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Abstract

We consider a symplectic map for magnetic field lines in a tokamak with an ergodic limiter,
whose function is to generate a perturbing magnetic field which causes the formation of chaotic
field lines in the vicinity of the tokamak inner wall. We analyze numerically the onset of global
chaos due to the interaction of adjacent magnetic islands, the size of the chaotic region, and
investigate anomalous diffusion and loss of field lines due to their collisions with the tokamak
wall.
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1. Introduction

Tokamaks are toroidal systems in which plasmas are generated by the ohmic heating
of a filling gas and confined by externally applied magnetic fields. The magnetic field
lines have helical shape and lie on magnetic flux surfaces with topology of nested
tori [1]. An important problem in the obtention of plasma discharges in tokamaks
is the control of plasma contamination by impurities released from the inner wall by
surface processes [2]. In order to control these plasma—wall interactions, there has been
proposed the creation of a region of chaotic field lines in the periphery of the tokamak
vessel [3-5]. Chaotic magnetic field lines are taken here from a Lagrangian perspective,
since the configurations we dealt with in this paper are strictly magnetostatic. Sensitive
dependence to initial conditions, in this sense, means that two field line points, very
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close from each other at some spatial position, will evolve through a large number of
revolutions around the torus such that the distance between them increases at a positive
exponential rate [6,7].

The generation of chaotic magnetic field lines in the outer tokamak region can be
done by breaking the spatial symmetry of the configuration, through the destruction of
some carefully chosen magnetic surfaces in this region. The ergodic magnetic limiter
(EML) is a device designed to generate external magnetic fields which interact with
the equilibrium tokamak field and cause a selective destruction of magnetic surfaces
[3-5]. The spatial behavior of the magnetic field lines can be studied by means of a
Poincaré map, considering the intersections of the field lines with a fixed surface of
section.

The use of mappings to study field line dynamics is a common tool in plasma
physics. Recent works include the study of ergodic divertors [8,9] and general symmetry-
breaking perturbations [10]. The case of a EML was first treated by Martin and Taylor
[11], who have derived analytically a two-dimensional field line map in a rectangular
geometry, appropriate to describe the region immediately near the tokamak wall. It has
been subsequently improved with the addition of toroidal corrections and parameters
describing the equilibrium and perturbed magnetic fields [12—14]. Recently, it has been
proposed a symplectic map for a EML considering a toroidal geometry, and using
magnetic fields consistent with a MHD equilibrium theory [15]. Magnetic field line
mappings present an advantage due to the higher computation speed of their iteration,
when compared with the numerical integration of the field line differential equations.
This difference is relevant if long-term behavior of field lines is being considered, as
in numerical studies of anomalous diffusion, field line losses due to collisions with the
tokamak wall [16], bifurcations [17], and fractal exit basin boundaries [18].

The mapping of Ref. [11] is a useful tool to investigate the magnetic field line
behavior due to arbitrary symmetry-breaking perturbations in tokamaks. It is exactly
area-preserving, which is necessary in order to the map be consistent with magnetic
flux conservation. Moreover, it exhibits resonances with unequal amplitudes, a situation
often found in physical applications where the perturbation is localized in space. The
Chirikov—Taylor standard map [19], on the other hand, which is commonly used to
this purpose [20], has resonances with equal widths and hence it is not suitable to
model the effect of a EML. Moreover, the double periodicity present in the standard
map leads to the so-called accelerator models, which are not usually found in field line
mappings [21].

The main purpose of this paper is to revisit the model of Ref. [11] so as to compare
some known analytical approximate results with numerical estimates for periodic orbits,
island positions, the onset of global chaos, and the size of the chaotic region. In
particular we describe a numerical procedure to find accurately the barrier transition to
global chaos, and investigate the validity of the Chirikov overlapping criterion [19] for
this situation. Another issue to be treated is the field line anomalous diffusion in the
mainly chaotic tokamak edge, and the loss of chaotic field lines due to their collisions
with the tokamak wall.

This paper is organized as follows: in Section 2 we outline the derivation of the
symplectic map for a EML. Section 3 is devoted to an analysis of many properties of
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the map, such as its fixed points and periodic islands. Section 4 focuses on the barrier
transition to global chaos, and Section 5 treats diffusion and loss in the chaotic region
near the wall. Our conclusions are left to the last section.

2. Symplectic map for field lines

The basic toroidal geometry of a tokamak is depicted in Fig. 1. The major axis is
parametrized by the Z coordinate, and we set the radius R with respect to it, in a
cylindrical coordinate system, @ being the corresponding azimuthal angle. The minor
axis of the tokamak is located at R = Ry, where R is the major radius of the torus,
and the vessel wall is located at a distance b (minor radius) from the minor axis. We
define an aspect ratio 4 = Ry/b for the torus such that, if 4 is large enough, we can
neglect the toroidal curvature and approximate the tokamak by a periodic cylinder of
length 27Ry. The minor axis can now be used to define a second cylindrical coordinate
system with coordinates r, 0 and z = Ry®, such that the tokamak wall is located at
r =b. The variables 0 and @ are usually quoted as the poloidal and toroidal angles,
respectively. The relations between these coordinate systems are R = Ry + r cos 6, and
Z =rsin6.

In this paper, we are concerned with the behavior immediately near the tokamak wall,
and in this case even the poloidal curvature may be neglected in a first approximation,
such that we can use a rectangular coordinate system (Fig. 2) x =50, and y =5b —r,
where 0 < x < 2nb represents the rectified arc along the tokamak wall, and y is the
radial distance from it [11]. Points with y > 0 (< 0) are located inside (outside) the
torus.

Fig. 1. Schematic view of a tokamak showing the coordinate systems used in this paper.
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Fig. 2. Schematic view of the tokamak in the periodic cylinder approximation and the coordinates used in
the rectangular geometry.

A tokamak confines a plasma by the combined action of two basic magnetic fields:
(i) a toroidal field By along the é4 direction, generated by coils wound around the
torus; (ii) a poloidal field Bp along the é, direction, generated by the plasma column
itself [1]. The superposition By = Br + Bp is called the equilibrium magnetic field and
the resulting magnetic field lines have a helical shape, their pitch being described by
the safety factor q(r)=d®/do.

The magnetic field line equations, viz. By x dr = 0, where By = (Bq,, Bo,, Bo: ), are
written in rectangular coordinates as

Ox 0y 0z
In the periodic cylinder approximation, we assume that the toroidal equilibrium field
is uniform By, = By.

Ideal MHD theory predicts that the equilibrium magnetic field lines, in the absence of
symmetry-breaking perturbations, lie on constant-pressure flux surfaces with a toroidal
shape [6]. In the cylindrical approximation a flux surface is characterized by ¢(r) =
constant. In particular, g, = q(r = b) is the safety factor at the tokamak wall, and we
define

azﬁ. 2)
qb

In typical experiments the safety factor radial profile is monotonically increasing from
q(0) = 1, at the minor axis, to g, =~ 5 [1], with a magnetic shear
27th dg
§= ——

qp dr|, 3)

=b
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Since we are interested in the immediate vicinity of the wall, we can expand the safety
factor in powers of y =5 —r
b dz _
q(y) = o == =2mbla + sy + o(3*)] " (4)
RO dx
such that the magnetic field line equations (1) read

dx 1

2

Pl O[ac+sy+o(y IR ()
dy

dz 0 ©

The EML configuration we consider in this paper consists on a grid-shaped ring of
width 7/ (see Fig. 2) mounted externally to the torus (neglecting the thickness of the
vessel wall), and with two kinds of segments: toroidally oriented (TO) and poloidally
oriented (PO) ones [11]. There are m pairs of TO segments, equally spaced along the
poloidal direction, with adjacent segments conducting a current / in opposite senses.
Only the TO segments are relevant to the perturbing field of the EML [22]. In terms
of the rectangular geometry considered here, the TO segments are on the xy-plane,
nb/m apart from each other. For low-beta plasmas we deal with a vacuum field, for
which B; =V ¢,,, in terms of a scalar potential satisfying Laplace’s equation, for which
proper boundary conditions are imposed on the y =0 plane, where the surface density
current due to the EML ring is [22]

2m kb
n=ép Y 1o (x-) @
k=1

and we have assumed that the TO segments are infinitely long.
Expanding the periodic delta function in (7) in a series of sinusoidal harmonics,
it turns out that the magnetic field components of very long TO segments are given

by [22]
(@) _ Homd _my mx
B/ (x,y)= b exp( 5 ) cos( 5 ) , (8)
(@) _ | Homl _myy\ . (mx
By, (x,y) =+ b exp( 5 )sm( b ) , )
B (x.y)=0. (10)

However, the EML ring has a finite length / and, neglecting border effects, we make
the crude approximation that inside the limiter (i.e., when 0 <z < /) the EML field
is given by (8)—(10), whereas outside it only the equilibrium magnetic field is present
and the field lines satisfy Egs. (5) and (6).

The EML map is defined through a Poincaré surface of section at the @ =0, such
that x,, and y, are coordinates of the nth piercing of a field line on this plane. Since the
independent (or time-like) variable in the magnetic field line equations is the z-variable,
and since there is a periodicity of T = 2nR, in this direction, we can regard the process
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as a stroboscopic, or “time-7”” map of the flow given by (1). In order to evaluate the
kick suffered by a field line due to the EML, we define auxiliary variables x}, v as
the coordinates sampled at the EML edge z=/. If the limiter length / is small enough,
we can approximately integrate the differential equations by Euler’s method, evaluating
the EML field at z =0 and extrapolating the result to the other edge (z = /). There
results [11]

xZ:xn—%exp(—mZ”)cos(m;"> , (11)
oo o[22 pon(-52) (52
—%lncos(mbx") , (12)
where

represents the strength of the EML action, proportional to the limiter current.

Outside the limiter (/ <z < 2nRy) the field line equations (5)—(6) can be exactly
integrated to give the coordinates of the (n+1)th mapping point on the Poincaré surface
of section z =0

Xny1 =X5 +a+syr, (14)

Y1 =Yy (15)

meaning that, in absence of perturbation, the field line intersections with the plane are
constrained to lie on straight lines for which y is constant.
It is useful to define non-dimensional variables

X = % , (16)
m o
y=2(r+2). (17)

such that the new origin (3’=0) corresponds to the point yp=—u/s, for which x%=x,.
Since 0 < x’ < 27, x is defined modulo 27b/m, and the safety factor at y, is then m/K,
where K is an integer. In terms of these normalized variables, the pairs of difference
equations (11)—(12) and (14)—(15) can be written as the composition of two mappings
T =T, 0Ty, where T, corresponds to the limiter action

X" =x! — pe ¥ cosx, (18)
3% =3/ + In[cos(x, — pe " cosx’)] — In(cosx,) (19)
and T; to the field line twist on a flux surface

X =X+ sy (20)

Vi1 =V (21)
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3. Properties of the EML map

For later convenience, let us write the map 7 in a more compact form, dropping the
primes on the variables for simplicity

Xn+l = Xp +Syn +g(xnayn) 5 (22)
Yo+l = Vn + h(xm yn) ) (23)
where
cos(x — pe™ cosx)
h =1 24
(%) nl = ] , (24)
g(x,y)=—pe " cosx + sh(x,y) . (25)

The map (22)—(23) is exactly area-preserving, for its Jacobian is equal to the unity,
in spite of the number of approximations we made in the derivation of the map equa-
tions. Incidentally, if we expand the functions defined above in powers of the diffuser
strength p, it turns out that the Jacobian is now 1 + o( p?).

Egs. (22) and (23) define a Hamiltonian mapping, in the sense that (x, y) may be
regarded as canonically conjugated variables, whereas the ignorable coordinate z (in the
symmetric case) plays the role of time. In this case, the magnetic field line equations
(1) can be written as Hamilton equations [7,23,24]

dx OH

= _ gt 26
iz~ 3y (26)
dy 0H

2% 2
dz ox ’ @7

in which H is the field line Hamiltonian. For the equilibrium field By, H depends only
on the radial variable, what characterizes an integrable system (in the sense of having
one constant of motion), such that (y,x) are action and angle variables, respectively
[21]. Considering Eq. (1), for example, the integrable Hamiltonian is Ho(y)=Bo.(1)/Bo.

The presence of an EML breaks the z-symmetry of the system, which becomes
non-integrable. For weak limiter currents (in comparison with the plasma current) the
limiter strength p is accordingly small and we can treat the problem as a near-integrable
one. We can thus write the EML map in the form of a perturbed twist mapping [21]

Xpyl = Xnp +27—E<Q{(yn)+g(xmyn) P (28)
Yo+l = Vn + h(xm yn) ) (29)
where
1
A)= 55y (30)
T

is called the rotation number, and the functions g(x, y) and A(x, y) are related to deriva-
tives of the perturbation Hamiltonian H(x, y,z), provided we write the z-dependence
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of the latter as a periodic sequence of delta functions [25]

+00

Hy(x,y,z)= Y Hi(x.y)d(z — 2Roj) , (31)

Jj=—0o0
such that the near-integrable system has a total Hamiltonian
H(xfysz):HO(y)+H1(xsyyz)7 (32)

where |H| < |Hp|.
The fixed points of the EML map (22)—(23) are the solutions of the transcendental
equations

x*=mn+ ge*y* cosx™, (33)

. 2mn p s .

y*=—+=¢e" cosx™, (34)
s s

where 7 is a positive integer, which comes from the fact that x is defined modulo 2m,
ie.,, x =x £ 2nn. We can use an approximate procedure, if p is small enough, and
insert the right-hand side of Eq. (33) back into the cosine, and expand the result in
powers of p. Just one iteration is sufficient to yield results up to quadratic terms in p:

2
x; = +§ exp(jn) + o(pz) s (35)
2
x}‘:n—gexp(—lm) +o(p?). (36)

Substituting these results into (34) and expanding again in powers of p there results

[11]

. 2mn 2nn
y =—peXp<—) +o(p?) . (37)
s s s

We have developed a numerical algorithm to find the location of the fixed point
x5, using the above results as an initial step. The map trajectories in the vicinity of
the fixed point (x3,y*) are ellipses encircling it, and since Eqs. (36)—(37) do not
give the exact location of the fixed points, if we use them as initial conditions, the
resulting map trajectories in the phase plane (x,y) will be closed orbits of elliptic
shape and very small size. A numerical refinement of the fixed point location can be
obtained by averaging the x and y values of all points of this elliptic orbit, yielding
an improved estimate for (x3, y*). The procedure can be repeated until we achieve the
desired accuracy.

Fig. 3 shows the radial location of the fixed point (x;,y*) for n = 0, and using:
(i) the approximate analytical result of Eq. (37); (ii) a numerical solution of the tran-
scendental equations (33)—(34); and (iii) the refinement algorithm described in the
previous paragraph. Whereas the latter two results always seem to coincide, it turns
out that the analytical result from (37) holds only for small p (Fig. 3a), what could
be already expected due to the power expansions we have used to derive this result.
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Fig. 3. Radial location of the elliptic fixed points of the EML map (22)—~(23) for n =0, as a function of
(a) the limiter strength; and (b) the magnetic shear. Dots: numerical solution of Eq. (34); circles: refinement
algorithm; full lines: approximate analytical result from Eq. (37).

In Fig. 3b we perform a similar comparison for varying magnetic shear, and show that
the analytical result is satisfactory for high shear (s 2 5).

To study the linear stability properties of such fixed points, we can compute either
the eigenvalues of the Jacobian matrix J of map (22)—(23) or the Greene residue [26]

R= %(Z—TrJ). (38)
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Fig. 4. Phase portrait for the EML map for p =0.1 and s = 27.

If 0 < R < 1 the eigenvalues of J are pure imaginary and complex conjugates of each
other, so that (x*, y*) is an elliptic point, or a center. Otherwise, the eigenvalues are
real numbers, and the fixed point is a (hyperbolic) saddle point, hence linearly unstable.
The residues for the fixed points (35) and (36) are, respectively, given by

R(xi 2 y") = JF% psexp (—Zlm> +o(p?) (39)
and since both p and s are assumed to be positive, it turns out that R(x}) < 0, hence
x} is a hyperbolic point. Similarly, x5 will be an elliptic point if psexp(—2nn/s) < 4,
a condition fulfilled by most numerical applications we deal with in this paper.

In Fig. 4 we show a large number of orbits obtained for the EML map in a
large-shear and low-strength situation, and for which the small-p expansions we used
are in agreement with numerical results (see Fig. 3). Primary periodic islands encircle
the elliptic fixed points x; ~ m and y* ~ 0,1,2,.... From Eq. (16), since y is a reduced
variable, a single primary island in the phase portraits corresponds to a chain of m
islands in the tokamak. These islands have each a structure topologically similar to
that of a non-linear pendulum, but since there is a symmetry-breaking perturbation, the
island separatrices no longer cross themselves at the hyperbolic points (x] ~ 0), as
would occur with a pendulum. They have instead a rather involved behavior charac-
terized by a local chaotic layer at the island border [21].

4. Transition to global chaos

The primary islands shown in Fig. 4 are centered at the elliptic fixed points of the
EML map (22)—(23), y; =2nn/s+o(p), for n=0,1,2,..., and result from resonances
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Fig. 5. Phase portrait for the EML map for s =27 and (a) p =0.29 and (b) p = 0.32; respectively, after
and before the barrier transition to global chaos.

between the harmonics of the EML field and the equilibrium magnetic field. In terms
of the corresponding perturbed twist map, the rotation number at the fixed point is,
from Eq. (30), .&/(y;)=n+o(p). Hence we label the primary islands as n=0,1,2,...,
in increasing order of distance from the tokamak wall.

In the absence of perturbations the twist map (28)—(29) results in (Ax), =x,:1 —
x, =2n/(y,). The island centers represent exact resonances, for the unperturbed field
lines at those positions would close on themselves after & complete turns around the
z-direction. From (4) the safety factor at a resonance centered at y; is

b k 2R, k
o =b(=). 40
q(yn) Ro 21 A7) <n> (40)

If both k and n are co-prime integers, it turns out that the safety factor at an island
center is proportional to a rational number k/n [24]. We have mentioned in Section 2
that the safety factor can be used to label the equilibrium flux surfaces on which unper-
turbed magnetic field lines lie. Assuming that the safety factor depends monotonically
on y, there results that each flux surface has a different safety factor. A rational (irra-
tional) flux surface is thus characterized by a rational (irrational) safety factor [7]. In
quasi-periodic orbits, a field line never closes on itself, rather filling densely an irra-
tional flux surface, which appear as invariant curves between adjacent primary islands,
in the phase portraits. These surfaces survive to a perturbation weak enough, according
to the KAM theorem [27].

As the perturbation strength p increases, the phase portrait begins to show, besides
the KAM tori, also higher-order islands, which are structured around periodic orbits of
the symplectic map with higher integer periods (Fig. 5). In addition, thin area-filling
regions are present in the neighborhood of the island borders, corresponding to dense
chaotic orbits [21]. If p builds up further, the region between two adjacent islands
becomes progressively engulfed by the chaotic regions surrounding each island border.
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However, as long as we have KAM tori between these islands, the chaotic excursion
of a single orbit is limited to a distance of the order of the island width.

Using a perturbative technique (global removal of resonances), Martin and Taylor
[11] have found an approximate invariant which can be used to predict the half-width
of an island centered at y; ~ 27nn/s

Ay,,—2\/?exp(—nn) +o(p) (41)
s s

showing that the island width increases with the square root of the limiter strength
and decreases exponentially with the island position, as we can observe in the phase
portraits of Fig. 4.

On the other hand, the separation between two adjacent islands does not depend
on n, since

Oy =Yup1 = Vn = 27” + feXp<—2Sn) (42)
and the consequence is that, as p increases, the regions between adjacent islands are
altered in quantitatively different ways. For example, for the same value of p, the
region between the » =0 and 1 primary islands is more affected by the presence of
chaotic field than the region between the n =1 and 2 ones. This is due to the EML
action being mainly near the tokamak wall.

The chaotic excursion of a field line can be substantially increased if two adjacent
islands fuse their locally chaotic regions, producing global chaos. Since this demands
the destruction of all KAM tori between two interacting islands, we expect a barrier
transition: after the transition, the chaotic radial excursion of a field line suddenly
increases to a distance nearly twice as large. The Chirikov overlapping criterion [19]
prescribes the onset of global chaos when the borders of two adjacent island touch
themselves. Defining a stochasticity parameter
AVt + A0

oy
such a barrier transition for global chaos occurs when S reaches the critical value S.=1.
However, the latter value turns to be too large, when compared with numerical results
[26]. In practice, the barrier transition occurs before S. = 1, basically for two reasons:
(i) there are no sharp separatrices at the island borders, so we have to take into account
the widths of the locally chaotic regions; (ii) there exist higher-order islands between
adjacent primary resonances, and they have their own chaotic regions, contributing to
the formation of a connected chaotic web [21].

The barrier transition has been extensively studied for the standard map [19]

Sn,n+l == (43 )

Xnt1 =X + Yntl 5 (44)

Ynt+1 = Vn + Ksinx, (45)

for which all primary islands have equal widths Ay, = 2v/K, and are separated by
a fixed distance dy, = 2m, such that the corresponding stochasticity parameter is S =
2V/K /n. Careful numerical experiments [26] have determined that the barrier transition
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occurs at K. ~ 0.9716. This corresponds to a last KAM torus between two primary
island with irrational rotation number equal to the golden mean (v/5 — 1)/2 [28]. If
we continue to use the stochasticity parameter (43) to describe the barrier transition,
this numerical result amounts to a critical stochasticity parameter S, ~ %, the so-
called “two-thirds rule”, which is an empirical correction to the Chirikov criterion [21].
Notice, however, that more sophisticated methods to predict a barrier transition are
available, as the Doveil-Escande renormalization criterion [28], and the Greene residue
technique [26].

In contrast with the standard map, the primary islands of the EML map have dif-
ferent widths according to their positions. Since only those islands with » =0 and 1
have widths large enough to yield a sizeable chaotic region for p-values of practical
interest, we consider just their interaction, and compute the corresponding stochasticity
parameter. Substituting Eqs. (41) and (42) into (43), it reads

S01(pr) =~ /PR + &) 4 o(p) (46)

We estimate the limiter strength threshold, p., by imposing that Sp(p.) = S., what
results in

2
Pe(Ses) = = S2(1 47 (47)

Let us consider the phase portraits depicted in Fig. 5. The two panels represent
situations just after and before the barrier transition, which occurs for an estimated
perturbation strength of p. ~ 0.29. On the other hand, applying the two-thirds rule
(S, = %) in (47), there results a value p. = 0.27, which represents an error less than
7% of the numerically observed value, and it is far better than the value (0.61) predicted
for a simple touching of separatrices (S, =1). The numerical results we have obtained
for p. indicate that the necessary critical value for the stochasticity parameter must be
about 0.69. We also remark that, since the interacting islands have unequal widths, at
the barrier transition the last KAM torus to be broken between the primary islands is
no longer the “golden torus”. The successful application of the two-thirds rule in this
case, even with islands of unequal widths, was already noted in Ref. [25].

In order to verify the theoretical prediction given by the modified Chirikov criterion
(47) for the onset of global chaos, we have used a numerical procedure based on the
fact that points of a chaotic orbit near a n = 0 island will eventually have negative
y-values. The critical p, will be the least value of p for which the points of a chaotic
orbit belong simultaneously to the chaotic regions near both the n =0 and 1 islands.
We start with a rough estimate for p., as given for example by Eq. (47) and the
two-thirds rule, and set p to be slightly less than this value. Next we use Eq. (37) to
set up an initial condition at the hyperbolic fixed point for »=1. This initial condition
is certainly in the chaotic region near the n =1 island, and we generate a long chaotic
orbit iterating the map 500,000 times. If these points do not have negative y-values
they much probably do not belong to the chaotic region near the n=0 island, such that
the barrier transition has not occurred yet. Next we increment p by a small amount, say
5 x 107%, and repeat this procedure until we detect negative y-values, what indicates
that the barrier transition has been crossed. In this case we set p. as the arithmetic mean
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Fig. 6. Critical value of the limiter strength p necessary to the barrier transition leading to global chaos,
as a function of the magnetic shear s. Full line: least-squares fit; dashed line: theoretical prediction from
2/3-rule.

between the two last p-values. In Fig. 6 we present results for p. versus the magnetic
shear. The points are obtained through the numerical procedure just described; the full
line is a least-squares power-law fit p.(s) ~ s~%, where ¢ ~ 1.4; and the dashed line
is the result from Eq. (47) with S, =2/3, illustrating the good agreement between the
two-thirds rule and the numerical results, for a wide range of magnetic shear values.

5. Chaotic field line diffusion and loss

The main goal of an ergodic limiter is to create a region of chaotic magnetic field
lines near the tokamak wall. However, this has to be done in a controlled way so as
not to destroy the plasma core. We thus have to constrain the width of the chaotic
region such that it should contain the vacuum layer between the plasma and the inner
tokamak wall, as well as some of the outer portion of the plasma column, but leaving
a number of undestructed flux surfaces to confine a representative amount of plasma.

Let y = A be an upper bound for the chaotic region, and it does not correspond
necessarily to some KAM torus, since the latter typically presents some distortion in
order to accommodate the neighboring pendular-shaped islands. Hence we may take
y=4A as the poloidally averaged radius of the points belonging to this first KAM torus.
Since the EML map (22)—(23) is invariant under the transformations [11]

2mn
y—=y+ R (48)
2nn
p— PeXP(S) > (49)

if In p is increased by 27/s, the boundary of the chaotic region is likewise displaced by
27/s. Hence, the ratio between these two variations is equal to unity, or d4/d(In p)=1
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Fig. 7. Phase portrait for the EML map for p = 0.1 and s = 10. The full line indicates the tokamak wall,
whereas the dashed line indicates the rough boundary of the chaotic region. The dotted line approximates
the first KAM torus bounding the chaotic region.

which, by integration, gives

A(p,s)=Inp+g(s), (50)

where g(s) is an arbitrary function of the magnetic shear. Martin and Taylor [11] have
estimated that, for typical tokamak parameters,

g(s) =Ins 4 0.03 . (51)

We can numerically estimate the width of the chaotic region by considering a phase
portrait like that depicted in Fig. 7. The chaotic boundary, indicated by a dashed line
in Fig. 7, is taken to be the average y-value of the first KAM torus, counted from
the tokamak wall. The first KAM torus is represented by a dotted line in Fig. 7. We
compare in Fig. 8 the prediction of Eq. (51) with the numerically determined values
of A, by varying p (Fig. 8a) and s (Fig. 8b). The agreement is good as long as we
have the correct trend for the averaged value, the oscillations around it being a result
of the mentioned distortion of the KAM tori near islands’ borders. In particular, this
agreement is better for higher shear. It should be noted in both figures that each jump
suffered by 4, as either p or s are increased, corresponds to a different barrier transition,
which means that different adjacent pairs of islands (namely those with n and n + 1)
are progressively fusing their locally chaotic layers. These layers, on their turn, add to
the already existing global chaotic region.
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Fig. 8. Radial size of the peripheric chaotic region as a function of: (a) limiter strength; (b) magnetic shear.
Full line: results from Eq. (51).

Within this predominantly chaotic region, magnetic field line diffusion is expected to
yield useful information about the particle diffusion in the confined plasma [29]. We
remark that this diffusion process is taken in a Lagrangian sense, and thus does not
necessarily imply on a similarly chaotic diffusion of particles as time evolves. The latter
problem is considerably harder to treat since it would demand a full numerical solution
of the combined system of particle and electromagnetic field self-consistent equations.
Field line diffusion in the outer chaotic region can be either super and sub-diffusive,
characterizing an anomalous transport regime [30]. The presence of periodic islands
embedded in the chaotic region influences the diffusive process. It has been inves-
tigated the connection between Tsallis non-extensive thermodynamics and anomalous
diffusion [31].

From the point of view of the physical applications, the relevant diffusion in the
chaotic layer near the tokamak wall is in the radial direction. It can be characterized,
for example, by the evolution, with respect to the number n of complete turns around
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Fig. 9. Average square displacement of field lines in the radial direction versus the number of toroidal turns,
for p=0.2 and s =2, using Ny = 10000 initial conditions randomly chosen in the peripheric chaotic region
(y=0150<x<1).

the torus, of the average square displacement in the y-direction
N
IR . .
op = 5 2 (D) = 3P . (52)
* =1

where we have taken N, initial conditions {yo(1), yo(2),...}, randomly chosen in the
chaotic region (0 <y < A). One expects a time evolution of this quantity in the
general form ¢2 ~ n', where v = 1 indicates the diffusive (Gaussian) regime, and
v < (>)1 a sub-(super-)diffusive transport. Fig. 9 shows our results for the EML map
(22)—23), evidencing an initially super-diffusive regime, followed by saturation and a
subsequent decay. The initially explosive phase occurs due to the dominant effect of
the positive average Lyapunov exponent in the y-direction, and the observed decay is
due to field line losses occurring in virtue of their collisions with the tokamaks wall
at y=0. This happens since points with y < 0 are not taken into account in Eq. (52),
and after a chaotic orbit reaches y = 0 it escapes from the region of interest and is
considered lost.

The time (in number of toroidal turns) it takes for a given field line to escape
depends on the initial condition, and we analyze the average escape duration with
respect to a large number of initial conditions randomly chosen in the chaotic region.
We expect on general grounds an exponential distribution for the average escape time
[16]. Similarly, one can compute the fraction of remaining field lines after a time n,
which should also obey an exponential decay.

In Fig. 10, we plot the fraction of the remaining field lines /', as a function of
number of iterations of the EML map (22)—(23), at a fixed value of the limiter strength.
For the first hundred iterations this fraction is nearly equal to unity indicating that the
field lines wander through the available chaotic region practically without hitting the
tokamak wall. Once this happens, however, the escape becomes very fast, occurring at
an exponential rate, all field lines eventually being lost due to their colliding with the
wall.
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Fig. 10. Fraction of field lines which have not been lost due to collisions with the wall versus the number
of toroidal turns.

Although our theoretical approach is magnetostatic, we can have a rough idea of the
time it takes for a plasma ionized impurity to reach the wall. Take N randomly chosen
initial conditions in the chaotic edge region (x¢;, yo;), i = 1,2,...,N, and for each of
them compute n.;, or the number of map iterations it takes for the ith chaotic field line
to reach the wall. The average number of map iterations is thus (n.) = (1/N)}"; ne;.
The escape time required for an ionized impurity to reach the wall can be thus
estimated as

o CrR)(nd)) 53
ur

where vy = \/2kpT/mp is the particle thermal velocity, with kgT the particle thermal
energy and mp the impurity mass. This assumption underestimates effects of runaway
electrons. For the tokamak 7CABR, operating at University of Sao Paulo, it has been
measured an effective atomic number of about 4.0, in such a way that we can take the
berillium mass for the impurities themselves mp =~ 1.50 x 10726 kg [32]. Numerical
studies of ergodic limiter performance in this machine, with a limiter current of 3.2 kA
have indicated an escape time 7. =~ 28 ms, which is about one fourth of a typical dis-
charge duration (120 ms). Hence in such a tokamak a EML can be effectively activated
during plasma discharges.

Another interesting feature of the field line decay is that it is not continuous, but
rather occurs in plateaus with different lengths, satisfying a well-defined statistical dis-
tribution. Fig. 11 is a frequency histogram showing the relative abundance of plateaus
of given length, or the time intervals between successive losses of field lines. Here,
as in the previous figure, the word time stands for the number of iterations a field
line takes to hit the tokamak wall. For a given EML current we have far more small
plateaus (in which field line loss occurs after a few toroidal excursions) than long
plateaus.
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Fig. 11. Frequency histogram for the number of plateaus of a given length in Fig. 10. A plateau corresponds
to the time interval between successive losses of a field line in the chaotic region.

6. Conclusions

The creation of a boundary layer of chaotic magnetic field lines is possible by means
of a symmetry-breaking perturbation, and the ergodic magnetic limiter (EML) is a
device with this main goal. The local character of the perturbation makes it possible to
derive analytically a Poincaré map giving the field line coordinates at a fixed surface
of section in the tokamak torus. In spite of the approximations which have been used
to derive it, the map is rigorously area-preserving, which is a necessary requirement
from the physical standpoint, and the long-term behavior of field lines can be analyzed
using a considerably shorter computer time than a numerical integration of systems of
differential equations.

The symplectic map we consider for the EML is such that many results have been
analytically obtained in an approximate way. In this paper, we have done a careful
numerical estimation of some of these approximate results. The location of the fixed
points is an important information since they identify island positions and separations.
We have shown that the approximate analytical expressions hold either for small lim-
iter strength and/or high magnetic shear. The onset of global chaos, necessary to the
obtention of a peripheric chaotic region, is studied by means of a modified version
of the Chirikov criterion, in which touching of island separatrices is not required, and
with an ad hoc correction being included to take care of other effects involved in the
barrier transition. We have numerically determined the critical limiter current neces-
sary to chaotization of the two outermost periodic islands and found that the value of
the critical stochasticity parameter compares well with that predicted by the so-called
two-thirds rule, despite the fact that the interacting islands have unequal widths.

The detailed numerical study we have done for the onset of global chaos enabled
us to estimate the size of the chaotic region, by means of the average radial position
of the first intact KAM surface, counted from the inner wall. Our results show a good
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agreement with previous theoretical estimates. The radial diffusion of field lines in the
outer chaotic region was found to be anomalous, with an initial super-diffusive regime
followed by a decrease caused by losses due to field line collisions with the tokamak
wall. The field line loss due to a limiter is characterized by an exponential decay, with
a plateau structure when considered in smaller time scales. The plateau distribution
follows a power-law dependence with the plateau duration. The symplectic map we
deal with in this paper is a valuable tool to investigate the effect of symmetry-breaking
perturbations on the magnetic field line structure in tokamaks, for it retains essential
features also present in more sophisticated models. It is thus a useful theoretical lab-
oratory for long-term studies of near-integrable Hamiltonian systems with a localized
chaotic region.
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