulent
and complex systems can be done with low-dimensional dynamical systems, which reproduce dynamical structures typical of those complex and turbulent systems, in specific, its
recurrence. Thus, we do not propose a model for turbulence
but rather a model for its recurrence.
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