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ABSTRACT

The memristor, theorized by Leon Chua in 1971, functions as a fundamental electronic component, directly linking electric charge and
magnetic flux. As a result of their nonlinear characteristics, memristive circuits generally exhibit chaotic attractors in addition to periodicity.
In this work, we consider the Muthuswamy-Chua system, a chaotic circuit consisting of an inductor, a capacitor, and a memristor. In two-
dimensional parameter spaces, this system displays periodic shrimp-shaped domains, which are periodic windows surrounded by chaotic
regions. Applying a weak harmonic perturbation, we observe the replacement of periodicity by quasiperiodicity, followed by the formation
of Arnold tongues (periodic structures) acting as boundaries between quasiperiodic and chaotic regions. Moreover, as an additional result of
the perturbation, we identify another interesting feature: the metamorphosis of quasiperiodic shrimp-shaped domains into Arnold tongues.
In both instances, Arnold tongues emerge in regions previously dominated by period-doubling cascades under unperturbed conditions.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0277414

In circuit theory, resistor, capacitor, and inductor configure as
the fundamental two-terminal circuit elements. In 1971, Profes-
sor Leon Chua proposed the memristor as the fourth basic circuit
element. Together, these four elements complete the theoretical
relationships between the core electrical quantities: current, volt-
age, charge, and magnetic flux. In 2008, after decades of the initial
concept, researchers from HP lab built the first device, present-
ing memristance properties. The key point about the memristor
is its memory-dependent resistance, i.e., its state depends on the
history of the current or voltage. As a prototypal example of a
memristor system, Muthuswamy and Chua proposed the sim-
plest chaotic circuit comprised of only three elements: a capacitor,
an inductor, and a memristor. This system exhibits the typi-
cal scenario of chaos involving period-doubling bifurcations. In
the two-dimensional parameter space, periodic structures sur-
rounded by chaotic regions appear as shrimp-shaped domains.
In this work, we investigate the effect of a weak periodic per-
turbation on the Muthuswamy-Chua circuit. First, we verify the
replacement of periodicity by quasiperiodicity for a tiny pertur-
bation. By increasing perturbation, we observe the emergence

of Arnold tongues in the transition region from quasiperiodic-
ity to chaotic domains. For shrimps, the quasiperiodic structures
gradually vanish, then transition into Arnold tongues and sub-
sequently transform the tongues into a complex and seemingly
disordered distribution of periodic domains.

. INTRODUCTION

A memristor, short for memory resistors, is a passive circuit
element that was theorized by Chua in 1971 as the fourth funda-
mental circuit element, alongside the resistor, capacitor, and induc-
tor. In 2008, Strukov et al.” identified the missing element, reporting
a functional memristor based on a bi-level titanium dioxide thin
film with dopants. Yang et al.’ provided experimental evidence
of memristive electrical switching in oxide systems. Memristive
devices can be designed and fabricated using various methods
and materials.”” Furthermore, this fundamental passive electri-
cal component has an extensive range of applications, including
secure communication,® reconfigurable electromagnetic devices,’
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programable analog circuits,” artificial synapses,’ and experimental
results demonstrating spike-timing-dependent plasticity in metal-
oxide materials."’

Another relevant feature of memristors is their nonlinearity in
mathematical descriptions, implying diversity and rich dynamical
behaviors. For instance, the simplest chaotic circuit was proposed
by Muthuswamy and Chua.'' This circuit comprises a linear passive
capacitor, a linear passive inductor, and a nonlinear active memris-
tor. By varying the control parameters, the system can exhibit peri-
odic attractors, period-doubling bifurcations, chaotic attractors, and
intermittency.'>"” For this system, Furui and Takano,"" considering
a sinusoidal perturbation, identified the intriguing phenomenon of
the devil’s staircase.

In nonlinear analysis, the characterization of dynamics in
two-dimensional parameter space using Lyapunov exponents has
been extensively explored for various systems, including para-
metric pendulums,” impact oscillators,'>” red grouse popula-
tion models,'® predator-prey models,"”~*' electronic circuits,”” and
plasma physics,”** to name just a few. In many cases, periodic
structures surrounding chaotic regions appear highly organized,
exhibiting typical self-similarity associated with Arnold tongues
and shrimp-shaped domains.”~* These structures have generally
been classified as periodic solutions.”’~** However, recent studies
have reported substantial findings in the study of quasiperiodicity.
Stankevich et al.”’ identified tongues and shrimp-shaped domains
composed of quasiperiodic attractors in a continuous-time model of
radio-physical generators. Similarly, Pati** identified quasiperiodic
shrimps displaying spiral organization in a discrete-time preda-
tor—prey model. More recently, Pati et al.”” investigated quasiperi-
odic shrimp organizations in a discrete-time food chain model. They
highlighted a vital feature: unlike the periodic case, these structures
exhibit a limited number of doubling bifurcations before reaching
chaos. Along the same line, de Souza et al.” reported remarkable
pattern formation of quasiperiodic domains in an intrinsically cou-
pled system described by Lagrangian formalism. Besides quasiperi-
odic shrimps, they identified self-similar metamorphic tongues, a set
of self-similar islands exhibiting an interwoven pattern of chaotic,
quasiperiodic, and periodic regions.

In this work, we examine the effect of a weak harmonic per-
turbation on the Muthuswamy-Chua system in a two-dimensional
parameter space. In addition to replacing periodicity by quasiperi-
odicity, we observe the emergence of Arnold tongues in two cases:
as boundaries between quasiperiodic and chaotic regions, and as
transformations of quasiperiodic shrimps.

This article is organized as follows: Section II provides the
mathematical formulation of the Muthuswamy-Chua system with
a harmonic perturbation. In Sec. III, we explore the effects of
perturbation on dynamic behavior. In Sec. IV, we elaborate on
the mechanism responsible for the transformation observed in
the parameter space. Finally, our last remarks are presented in
Sec. IV.

Il. MUTHUSWAMY-CHUA SYSTEM WITH HARMONIC
PERTURBATION

The mathematical formulation of the Muthuswamy-Chua
system,'' composed of a capacitor, an indutor and a memristive
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element, with harmonic perturbation is given by"*

x=Z,
C

1
}';:—Z[x—i—ﬂ(zz—l)y—i—ysina)t], (1)
z=—y—az+yz

where the dynamical variable x(f) represents the voltage across the
capacitor C, while y(f) represents the current through the inductor
L. The internal state of the memristive element is described by z ().
The parameters y and w denote the amplitude and frequency of the
sinusoidal perturbation, respectively.

11l. QUASIPERIODICITY AND ARNOLD TONGUES

In this section, we present numerical results in two-parameter
spaces for the Muthuswamy-Chua system with a harmonic pertur-
bation. For our numerical analysis, we employed the fourth-order
Runge-Kutta method with a fixed time step of 1072, discarding
a transient phase of 2.0 x 10° iterations, and using an additional
2.0 x 107 trajectory points to compute the Lyapunov exponents.
These exponents were evaluated using the Benettin algorithm,” with
the code provided by Wolf and collaborators.” In addition, we con-
sider the control parameters «, 8 from intrinsic characteristics of the
memristor, and y and @ from the amplitude and frequency of a per-
turbation term, respectively. The remaining parameters were fixed
at C = 1.2 and L = 3.3, according to ones used in a physical circuit
implemented by Muthuswamy and Chua."’

Initially, we illustrate the representative behaviors of the mem-
ristive circuit in the absence of perturbation, y = 0. Figure 1(a)
displays a bifurcation diagram, showing the asymptotic values of the
local maximum x as a function of 8. To characterize the attractors,
we plot the three corresponding Lyapunov exponents in Fig. 1(b),
disregarding the zero exponent and focusing on the largest Lya-
punov exponent: a positive value indicates a chaotic attractor, a
negative value indicates a periodic attractor, and zero indicates
a bifurcation in smooth systems or a quasiperiodic attractor. In
Fig. 1(a), we observe only periodic and chaotic attractors, fram-
ing a route to chaos via period-doubling bifurcation, with the usual
chaotic range interspersed with periodic windows.

Turning our attention to quasiperiodicity, Fig. 2(a) exhibits the
bifurcation diagrams of the system under harmonic perturbation
for y = 0.01. Utilizing the previous attractors in black (y = 0) to
emphasize the transformation of the new attractors in brown, we
observe that the lines representing periodic solutions are no longer
present. The perturbation promotes enlargement on the dynami-
cal variable x, especially around the period-doubling bifurcation. In
Fig. 2(b), as perturbation increases for y = 0.10, the transformation
of the attractors becomes more pronounced.

In fact, a weak harmonic perturbation causes the system to
evolve from a single-frequency (periodic) to a multi-frequency
regime (quasiperiodic). In this case, the system incorporates a fourth
Lyapunov exponent, replacing the previous three-exponent config-
uration. Figures 3(a)-3(d) illustrate this transformation process for
the attractors, whose parameters are indicated by dashed lines in
Figs. 2(a) and 2(b). Using a return mapping x,; Vs X, Fig. 3(a)
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FIG. 1. (a) Bifurcation diagram of the local maxima of x as a function of 8 and
(b) Lyapunov exponents for C = 1.2, L = 3.3, = 0.7,and y = 0.

0.04 2.00

B

FIG. 2. Bifurcation diagram varying g for C =12, L =3.3, « = 0.7, and
= 0.28. The background is shown in brown for (a) > = 0.01 and (b) y = 0.1.
The diagram plotted in black is the same as in Fig. 1(a) for y = 0.0.

12 1.2

(a) (b)

n+l

%,

FIG. 3. Overview of the attractors: (a) A torus in red for (8, y) = (0.50,0.01)
and a torus in blue for (8,y) = (0.75,0.01). (b) A chaos on torus in green for
(B,v) = (1.36,0.01). (c) A torus in red for (8, ) = (0.50,0.10) and a chaotic
attractor in blue for (8,y) = (0.75,0.10). (d) A chaos on torus in green for
(B,v) = (1.36,0.10). These attractors are indicated by dashed lines in the bifur-
cation diagram from Figs. 2(2) and 2(b). The corresponding attractors for y = 0.0
are plotted in black.

shows the evolution of the period-1 attractor (depicted in black
with plus symbols) and the period-2 attractor (depicted in black
with “x” symbols) for y = 0 into a single-torus (in red) and a
double-torus (in blue) for y = 0.01. In Fig. 3(c), increasing pertur-
bation to y = 0.10, the single-torus (in red) undergoes stretching in
phase space, while the double-torus becomes a chaotic attractor with
bands (in blue) for the largest Lyapunov exponent A ~ 0.002 (not
shown in the figure). In Figs. 3(b) and 3(d), the chaotic attractor (in
black) transforms into a chaos on torus (in green), exhibiting two
zero Lyapunov exponents and one positive exponent (A & 0.038).
As perturbation increases from y = 0.01 [Fig. 3(b)] to y = 0.10
[Fig. 3(d)], the attractor (in green) expands significantly in size,
exhibiting chaotic behavior characterized by a single zero exponent
alongside a positive exponent (A & 0.026), rather than the two zero
exponents observed in chaos on the torus state.

To gain further insights into the quasiperiodic process, we
evaluate the Lyapunov exponents for a two-dimensional parame-
ter diagram for y vs B for a grid of 800 x 800 cells. Varying the
amplitude of perturbation from y =0 to y = 0.2, Fig. 4 displays
the evolution of the attractors indicated in the bifurcation diagram
of Fig. 1(a). Periodic attractors are shown in black, chaotic attractors
in white, and quasiperiodic attractors in blue. Due to perturbation,
periodic attractors immediately transition into quasiperiodic attrac-
tors (in blue). Subsequently, periodic attractors emerge, forming the
boundary of Arnold tongues (in black) between quasiperiodic and
chaotic regions. These periodic tongues play an essential role in
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FIG. 4. Parameter plane diagram for y vs B8, showing the evolution of the attrac-
tors indicated in the bifurcation diagram of Fig. 1(a). Periodic attractors are
plotted in black, chaotic attractors in white, and quasiperiodic attractors in blue.
The control parameters are fixedat C = 1.2,L = 3.3, « = 0.7, and w = 0.28.

illustrating the route to chaos from quasiperiodicity, as described
in the Curry-Yorke scenario.””~*' Beyond the case of a weak har-
monic perturbation, quasiperiodicity can also be studied under a
perturbation with two incommensurate frequencies. However, in
this case, the route to chaos follows a torus-doubling bifurcation sce-
nario, which is interrupted by the emergence of strange nonchaotic
attractors.”~"

To examine the effect of perturbation in greater detail,
Figs. 5(a)-5(d) exhibit a sequence of parameter plane diagrams for

0.05
0.40 200 040

g

pubs.aip.org/aip/cha

a vs B as a function of y. First, for y = 0, Fig. 5(a) displays a param-
eter plane where periodic windows (in black) are surrounded by a
chaotic region (in white). The blue lines represent period-doubling
bifurcations and the periodic windows exhibit a characteristic shape
known as shrimps.” For a tiny perturbation y = 0.001 in Fig. 5(b),
periodic regions become quasiperiodic (in blue). In addition, we
observe the vanishing of quasiperiodic shrimps, evidenced by the
green region. This green region represents chaotic attractors that
were previously periodicat y = 0. Increasing perturbation gradually
in Figs. 5(c)-5(f), we verify the progression of the vanishing process
in quasiperiodic shrimps and the emergence of periodic structures
(in black). Surprisingly, a significant portion of the periodic domains
emerges well-structured, manifesting as Arnold tongues and form-
ing the boundaries between quasiperiodic and chaotic regions.

At first glance for the shrimps, perturbation just induces the
quasiperiodicity and the vanishing process, promoting the enlarge-
ment of chaos regions. In Figs. 6(a)-6(f), we analyze the transforma-
tion of shrimps in detail. For the unperturbed case y = 0, Fig. 6(a)
shows a collection of periodic shrimps obtained from a magnifi-
cation of the yellow box depicted in Fig. 5(a). For the perturbed
cases from y = 0.001 to y = 0.020, Figs. 6(b)-6(f) illustrate the
retraction of quasiperiodic shrimps and the emergence of intricate
periodic structures (in black). In fact, this periodicity reveals another
interesting feature. The periodic domains appear as Arnold tongues
covering the upper side of the quasiperiodic shrimps, as more clearly
shown in Figs. 7(a)-7(c) from y = 0.020 to ¥ = 0.024. As perturba-
tion increases, the self-similar pattern of the tongues evolves into
a complex distribution of periodicity, as shown in Figs. 7(d)-7(f),
from y = 0.026 to y = 0.030.

2.00 0.40 2.00

B B

FIG. 5. Parameter plane diagrams for z vs 8, showing the transformation of the periodic windows (black) at (a) = 0.0, under increasing perturbation: (b) > = 0.001,
(c) ¥ = 0.005, (d) y = 0.025, (¢) ¥ = 0.050, and (f) > = 0.100. Periodic attractors are plotted in black, chaotic attractors in white, and quasiperiodic attractors in blue.
The green region represents chaotic attractors previously periodic at y = 0.0. The remaining parameters are fixed at C = 1.2, L = 3.3, and @ = 0.28.
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FIG. 6. Parameter plane diagrams for « vs B, illustrating the transformation of the periodic shrimp-shaped domains (black) at (a) » = 0.0 [a magnified view of the yellow
box in Fig. 5(a)], under increasing perturbation: (b) y = 0.001, (c) » = 0.005, (d) y = 0.010, (¢) y = 0.015, (f) > = 0.020. Periodic attractors are plotted in black, chaotic
attractors in white, and quasiperiodic attractors in blue. The green region represents chaotic attractors previously periodic at y = 0.0. The remaining parameters are fixed
atC=12L=33andw = 0.28.

125 150 125 150 125 1.50

B B B

FIG. 7. Parameter plane diagrams for « vs B, illustrating the transformation of the shrimps at (a) » = 0.020 [a magnified view of the yellow box in Fig. 6(f)] , under
increasing perturbation: (b) y = 0.022, (c) y = 0.024, (d) y = 0.026, (e) y = 0.028, and (f) y = 0.030. Periodic attractors are plotted in black, chaotic attractors in white,
and quasiperiodic attractors in blue. The green region represents chaotic attractors previously periodic at y = 0.0. The remaining parameters are fixedat C = 1.2, L = 3.3,
and w = 0.28.
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IV. MECHANISM OF METAMORPHOSIS

In this section, we examine the mechanism behind the trans-
formation of self-similar structures in parameter planes, with a
particular focus on shrimp-shaped domains. As a preliminary step,
we provide, in Figs. 8(a) and 8(b), a better picture of the self-similar
pattern of the Arnold tongues. Periodic, quasiperiodic, and chaotic
attractors are represented in black, red, and white, respectively.
Figure 8(a) displays a magnified view of the yellow box depicted in
Fig. 5(e), highlighting Arnold tongues as boundaries, while Fig. 8(b)
shows a magnified region from Fig. 7(b), focusing on the tongues
originating from quasiperiodic shrimp-shaped domains. In both
instances, we observe the emergence of tongues in regions previ-
ously dominated by period-doubling cascades under unperturbed
conditions.

Following the cyan dashed line in Fig. 8(b) associated with
tongues from shrimp metamorphosis, we display, in Fig. 9(a),
a bifurcation diagram for the parameter B with o = 23.909
—33.9968 + 12.461B8%. From this diagram, we observe that the
attractors linked to period-3 shrimp transformations are organized
into sets of three. Therefore, the tongues consist of structures whose
periods are multiples of three. Additionally, we also observe a typical
pattern of periodic organization for Arnold tongues. Between win-
dows with periods 21 and 24, we identify the major window with 0‘18310 1.345
period 45, followed by period 69 between periods 24 and 45, and so ' B '
on. For a better view of the corresponding periods, Fig. 9(b) displays

FIG. 9. (a) Bifurcation diagram following the cyan dashed line of Fig. 8(b) for the
parameter 8 with o = 23.909 — 33.996 + 12.46182. (b) Magnification of the
diagram limited by the green box of (a).

a single set (one out of three) of the bifurcation diagram, from a
magnification of the green dashed-line box indicated in Fig. 9(a).
The attractors with periods 21, 24, 45, and 69 are represented by 7, 8,
15, and 23 lines, respectively. In the end, the organization of tongues
obeys a Fibonacci-like sequence, where each window has a period
equal to the sum of the periods of the two adjacent major windows.

0.00
0.05 1.00

FIG. 10. Parameter plane diagram for y vs w, showing periodic structures
(in black) organized as tongues. The parameters are fixed at («, 8, ) = (0.7,

FIG. 8. Magnifications of the portion limited by yellow box of (a) Fig. 5(¢) and 0.5,0.0) corresponding to period-1 solution indicated as plus symbol in Fig. 3(a).
(b) Fig. 7(b). Periodic, quasiperiodic, and chaotic attractors are depicted in black, Periodic, quasiperiodic, and chaotic attractors are depicted in black, red, and
red, and white, respectively. The red lines within the black regions correspond to white, respectively. The red lines within the black regions correspond to period-
period-doubling bifurcations. doubling bifurcations.
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FIG. 11. Parameter plane diagram for y vs w, showing the appearance of
tongues for the parameters (e, 8) = (0.75, 1.30), selected inside of the largest
shrimp region of Fig. 6(a). Periodic, quasiperiodic, and chaotic attractors are
depicted in black, red, and white, respectively.

This typical phenomenon for tongues has been identified in several
systems, ranging from biological* to mechanical systems.”

Taking into account the mechanism behind the parameter
plane transformation, as first pointed out by Furui and Takano,” the
periodically driven Muthuswamy-Chua circuit presents a Devil’s
staircase, a phenomenon associated with Arnold tongues and
quasiperiodic behaviors. Therefore, it is expected to identify the res-
onance tongues in the parameter plane diagrams corresponding to
the control parameters of the perturbation. For the parameters fixed
at (o, B, ¥) = (0.7,0.5,0.0) corresponding to period-1 solution indi-
cated as plus symbol in Fig. 3(a), we provide in Fig. 10 a parameter
plane diagram showing the amplitude of excitation y as a function
of the frequency w. As expected, the periodic perturbation induces
the appearance of resonance tongues (in black), surrounded by
quasiperiodic (in red) and chaotic (in white) regions. The red lines
in the middle of black areas correspond to period-doubling bifurca-
tions, while the cyan dashed line indicates the frequency w = 0.28
used in our simulations throughout this work.

For the control parameter values located within shrimp-shaped
domains, we also observe the appearance of resonance tongues
for the perturbation parameters. For instance, varying y and o,
Fig. 11 displays the scenario of tongues for a set of parameters (o, 8)
= (0.75,1.30), selected inside of the largest shrimp region of
Fig. 6(a). The cyan dashed line indicates the frequency w = 0.28
used in our numerical simulations throughout this work.

Note that the property of exhibiting resonance tongues for
the control parameters of periodic perturbation (y and w) corre-
sponds to the essential factor for a system presenting the mechanism
of self-similar domain transformation, distinguished by the pres-
ence of Arnold tongues with the shrimp metamorphosis. In other
words, an originally autonomous dynamical system that develops
Arnold tongues under periodic perturbation is expected to exhibit
the mechanism of shrimp metamorphosis.

V. CONCLUSIONS

In this study, we numerically investigated the effect of a weak
harmonic perturbation on the dynamics of the Muthuswamy-Chua
circuit in two-dimensional parameter spaces. This system, composed

ARTICLE pubs.aip.org/aip/cha

of a capacitor, a linear inductor, and a memristor, exhibits peri-
odic and chaotic attractors, characterized by a period-doubling route
to chaos under unperturbed conditions. By applying a weak har-
monic perturbation, we initially observed the replacement of peri-
odicity by quasiperiodicity. In fact, a weak perturbation effectively
introduces a zero Lyapunov exponent into the system. In addition
to converting periodicity into quasiperiodicity, perturbation also
transforms chaotic attractors into chaos on torus. Increasing per-
turbation, we verified the emergence of periodic domains, forming
Arnold tongues at the boundaries between quasiperiodic and chaotic
regions. As a key finding, we also identified the metamorphosis
of quasiperiodic shrimp-shaped domains into Arnold tongues. In
both instances, Arnold tongues emerge in regions previously dom-
inated by period-doubling cascades under unperturbed conditions.
Moreover, these periodic tongues play an essential role in illustrat-
ing the route to chaos from quasiperiodicity, as described in the
Curry-Yorke scenario.

Our findings expand the understanding of nonlinear dynam-
ical behaviors for systems under a weak harmonic perturbation.
However, further numerical investigation should be carried out to
understand better the scenario involving the emergence of Arnold
tongue structures. In classical nonlinear dynamics, Arnold tongues
can arise in forced nonlinear oscillators where frequencies lock
into rational ratios. In our investigation, we identified these mode-
locking structures in the parameter plane defined by the pertur-
bation parameters, y and w. In fact, Arnold tongues are typically
observed for the perturbation parameters. Using the same approach,
we also investigate the effect of perturbation on other systems. Ini-
tially, we characterized the systems using parameter plane diagrams
defined by the perturbation parameters, and subsequently by addi-
tional parameters. For cases such as the Rossler system, we have
observed that the emergence of Arnold tongues does not occur when
these structures are absent for the perturbation parameters (ampli-
tude and frequency). Therefore, the scenario presented in this study
is not unique and depends on the intrinsic dynamical features of the
system in which mode-locking plays a significant role.

In the end, memristors have characteristics that are useful
in electronic and electrical systems. They can be used in various
applications such as non-volatile memory, hardware security, and
neuromorphic computing. In real circuits, the Arnold tongues can
imply a predictable behavior and also lead to control strategies. Bap-
tista and collaborators'® showed that the Arnold tongues can exhibit
robust phase synchronized states in a perturbed Chua circuit. There-
fore, memristive tongues are of great importance to determine the
stability or control the oscillation frequency of circuits.
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