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Fusion cross section

Fusion-Fission

Delagrange, 1977

lc’r‘it

OCN = O fus = TI'XQ Z(Ql + 1)Tl
=0

cross section

X: reduced wave length (X = h2/2uE)

T;: transmission coefficient for the I/th partial wave

In CRISP: geometrical cross section is used to calculate ocgn

0Geom X Nease

OCN =
Nattempts




Fusion cross section

Fusion-Fission

5 lerit
OCN = Ofys =X Z 20+ 1)1y
=0

cross section

For a parabolic potential (Hill and Wheeler):

1
= capen(B = E)

B: height of the barrier, E: energy of the system
w: vibrational frequency of the harmonic oscillator

A sharp cut-off approximation:

1 for | <luz

Ti = 0 for [ > lmas




Fusion cross section

Fusion-Fission

Wilzinski, 1973

l

5 crit
OCN = Ofys =X Z 204+1)T;

cross section =0

Critical angular momentum of the colliding system:

2r(vi+ )RRy Z1Zye? P2 lerit (Leyit + 1)

R+ Ry (R] + R2)2 ,u(Rl + Rz)z

p: reduced mass

1 and 7y2: surface tension coefficients for nuclei 1 and 2



Maximum angular momentum

Fusion-Fission

Karapetyan, 2013

L_max

Maximum angular momentum:

ZMRz(Ec,m, - VCB)
lma:c = 72

R: maximum distance between two nuclei at which the collision leads to a reaction
Veop: Coulomb energy of the system at distance R

E¢.m.: at the center-of-mass bombarding energy (the initial energy of the projectile)

Z12262

Vep = 7




Average angular momentum

Fusion-Fission

Karapetyan, 2013

Maximum angular momentum:

L.average

I \/2MR2(Ec.m.—VCB>

2 [2uR*(Ecyn. — Vo)
2 -

R: maximum distance between two nuclei at which the collision leads to a reaction



Distance R (Method 1)

Fusion-Fission

Wilzinski, 1973

R=Ri+Ry+05=136(A"2+ A% 105 (fm)

L.average




Distance R (Method 2)

Fusion-Fission

Heckman, 1978

R =b (impact parameter of the collision)

L.average R = b = 7"0 (A'_lr/3 + A;/3 - pr) (fm)

AT and Ap: mass numbers of target and projectile nuclei, respectively

bpp: overlap parameter

where by, is calculated using the experimental determined total

reaction cross section data:

ot = (AL + AV — b)) (fm?)




Average angular momentum

Fusion-Fission

Karapetyan, 2015

@ Both methods give the same ([).

L.average

@ Average angular momentum calculated theoretically for

interaction 7Li+298 Pb (245MeV):

(1) = 55 — 60R




Average angular momentum

Fusion-Fission Angular momentum in CRISP (for interaction 7Li+20% Pb):

l=bxp

L.average

Initial angular momentum distribution
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Average angular momentum

et
asion-rission Average angular momentum calculated by CRISP for interaction

" Li 4208 Pp:

() = 29.7619A

L.average

Initial angular momentum distribution
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Average angular momentum

Fusion-Fission 75 208
@ Not considering the escaped particles for ‘Li-+ Pb:

Initial angular momentum distribution

L.average
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Fission cross section

Fusion-Fission

cross section

T4(E,.J)
E,J)+Tn(E,J) + (B, J) + To(E, J)

of =0CN X
d Ly (
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Fission width

Fusion-Fission

Baba, 1997

Te(E,J
I‘ZEE: J; =Ky~ exp{Q[(afEf)% - (anEn)%]}
fission width with: 2apEp)1/2—1
Kf = Koan

(4A(2/3)arEy)
E; = E—FE.—Bg(J)
EF, = FE—FE.,4—B,—-T

Erot: rotational energy at the equilibrium deformation
By(J): angular-momentum-dependent fission barrier
Bp: neutron separation energy

T: kinetic energy of the particle being ejected
12/35



Rotational energy

Fusion-Fission

Cohen, 1974

@ Rotational energy of the spherical configuration:

PP 5 B P
(2)M R? ~ dmgrg A5/3

1
E. = = -
2

E_rotational

L = hl: angular momentum of the nucleus
M: mass of the nucleus; M = mgA, mg = 939.15MeV

R=rgAl/3

13/35



Rotational ene

Fusion-Fission

D’Arrigo, 1992
@ For non-spherical nuclei (with deformation parameter [ > 0.05):

@ excitation energy E is replaced by (E — Erot)

R2J(J +1)
2Ieff

E_rotational E —
rot —

Ieff: effective moment of inertia

1 1 1

Tegp Ly 1L

IH: moment of inertia parallel to nuclear symmetry axis of fissioning nucleus

I, : moment of inertia perpendicular to nuclear symmetry axis of fissioning nucleus 13/35



Effective moment of inertia

Fusion-Fission

Soheyli, 2011; D’Arrigo, 1991

I = 2AmoR*(1-0.63 5)
I, = 2AmoR*(1+0.32 f3;)

E_rotational _[ _ IH IJ_ ~ 2A R2 1.05—-0.33 BQ
6ff - IL_I|\ ~ 5 m() 62

A: mass number of deformed nucleus with ellipsoid shape
mo: mass of a nucleon
R: spherical equivalent radius of the nucleus

B2: quadrupole deformation parameter

14/35



Quadrupole deformation parameter

Fusion-Fission

Soheyli, 2011; Shneidman, 1999

@ Dinuclear system (DNS)

frozen density approximation:

o charge and mass density can be written as a sum of the

densities of individual clusters,

E_rotational
Q assuming axial symmetry of the nuclear shapes, quadrupole

deformation parameter of the DNS nuclei can be calculated:

By = 5t dm A1 Ay R?
Va3 AR

15/35



Quadrupole deformation parameter

Fusion-Fission

Soheyli, 2011; Shneidman, 1999

I = 2AmoR%(1-0.63 f2)
I, = 2AmoR?*(1+0.32 B2)
_ i o2 2(1.05-0.33 8
fesy = IL*H|~'5A"m}z(AAA7§4442)
E_rotational
574w A1 Ay R?

PENTE R m

A= A1+ Az: mass number of the system
R: maximum distance between two nuclei at which the collision
leads to a reaction (R~ Ri + R2)

Ro: spherical equivalent radius of the nucleus
15/35



Quadrupole deformation parameter

Fusion-Fission

Soheyli, 2011; Shneidman, 1999

Iéff > Ib

I il 0 _ n%?
ETOt - QIeff < ET’Ot - 2y

E_rotational

E; = E—Euu— Bs(J)
E, = E—F,—B,—T
E, = E—FE,u—B,—V,
Eo, = E—FE,—Ba—V,

15/35



Rotational ene

Fusion-Fission

Vaz, 1983; Kapoor, 1989

PR R’K%?  R2J? R?K?
Erot = =+ = +
21 2I|| 21 QIeff

s E e Second term: rotation about symmetry axis

-—
First term: rotation about axis J —
) ) R body ( Nuclear
perpendicular to symmetry axis axis .
Spin symmetry axis )
J: total angular momentum of fissioning axis
nucleus K
M: projection of J on space axis
| ,Space
K :projection of J on nuclear symmetry axis M axis

R: component of J perpendicular to K

16/35



Fission width

Fusion-Fission

Baba, 1997

Te(E,J
PR = Ky ean{2las )t — (anB)H)
with: 2ayB)12-1
fission barrier K f = Koan

(4A(2/3)arEy)
E; = E—FE.—Bg(J)
EF, = FE—FE.,4—B,—-T

Erot: rotational energy at the equilibrium deformation
By(J): angular-momentum-dependent fission barrier
Bp: neutron separation energy

T: kinetic energies of the particle being ejected
17/35



Binding energies

Fusion-Fission

Lestone, 1993

e B,:
Variation of J due to neutron emission is negligible.

Liquid drop mass formula gives almost the same B, (4+0.1MeV).

® B), and B,:
iocion b Change considerably as the nuclear deformation increases.
B, = mp+m(A—-1,Z—-1)—m(A,Z)+ Dy(co;) — Dp(ay)
Ba = ma+m(A—4,Z—-2)—m(A,Z)+ Dyg(c;) — Dp(a)

Dg: deformation energy of the daughter nuclei

Dyp: deformation energy of the parent nuclei
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Fusion-Fission

fission barrier

Binding energies

Lestone, 1993
T T T T T T T T
— 1l ™®Pb J=0h E'=50MeV ]
g I |
— v -
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Change in mean kinetic energies of m, p, and
« particles as a function of elongation of
symmetry axis Z,;is relative to emission

from spherical nuclei

195pp //

A Particle Binding Energy ( MeV )

Zaxis

Change in n, p, and o particle binding
energies as a function of symmetry axis
Zaxis relative to spherical binding energies
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Binding energies

Fusion-Fission

1993

Transmission coefficient for a parabolic potential (Hill & Wheeler):

Lestone,

1
" 1+ exp2n(B — E)/hw]

1;

fission barrier B: height of the barrier, E: energy of the system

w: vibrational frequency of the harmonic oscillator
@ nuclear optical potentials

@ Coulomb potentials

= change in particle transmission coefficients

= proton and a-particle emission barriers decrease with increasing

deformation.

18/35



Fusion-Fission

fission barrier

Fission barrier

@ Liquid-drop model:

Nucleus-nucleus interactions

1

Angular momentum

1

Decrease of fission barrier

1

Increase of fission X-section

Fission barrier (MeV)

500 5 10 15 20 25 30 35
I I T | I T
Angular
momentum
40— A\ —
Qo
S
30—
20— 2
[
10 A////
0
0 120 160 200 240

Mass number (A)
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Fission barrier

Fusion-Fission

Angular-momentum-dependent fission barrier By(J)

@ Cohen, Plasil, Swiatecki, 1974

e Rotating liquid drop model (RLDM)

fission barrier

e Problem:

RLDM barriers do not reproduce the experimental data for

heavy-ion-induced fission (in most cases)
e Solution:

Fission-barrier heights must be reduced by a factor
between about 0.5 to 0.9, for nuclei with mass numbers

less than about 200.

19/35



Fission barrier

Fusion-Fission

= E +Experimental
S [ "B+ *Au256 Mev

r Wﬂ% — CRISP

10—

1=
1071\\\‘\\\‘*\\\\\‘\\\‘H\‘Hb\\\‘\\\‘\\\

0 20 40 60 80 100 120 140 160 180 200
A
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Fission barrier

Fusion-Fission

+ Experimental

o [ B+ "Au 256 MeVv
— CRISP

10

fission barrier

[

\\\‘\H‘*H’H‘\H‘\H‘H\‘H\ T R
0O 20 40 60 80 100 120 140 160 180 200
A

10

Reduced factor = 0.55 19/35



Fission barrier

Fusion-Fission

Angular-momentum-dependent Fission barrier By(J)

@ Mustafa, 1982; Sierk, 1986

o Rotating finite range model (RFRM)
fission barrier

o Advantage:

RFRM barrier gives the exact fission barrier, no scaling

factor is needed

— Fission cross section is well reproduced in

the rotating liquid drop framework

20/35



Fission barrier

Fusion-Fission

_ LT Beta-stable nuclei
% 50 ’,’ -.\\ L - 0
= : S
= 40 ]
=2 ‘
BN
fission barrier — 30 ’
CE 204, — Finite range
% ---- Liquid drop
L&fl_e 10 o Mustafa et al
0 41
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Mass Number A
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Fusion-Fission

barrier

Fission
20
3 O Fission barrier at
= o first appearance of |
R L . triaxial ground state -
s | /7 ", beta-stable nuclei |
g=) |
% 10 l'l \‘ 7
.§ 'l' \I‘
e | —— Finite range model \
2 ¢t ---- Liquid drop model
0 — : i P
0 50 100 160 200 250
Mass Number A
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Fission barrier

Fusion-Fission

fission barrier

10| — Calculated barners
------ Global fit
o Mustafa et al.

Fission Barrier Height B, (MeV)

0
0 10 20 30 40 50 60 70 80 90 100
Angular Momentum L (Units of h)
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Fusion-Fission

fission barrier

Fission barrier (Sierk, 1986)

@ Fission barrier heights:

Bf(A,Z,L) = BY(A,Z) x h(A, Z, L)

B?: fission barrier at L =0

WA Z.1) 1+ 6oL% + 6313 : L < Ly
T 1+ Yol + Y313+l + 515 1 L > Lo
l= i

Lmaz: value of L where the barrier disappears

Lap: value of L where calculated barrier height is 20% of B(f)

Lgo: value of L where calculated barrier height is 80% of B?

21/35




Fusion-Fission

fission barrier

Fission barrier (Sierk, 1986)

Eg:
Ec:
EgRr:

@ Total energy of the rotating nuclei:

Eiot = Es+ Ec+ ER

surface energy
Coulomb energy

rotational energy

O 00

&

- 5l
C HE
e £)3
o® \

Deformation of
nucieus
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Fission barrier (Sierk, 1986)

Fusion-Fission The functional form of the global fit is defined by egs.:

Bf(A,Z,L) = BY(A,Z) x h(A, Z, L)

| Gyl 4 5L L < Lso
hA,Z, L) = 2 3 4 5
1+ 7y2l® +93l° +yal® +950° : L > Lo
. | Np—1Nz—-1
fission barrier Z Z C(m)P (,LL)
=0 j=0

Van

—— Calculated barners

Global fit
o Mustafa etal

Fission Barrier Height B; (MeV)
»
3

0
0 10 20 30 40 50 60 70 80 90 100
Angular Momentum L (Units of )
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Fission barrier (Sierk, 1986)

Fusion-Fission

@ BARFIT (Fortran 77 computer subroutine):

To calculate the height of barrier and the energy of ground
state for given values of Z, A, and L
@ MOMFIT (Fortran 77 computer subroutine):

To calculate the three principal axis moments of inertia of the

fission barrier

saddle-point shape

@ BARMOM (Fission Barrier & Moment of Inmertia):

a collection of three FORTRAN 77 subroutines: BARFIT, MOMFIT,
and LPOLY (LPOLY calculates Legendre polynomials and is called
by BARFIT and MOMFIT.)
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Fission barrier (Mustafa, 1982)

Fusion-Fission

@ Total energy of the rotating nuclei:

Eiot(a, J) = Es(a) + Ec(a) + Er(a, J)

Eg: surface energy
Ec: Coulomb energy O m OO

EpRr: rotational energy k

fission barrier

o: all deformation variables

necessary to describe shape

barrier

variations under rotation

anargy

J: angular momentum

/’ Flssion 1'

Potential

Deformation of
([FIA T
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Fission barrier (Mus

Fusion-Fission

2

@ Equation governing nuclear shapes under rotation:

y® (2l = 20)° + All2l = 20)*0(l2] — 20)

tafa, 1982)

=1

+s+

a? b2

fission barrier

c2

Y

G

},

y

TN

; ;
W
.
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Fission width (D’Arrigo, 1992)

Fusion-Fission . . . .
@ Partial width for neutron emission channel:

E=Bn 5(E,€)gmoe p(E — By, — ¢, J)

TW(AE,J)=h
(4. 2,J) /o m2h? pen (B, J)

de

@ Partial width for fission and charged particle emission

P channels:
fission width

1

E-B,
W/O p(E—BM—G,J)dE

T, (A E,J)=h
u( ) T,

@ For non-spherical nuclei (with deformation parameter £ > 0.05):
excitation energy E is replaced by (E — Fyot) and:
R2J(J+1)

Erot =
" 2y 23/35



Fission width (D’Arrigo, 1992)

Fusion-Fission

Fission probabiity

fission width

50 80 110 140 170 200

Excitation energy (Mev}

Figure: Fission probability Py (E) of 149y and 175 Eu (full lines). The points are
the experimental data obtained in 6o -!—133 Cs and 160 +159 Tb reactions. The dashed

lines represent fission probability calculated within the spin-independent approach.
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Fission width (Choudhury, 2001)

Fusion-Fission . . .
@ Fission width:

27 + 1 J(J+1), [E-Bs
1= exp(— )/ pf(E — By —ep)T(ey)dey
€

T oarle 211t 7 Je,=o

@ Particle emissions:

g 2J+1
I =

ission wi I +1 B
fi dth r 3 2p(— ( 5 )) / PA(E — By —ex)Ty(ex)dex
20‘>\ 20}\ ex=0

Il and t: moment of inertia and temperature at fission saddle point
A=n,p,a

By and €): binding energy and kinetic energy of particle A

24/35



Fission width (Baba, 1997)

Fusion-Fission

cap{2|(agEp)? — (anB)3)}

with:

_ 2(apBp)'/2-1
Ky = KonGzta/sya, i

fission width

Ef = E— B — Bs(J)
E, = E—FE.n—B,—-T

FEyrot: rotational energy at the equilibrium deformation
By(J): angular-momentum-dependent fission barrier
Bp: neutron separation energy

T: kinetic energies of the particle being ejected
25/35
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Level density parameters in the old formula

Fusion-Fission

@ Level density parameter for neutron emission:
an = (0.1344 — 1.21) x 107442 MeV 1

@ Level density parameter for proton and a-particle emission

aj = rjan

@ where 1, =74 =1, hence:

old formula

27/35



Level density parameters in the old formula

Fusion-Fission

2= (—)( " Yeap{2l(apBp)E — (anBn) 3]}
n ap
To 2B,
-0 = (7)( )exp{Q[(aaEa)Z - (anEn)2]}
n _ n _ 4
ap  aq
|}

old formula
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Level density parameters in the new formula

Fusion-Fission

new formula
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Level density parameters in the new formula

Fusion-Fission

@ For proton emission:

N[

Ly By
r, = (g )

0 erp(2((apEy)? — (anEn)?]}

ap

new formula

@ For a—-particle emission:

M=

Lo (2 (O (200 Fa)} — (anBn)}])

r. = (5 )(aa

28/35



Test done on CRISP

Fusion-Fission .
@ Comparison between:

Lo = (B)eap{2l(apEy)? — (anEn)?])

La = (2 )eap(2(a0Ba)? — (anEn)H])

@ and the corrected formulae:

Test on CRISP T E - 1 1
: = = ()G )exp{2[(apEp)? — (ankn)2]}
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Test done on CRISP

Fusion-Fission

@ Target Nucleus : Pb208

@ Projectile : proton

@ Initial Energy : 1000 MeV

Test on CRISP

29/35



Spallation, Fixed Z = 80

Fusion-Fission — o0ld formula

— new formula

fixed Z

1400

1200

1000

@
=3
S

Test on CRISP

IS
o
S

n
=1
=]

Abundance
©
8
TTT [T T T[T T T[T T T[T T[T TT [ TTT[TTT
R RN R R R

ol L e e b e e Lo Lo LN Ly
182 184 186 188 190 192 194 196 198 200 202
mass number (A)
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Test done on CRISP

Fusion-Fission

@ Target Nucleus : U238

@ Projectile : proton

@ Initial Energy : 1000 MeV

Test on CRISP
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Spallation, Fixed Z = 88

Fusion-Fission — o0ld formula

— new formula

fixed Z

400

350

300

n
41
S

n
=]
S

Abundance

Test on CRISP

@
=)

=
=)

[4.]
=]

L | PR T
210 212 214 216

P .
218 220 222 224
mass number (A)

[=]
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Fission, Fixed Z =90

Fusion-Fission — o0ld formula

— new formula

fixed Z

7000

Test on CRISP

g
III\‘III\‘I\I\‘IHI‘IHI‘II\IlII\Il\

[=]

L L
220

s
@

225
mass number (A)
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Thank you for your attention!

Fusion-Fission

Test on CRISP
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