


General ideas and procedures 
Every thing has a cost that are the sum of several 
demmands so lets simbolize a final cost by; 

𝑔= 𝑢1+𝑢2+...+𝑢𝑛  

 

and each 𝑢𝑛 demand; 

 𝑢1 = 𝑐1𝑡
𝑎11𝑐2𝑡

𝑎12𝑐3𝑡
𝑎13... 𝑐𝑚𝑡

𝑎𝑖𝑚 

 

The exponents 𝑎𝑖𝑚 ℝ and cte. 

The coeficient  𝑐𝑖> 0 and the parameter 𝑡 > 0. 

 



 The class of functions that are polynomial positive are 
called posynomials. 

 The problem of Geometric Programmation is to 
minimizing a posynomial 𝑔0 under constraints 𝑔𝑘 

 min  𝑔0 𝑥1, 𝑥2, … , 𝑥𝑛 = 𝐶0𝑗𝑡
𝑎01𝑗
1𝑡
𝑎02𝑗
2…𝑡
𝑎0𝑛𝑗
𝑛

𝑀0
𝑗=1  

 

 𝑔𝑘 𝑥1, 𝑥2, … , 𝑥𝑛 = 𝐶𝐾𝑗𝑡
𝑎𝑘1𝑗
1𝑡
𝑎𝑘2𝑗
2…𝑡
𝑎𝑘𝑛𝑗
𝑛

𝑀𝐾
𝑗=1 ≤ 1 

 

And it is called primal program. 

 

 It will happen if there is a maximization of function 
𝑣  named dual function subjec to linear constraints 
and this is the dual program. 

 



Dual funcion is based on inequality of aritmetic mean and 
geometric mean. 

 aritmetic mean  
𝛿𝑖
 𝛿𝑖𝑖
𝑈𝑖𝑖    

 But under   𝛿𝑖 = 1𝑖  normalization  

 

                                                             𝑈𝑖
𝛿𝑖

𝑖  geometric mean 

 

  𝛿𝑖𝑈𝑖 ≥  𝑈𝑖
𝛿𝑖

𝑖𝑖   inequality    

 

 writing 𝛿𝑖𝑈𝑖 as 𝑢𝑖 = 𝛿𝑖𝑈𝑖  

   

  𝑢𝑖 ≥  
𝑢𝑖

𝛿𝑖

𝛿𝑖

𝑖𝑖   basic equation 

 

 



 𝑔 𝑥1, 𝑥2, … , 𝑥𝑛 = 𝐶𝑗𝑡
𝑎1𝑗 𝑡𝑎2𝑗 …𝑡𝑎𝑛𝑗

𝑀

𝑗=1  

 Like 𝑔 𝑥1, 𝑥2, … , 𝑥𝑛 = 𝑢1 + 𝑢2 +⋯+ 𝑢𝑛 

 With 𝑢𝑗 = 𝐶𝑗𝑡
𝑎1𝑗 𝑡𝑎2𝑗 …𝑡𝑎𝑛𝑗  

 Defining Predual function 

 𝑉 𝜹, 𝒕 =  
𝑢𝑖

𝛿𝑖

𝛿𝑖

𝑖 = 
𝐶𝑖

𝛿𝑖

𝛿𝑖

𝑖 𝑡𝛿𝑖𝑎𝑖𝑗  

 𝑢𝑛𝑑𝑒𝑟 𝑜𝑟𝑡𝑜𝑔𝑜𝑛𝑎𝑙𝑖𝑡𝑦 𝐷𝑖 =  𝛿𝑖𝑎𝑖𝑗
𝑀
𝑖=1 =0 

 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒗 𝜹 =  
𝑢𝑖

𝛿𝑖

𝛿𝑖

𝑖  dual function 

 It is a maximun under   min  𝑔0 𝑥1, 𝑥2, … , 𝑥𝑛   

 



 Example without restrictions 

 min𝑔 =
400

𝑥1𝑥2𝑥3
+ 400𝑥2𝑥3 + 200𝑥1𝑥3 + 100𝑥1𝑥2 

 𝐶1 = 400 𝐶2 = 400 𝐶3 = 200 𝐶4 = 100   𝑖 = 4 
 Dual function 

 𝑉 =
400

𝛿1

𝛿1 400

𝛿2

𝛿2 2000

𝛿3

𝛿3 100

𝛿4

𝛿4
 

 Ortogonality 

 𝐷1 = −𝛿1 +    +𝛿3+𝛿4= 0 

 𝐷2 = −𝛿1 + 𝛿2 + +𝛿4 = 0            𝛿1 =
2

5
    𝛿2 =

1

5
     𝛿3=

1

5
   𝛿4 =

1

5
  

 𝐷3 = 𝛿1 + 𝛿2+𝛿3           = 0 
  𝛿𝑖 = 1𝑖  normalization  

 𝑉 =
400

2/5

2/5 400

1/5

1/5 2000

1/5

1/5 100

1/5

1/5
= 1000 

 
 
 

𝑥1 

𝑥2 



The equality                        is valid if  
𝑢𝑖

𝛿𝑖
= 𝐶𝑇𝐸 = 𝑘 

 

If 𝑔 𝑥1, 𝑥2, … , 𝑥𝑛 = 𝑢1 + 𝑢2 +⋯+ 𝑢𝑛  

 

𝑔∗ = 𝑘 =
𝑢𝑖

𝛿𝑖
  minimun of 𝑔 

𝑢1 = 𝛿1𝑔
∗ =
2

5
1000 = 400 

𝑢2 = 𝛿2𝑔
∗ =
1

5
1000 = 200  

𝑢3 = 𝛿3𝑔
∗ =
1

5
1000 = 200 

𝑢4 = 𝛿4𝑔
∗ =
1

5
1000 = 200 

 𝛿𝑖𝑈𝑖 ≥ 𝑈𝑖
𝛿𝑖

𝑖𝑖

 



𝑢1 = 𝛿1𝑔
∗ =
400

𝑥1𝑥2𝑥3
= 400 

𝑢2 = 𝛿1𝑔
∗ = 400𝑥2𝑥3 = 200 

𝑢3 = 𝛿1𝑔
∗ = 200𝑥1𝑥3 = 200 

𝑢4 = 𝛿1𝑔
∗ = 100𝑥1𝑥2 = 200 

        Using log. to solve the system of equations 
 
                      𝑥∗1 = 2      𝑥

∗
2 = 1        𝑥

∗
3 = 1/2 

 

Finaly solving to get the 𝑥 ´s 



Geometric Programming 𝑎𝑛𝑑 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟𝑠 

  min 𝑍0 = log (𝑔0 𝑿 )  𝑤𝑒𝑟𝑒  1 −  ∆0𝑗= 0
𝑀0
𝑗=1  𝑎𝑛𝑑  ∆0𝑗𝑎0𝑖𝑗 = 0

𝑀0
𝑗=1  

𝐿 = 𝑍0 − 𝜇0 1 − ∆0𝑗

𝑀0

𝑗=1

− 𝜇𝑗 𝑙𝑛
∆0𝑗

𝐶0𝑗
+ 𝑍0 − 𝑊𝑖𝑎0𝑖𝑗

𝑀0

𝑗=1

𝑀0

𝑗=1

 

 

𝜕𝐿

𝜕𝑊𝑖
= 𝜇𝑗𝑎0𝑖𝑗 = 0       

𝑀0

𝑗=1

𝜕𝐿

𝜕𝑍0
= 1 − 𝜇𝑗 = 0

𝑀0

𝑗=1

 

 

were 𝜇0, 𝜇1, … 𝜇𝑀0  𝑎𝑟𝑒 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟𝑠 

We can demonstrate that ∆0𝑗 is equivalent to Lagrange Multiplier 

∆0𝑗 is equivalent to 𝛿𝑖 but to problems with restrictions  



Geometric Programming and Allometry 

 Allometry is the study of the relationship of body size 
to shape, anatomy, physiology and finally behaviour, first outlined 
by Otto Snell in 1892, by D'Arcy Thompson in 1917 in On Growth and 
Form and by Julian Huxley in 1932. 

 
 The general formula is: 

 

               Y = Y0Mx 
 
 

 were Y is organism property, Y0 is a taxonomic group 
specific constant, M is a body parameter and x, by 
empirical studies, ranging between 2/3 and ¾.  
 

https://en.wikipedia.org/wiki/Shape
https://en.wikipedia.org/wiki/Anatomy
https://en.wikipedia.org/wiki/Physiology
https://en.wikipedia.org/w/index.php?title=Otto_Snell&action=edit&redlink=1
https://en.wikipedia.org/wiki/D'Arcy_Thompson
https://en.wikipedia.org/wiki/On_Growth_and_Form
https://en.wikipedia.org/wiki/On_Growth_and_Form
https://en.wikipedia.org/wiki/Julian_Huxley


Allometry in distinct parts of body afair. 

Y = Y0Mx 

Z = Z0Mw 



Log – Log x Linear – Linear afair  
 𝑙𝑜𝑔 𝑦2 −𝑙𝑜𝑔(𝑦1)
 𝑙𝑜𝑔 𝑥2 −𝑙𝑜𝑔(𝑥1)

      X     
𝑦2/𝑦1

𝑥2/𝑥1
     

Log scale       4,90          4,60 

Linear scale   79.000      40.000 
 

 

   



Functions self-similar and power laws 

 A ellipse as example: 


𝑥

𝑊(𝑠)

2
+ 
𝑦

𝐿(𝑠)

2
=1    𝑦 = 𝐿(𝑠) 1 −

𝑥

𝑊(𝑠)

2
   

 
 The ellipse can be expressed as a form: 

 𝑦 = 𝑓 𝑥, 𝑠 = 𝛼 𝑠 𝑓 𝛽 𝑠 𝑥, 1  
 

 ∀ 𝑔 𝑥, 𝑠𝑡 = 𝛼 𝑠 𝑓 𝛽 𝑠 𝑥, 𝑡  is  
 

 self-similar to that ellipse is a particular 
     self-similar function with 𝑡=1 and 𝑔 = 𝑓. 



 We can write a self-similar function as: 

 𝑔 𝑥, 𝑠𝑡 = 𝛼 𝑠 𝑓 𝛽 𝑠 𝑥, 𝑡 = 𝛼 𝑠 𝛼 𝑡 𝑔 𝛽 𝑠 𝛽(𝑡)𝑥, 1  

 

 By definition, is valid that:             

 𝑔 𝑥, 𝑠𝑡 = 𝛼(𝑠𝑡) 𝛽 𝑠𝑡 𝑥, 1  

 

 Assembling the functional equations: 

 

 𝛼 𝑠𝑡 = 𝛼 𝑠 𝛼 𝑡  and 𝛽 𝑠𝑡 = 𝛽 𝑠 𝛽 𝑡  

under conditions:𝛼 1 = 1, 𝛽 1 = 1  

https://en.wikipedia.org/wiki/File:Fractal_fern_explained.png


 When 𝑡 = 1, we can write 𝛼 𝑠 = 𝛼 1 𝛼 𝑠  

 

Solving the functional equation 𝛼 𝑠𝑡 = 𝛼 𝑠 𝛼 𝑡  : 

𝑠
𝑑𝛼(𝑠)

𝑠
=𝛼 , 1 𝛼 𝑠 →  

𝑑𝛼(𝑠)

𝛼(𝑠)
= 𝛼 , 1  

𝑑𝑠

𝑠
 

 

 log 𝛼 𝑠 = 𝑘 log 𝑠   →  𝛼 𝑠 = 𝑠𝑘 

 

And similary:  𝛽 𝑠 = 𝑠𝐾  

 



Lagrange Multipliers and Power Law functions and Geometric Programming 

 

 

 

 

 

 Lets take an ellipse F 𝑥, 𝑦 =
𝑥

3

2
+
𝑦

4

2
 

and a rectangle area 𝑓 𝑥, 𝑦 = 2𝑥2𝑦 to adjust. 

 

 

 x 

y 

 2x 

 2y 



 x 

y 𝑓 𝑥, 𝑦 = 2𝑥2𝑦 = 𝑘  𝑜𝑟   𝑦 = 𝑘/4𝑥 

𝑘=24 
𝛻𝑓 𝑥0, 𝑦0 = 𝜆𝛻𝐹( 𝑥0, 𝑦0  

 are Lagrange multipliers. 

The function gradient are perpendicular at tangency point  

F 𝑥, 𝑦 =
𝑥

3

2
+
𝑦

4

2
under condition 𝑔 𝑥, 𝑦 =1 

 2x 

 2y 



Geometric Programming and allometry 

  From allometric equation Y = Y0Mx    

 

 Forrestal mass was funtion of several allometric 
parameters  that was function of mass too. 

 

 𝑀1=𝐶1𝑀𝑎
𝛿 + 𝐶2𝑀𝑏

𝛼 + 𝐶3𝑀𝑐
𝛽 + 𝐶4𝑀𝑑

𝛾 

 𝑤𝑒𝑟𝑒 𝑀 ≡ 𝑚𝑎𝑠𝑠 and we have posinomial structure 

 min  𝑔0 𝑥1, 𝑥2, … , 𝑥𝑛 = 𝐶0𝑗𝑡
𝑎01𝑗
1𝑡
𝑎02𝑗
2…𝑡
𝑎0𝑛𝑗
𝑛

𝑀0
𝑗=1  

 As well as 1 =  𝛿 + 𝛼 + 𝛽 + 𝛾 normalization condition 

 



Geometric Programming as reversal engeneering 
based on finit-element griding. 

  Y = Y0Mx  

  𝛿𝑖𝑈𝑖 ≥  𝑈𝑖
𝛿𝑖

𝑖𝑖   inequality 
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