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Abstract. We summarize recent progress on the applications of Tsallis statistics
to high energy and heavy ion physics. We also address the possible connections
of this statistics with a fractal structure of hadrons.

1 Introduction

Before the quark structure of the hadrons was widely accepted, another approach resulted
in an interesting description of many observed phenomena. Supporting this approach is the
self-consistent model (Bootstrap Model) proposed by Frautschi and others [1], which gave
an exponential mass spectrum for the hadrons that was able to describe the high mass sector
of the observed hadrons.

Hagedorn proposed a Self-Consistent Thermodynamics for the fireball formed at high
energy collisions, where fireball was defined as a thermodynamical system formed by fire-
balls [2]. With this definition, it was possible to describe the thermodynamical aspects of
the fireballs, as well as the exponential mass spectrum. Another fundamental result of the
theory was the limiting temperature, called Hagedorn’s temperature, representing the maxi-
mum temperature at which the fireball could be heated. According to the Hagedorn’s theory,
increasing the energy given to the system would result in the production of a larger number
of particles, keeping the temperature below its asymptotic value.

The success of the Self-Consistent Thermodynamics motivated the development of the
Hadron Resonance Gas models, where different exponential mass spectra were used to in-
vestigate the thermodynamical characteristics of the fireballs [3—6]. With the advance of the
theory based on the quark structure, the Hagedorn temperature was reinterpreted as a phase-
transition temperature, corresponding to the interface between the confined and deconfined
regimes of the hadronic matter. The deconfined regime is known as Quark-Gluon Plasma,
and has being identified and studied experimentally since 2005.

The Self-Consistent Thermodynamics predicts exponential distributions for the energy
and momentum of the particles produced in the collisions between high energy hadrons.
However, with the increasing of the collision energy promoted by the advance of the colliders,
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it was observed that this was not observed experimentally, that is, ( d?)ﬁliy % e P/ n,
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After 2000, it was clear that Hagedorn theory could not describe the full range of the mul-
tiparticle production, and the distributions should be described by the Tsallis distributions.
When using Tsallis statistics, then power-law distributions are obtained and the agreement
between theory and experiment is perfect in many orders of magnitude [7, 8].

2 Tsallis statistics

The Tsallis statistics is a generalization of Boltzmann-Gibbs (BG) statistics for systems with
correlations that can emerge from non Markovian evolution, long-range forces or complex
internal structure. It is based on a new definition for the Entropy, given by
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A consequence is that the entropy of the system is non-additive, and for two independent
systems A and B [9]
Sa+p=Sa+5p+kz' (1-4)SaSs, )

where the entropic index g measures the degree of non-extensivity. Tsallis generalized statis-
tics leads to g-exponential and g-logarithm functions,

eg? () = [1£ (g — D/ 3)

It was proved that the thermodynamical relations are kept intact if one maximize the
Tsallis entropy, and the whole thermodynamics can be derived from the new entropic formula,
as for instance, the occupation number, given by
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where & = +1 for bosons and fermions, respectively, and the density of hadron species in an
ideal gas of massive particles, given by
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where
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and pi > 0 if Y, Haqai > m;.

3 Non-Extensive Self-Consistent Thermodynamics

The Self-Consistent Thermodynamic Theory was generalized by the inclusion of Tsallis
statistics. It was shown that the critical temperature is obtained in this generalization, but
with a new spectrum mass formula that increases as a power-law instead of the exponential
increase from the Hagedorn theory, that is,

p(m) = po-[1+(q— V)m/Ty]"/ 071 .
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This new spectrum mass formula describes the observed data better than the Hagedorn’s
spectrum mass formula, describing the full range of observed masses from the pion mass up
to approximately 2.5 GeV. Moreover, it predicts a constant value for the parameter g after the
limiting temperature is reached.

The energy and momentum distributions also change, resulting in g-exponential distribu-
tion instead of the exponential ones, that is,

d*N pimyi (+) (_@)

= 7
dp.dy & (2mE T @

4 Thermofractals

Emergence of the non-extensive behavior has been attributed to different causes: 1) long-
range interactions, correlations and memory effects; 2) temperature fluctuations; 3) finite
size of the system [10]. We will study a natural derivation of non-extensive statistics in terms
of thermofractals.

Thermofractals are systems in thermodynamical equilibrium presenting the following
properties [11]:

1. Total energy is given by

where F is the kinetic energy, and E is the internal energy of N constituent subsystems,
so that £ = Z{-V:l si(l).

2. Constituent subsystems are thermofractals, so that the distribution P(E) is self-similar
or self-affine, i.e. at level n of the subsystem hierarchy, P, (E) is equal to the distri-
bution in the other levels:

PTF(n) (€) o< PTF(n+m) (€). ©))
3. Atlevel n the phase space is so narrow that one can consider Py.(E,)dE, = pdE,.

In thermofractals the phase space must include momentum degrees of freedom of free
particles as well as internal degrees of freedom. According to property 2 of self-similar

thermofractals
dU = AP “F Yd 10
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with o0 =1+ k% and k% = % and Vv is an exponent to be determined. By imposing self-
similarity
PTF(O)(U)‘XPTF(I)<£) (11)
one finds
_3N 1
£ 2 T-v €
Pule) = A [1 n kT} —  Puw(&) =Awey [fﬁ} . (12)
Therefore, the distribution of thermofractals then obeys Tsallis statistics with g — 1 = % (1—
V).
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Figure 1. Chemical freeze-out line 7 = T'(up) (left panel) and energy density as a function of temper-
ature (right panel). We plot the result by using BG statistics, and Tsallis statistics.

From the generalization of Hagedorn’s thermodynamics, it is possible to derive the ther-
modynamical functions that will show a non-extensive character [12]. Indeed,
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which results in the Boltzmann partition function in the limit ¢ — 1. The non-extensive ther-
modynamics, then, can describe all the observables of the thermodynamically equilibrated
system formed at high energy collisions. On this respect, the thermodynamics of QCD in the
confined phase can be studied within the Hadron Resonance Gas approach, for which phys-
ical observables can be expressed in terms of hadronic states [3]. In particular, the partition
function is given by

logZ,(V,T.{u}) = Y logZ,(V,T,u), (14)
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and from that one can compute all the QCD thermodynamics quantities:
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The non-extensive hadronic matter presents interesting aspects. The equation of states
becomes harder as the parameter g increases, therefore the hadronic matter with g = 1.14, as
it results from the thermofractal QCD, leads to a higher pressure. Applying this reasoning
to a possible deconfined phase in Neutron Stars, one obtains large masses for the star for the
same radius, giving a possible explanation for the massive objects observed. Some results on
the QCD thermodynamics are displayed in Fig. 1.

5 Scales in YM theory

At this point, it is interesting to investigate the relations between the thermofractal structure
and the QCD. The two main features of fractals are the scaling invariance and the complex in-
ternal structure. These two aspects are also present in the description of the effective partonic
structure of hadronic matter.
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The effective parton has a complex structure arising from the self-energy interactions,
which becomes apparent when one describes the high-order contributions. The inclusion of
the self-energy interaction leads, indeed, to the infinities in the QCD theory, or in general, in
any Yang-Mills theory.

It is possible to cut-off the infinity contributions because of another property of the quan-
tum fields, that is represented mathematically by the renormalization group equation given
by [13, 14]

8i/l+ﬁgaa_+y r=0.
The equation above establishes the scaling invariance of the field theory, and fixing a maxi-
mum value for the momentum is equivalent to renormalising the parameters, like mass and
charge, of the partons described by the theory.

With the two characteristics above, a fractal theory of the quantum fields was proposed
in Ref. [15]. The fractal structure leads to a recursive equation that allows to obtain the

running-coupling as
1

HG[I— 13" (15)

With this coupling, and comparing with the predictions of the QCD, one can obtain the value
for the parameter g in terms of the number of colours and the number of flavours, given by

1 11N4N
1 |3 T3

For Ny =3 and N, = 6, itresults g = 8 /7= 1.14, in excellent agreement with the experimental
analysis.

6 Conclusions

We have reviewed the non-extensive statistics in the form of Tsallis statistics of a quantum gas
at finite 7 and u. It is shown that the Tsallis statistics allows for a generalization of the self-
consistent thermodynamics first proposed by Hagedorn. The phase-transition temperature is
still obtained, and a new spectrum mass formula for hadrons can describe the observed states
better than the original Hagedorn’s formula.

It is discussed that the emergence of the generalized statistics in HEP can be due to the
formation of fractal structures of the thermodynamics distributions, which can be associated
with a fractal structure in the momentum space. These structures, called thermofractals,
would lead to the correlations needed for the emergence of Tsallis statistics.

Finally, recent work is discussed where thermofractal structures can appear in any field
described on the basis of a Yang-Mills theory. The structure would be due to the scaling
properties that allow the renormalization of the theory. This result allows the calculation
of the entropic index, g, in terms of the fundamental parameters of the field theory, as the
numbers of colours and flavours in QCD. In this case, the value contained, g = 8/7, is in very
good agreement with the experimental value.

Finally, let us point out that Tsallis statistics has many applications, including high en-
ergy collisions [8, 16, 17], hadron models [18, 19], hadron mass spectrum [7], hadron struc-
ture [20], neutron stars [21], lattice QCD [22], Bose-Einstein condensation [23, 24], and
non-extensive statistical mechanics [12, 25, 26]. The study of all these features deserves
further investigation.
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